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Summary: 
 
This thesis explores the possibility of increasing the quality factor of a lamb wave resonator 

device with the use of a phononic crystal structure array on the surface of the bridge suspending 

the device. 

In the growing industry of telecommunication, there is an increasing demand for high 

performance devices. As the amount of data transmission is rapidly increasing year on year, so is 

the need to implement higher frequency bands. Therefore, the demand for smaller devices 

which can operate in the GHz frequency range, has accelerated the research of lamb wave 

resonators.  

This because they have the possibility of a highly adaptable frequency response based mainly on 

the geometrical structure of the device. 

The Ain structure is a widely used material for both surface acoustic wave and lamb wave 

resonator devices. It offers a high phase velocity, mechanical strength, chemical inertness, and 

thermal stability making it very suitable for high frequency devices. However, in recent years 

there has been a push to explore the possibility of using lithium niobate and lithium tantalate for 

its higher mechanical coupling factors. Making the possible use of high-end devices quite 

attractive, regardless of the higher production cost. 

Here we investigated the design prosses of a FEM simulation using COMSOL Multiphysics for the 

purpose of optimising and predicting the response rate of a lamb wave resonator using different 

materials.  Both designing relevant boundary conditions as well as relevant simulations are 

investigated. 
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1 Introduction  

1.1 Lamb Wave Resonator Motivation 

The science of telecommunication is an ever-evolving field of science. One could say it started as 

ŜŀǊƭȅ ŀǎ мумс ǿƛǘƘ ǘƘŜ ŦƛǊǎǘ ǿƻǊƪƛƴƎ ǘŜƭŜƎǊŀǇƘ ōǳƛƭǘ ōȅ CǊŀƴŎƛǎ wƻƴŀƭŘΩǎ [1]. And the bar continues to 

be raised regarding what to expect from a working telephone, from simply having messages 

delivered, to uploading and downloading large data files [2]. This change naturally drives the 

demand for a faster broadband cellular network and is the main reason we have gone from 1G first-

generation cellular network to the modern 5G fifth-generation cellular network in a relatively short 

timeframe. There is no doubt this is still a growing field and the need for better resonators is a 

largely studied field, with now the objective to try and push this technology to its sixth generation 

[3].  

In this project, we will investigate the possibility of improving the parameters of a LAMB wave 

resonator (LWR), with the inclusion of patterned phononic crystal structure (PCS) design on the 

anchor sections of a LAMB wave resonator (LWR). One main driver for looking into this is the large 

energy loss this system experiences over the bridge section of a device. This is one of the big 

limiting factors on a LWR as the largest energy loss can be found over the bridge. Making the device 

response a heavily hampered version of its possible response. As the acoustic waves generated in 

the resonator travel through the bridge and leak through the anchor of the device.  

Where this would also allow us to use substrate made of Lithium Niobate (LiNbO3) instead of the 

more commonly used Aluminium Nitride (AIN), where LiNbO3 commonly offers a much larger 

effective electromechanical coupling coefficient (+ ) then its counterpart AIN [4], [5]. 

To limit this we are looking into the possibility of using phononic crystals to stop the transmission of 

energy through waves in a medium, mainly over the bridge section of a device [6]. This would make 

it possible to create a barrier on the bridge section with a PCS array, thus making it theoretically 

possible stop the energy leakages completely throughout the bridge. In doing this we would 

improve the parameters on any given LAMB wave resonators without giving large restrictions in the 

used materials or structure parameters. The main challenge in this project therefore lies in 

designing these phononic crystal structure on top of the bridge and to investigate the effect they 

can have on the functionality of the LWR. This will be done by simulation, as it allows us to test the 

theoretical possibility of these implementations on a broader scale compared to an individual scale 

of a physical fabrication test. By doing this we can look past errors coming from physical 
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imperfections under the creation of a device. However, we will still be designing our devices with its 

potential future creation in mind. 

1.2 Model 

There has been an array of different modelling techniques in continuous development in the history 

of mems design. This is due to the importance of testing the design of the new structure in a 

reliable and efficient way, before initiating the long and expensive production of the device.  

 Where it started with relatively simple models, like the impulse response model also called delta 

ŦǳƴŎǘƛƻƴ ƳƻŘŜƭ όʵ-model) and the electrical equivalent circuit model (ECM). Delta model utilizes the 

concept of superposition, where it can define each electrode of the IDT as a separate periodic delta 

function. However, it is not able to include part for the reflections, making it unsuited for low-loss 

filters as this is a key component of their functionality. ECM is a more robust modelling method. It 

has over time been extensively improved to include concepts like reflection from mechanical and 

electrical load, electrode edges and energy storage. 

The requirements on performance and complexity of acoustic wave device like SAW devices and 

LWR devices have increased drastically over the years. This has accelerated the need to create and 

use more advanced modelling techniques. One method being the coupling-of-modes (COM) theory, 

that is defined as a set of differential equations. Another established method is the P-matrix model 

(PMM) introduced by Tobolka [7]. The main problem with the above-mentioned models is that they 

are physiological simulations that require accurate parameters to deliver good results.  

Another feasible method is to use numerical tools that calculate the device properties directly from 

the material and geometry parameters. This would make it possible to easily calculate the device 

response more accurately for a wide range of different materials and geometrical parameters. The 

most common forms of these techniques are the finite element method (FEM) and the boundary 

element method (BEM). The problem has been that these methods are very time consuming when 

ŘƻƛƴƎ ǎƛƳǳƭŀǘƛƻƴǎ ƻƴ ƳƻǊŜ ŎƻƳǇƭŜȄ ŎŀǎŜǎ ǎǳŎƘ ŀǎ ŀ [²w ŘŜǾƛŎŜΦ 9ǾŜƴ ǿƛǘƘ ǘƻŘŀȅΩǎ ŎƻƳǇǳǘƛƴƎ ǘƘŜ 

simulation of a complex system can be very time consuming as it often requires millions of separate 

calculations to be done for a simple data point. 

But even after considering the limitations with FEM simulations, it remains the most reliable 

method to produce a result considering the task at hand. Based in this, we will be looking into the 

possibility of using COMSOL Multiphysics to simulate an accurate response rate for a LWR device 
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and explore the possibility of improving the response rate with the use of a phononic crystal 

structure array. 

 

1.3 Material 

One of the most important part of any resonator device design is in the material selection [8]. 

Where a selection must be made considering the device application and potential device respond. 

Here a selection must be made so that the device can be stable in its use environment [9]. 

However, in a resonator device there is also a high importance of choosing a material with a 

suitable coupling coefficient, temperature coefficient, phase velocity, phase velocity dispersion and 

+ . So, for this reason the use of AIN as it holds a wide range of desirable properties for the use in 

a resonator device. Where it holds a high phase velocity of up to 10000 m/s, a weak phase velocity 

dispersion, a small temperature coefficient and an small to moderate +  [10]. As the response of a 

SAW resonator device is mainly limited by the material parameters. Materials like AIN have been 

heavily used for these devices, the main problem here is that AIN offers only a small to moderate 

+ . However, with AIN having a relatively ease of production with a low production cost, it has 

been the most commonly used material for general application [11]. But with the rise in demand 

for ultra-high frequency based resonators, more studies have been looking into the potential of 

more suited materials for these devices [12]. One of these materials being LiNbO3, this comes from 

the fact that it shares a lot of useful qualities with AIN. As it also holds a high phase velocity, low 

phase velocity dispersion and a low temperature coefficient. But where AIN holds a moderate +  

of 7%, LiNbO3 YX36-cut cut hold a much larger +  of 31.7% [4]. ²ƘƛƭŜ ƛƴ {ƛƭǾŀƴ {ǘŜǘǘƭŜǊΩǎ ǇŀǇŜǊΣ 

they found their LiNbO3 YX36-cut cut LWR device to have an +  as high as 29.7% [5]. However, as 

AIN is far easier and cheaper to fabricate it has remained far more used and researched to this 

date.  

Because of this similarity these two materials have been chosen for further studies in the FEM 

simulation designed. Where aluminium was chosen to use for the metallic layer and platinum for 

the PCS slab. As Platinum has a large density relative to the other materials makes it highly suited 

for the use in creating a large PCS bandgap. While aluminium offers a very similar density compared 

to the piezoelectrical material, hopefully reducing its impact on the PCS bandgap. All the used 

material parameters for the FEM simulations can be found in appendix c below. 
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1.4 Motivation 

As mentioned above, the demand for better and faster data transfer is rapidly increasing. This has 

been the main driving force behind the push for improving components used in telecommunication 

[13]. For large parts of late 19th and early 20th century, the telecommunication industry researched 

heavily into the optimization of SAW devices. As they offered a relatively easy fabrication process 

with a wide array of cheap and varied material selection [14]. However, with the increasing demand 

for a better telecommunication device the demand for high end resonator devices becomes more 

prevalent. This is where the potential of a LWR device started to get some attention. As its high 

dependency of geometrical properties to define the frequency response of the device would allow 

a design more suited for wide bandgap high frequency range (HFR) filters [15]. This would allow for 

the use of materials like LiNbO3, for its very high +  compared to a more traditional material used 

in SAW devices, like AIN [16].  

Some of the earlier studies into optimizing the quality factor of an LWR device by reducing the 

energy leakage of the device was done in 2015 [10]. In recent years there have been a large 

increase in the number of studies done on the potential of using LWR devices for HFR. Where the 

common idea is to explore the possibility of getting an increase in quality factor on the resonator 

device through stopping the energy leakage happening over the bridge section of a device [17]. 

Different methods have been tried out, from the adding of a butterfly shaped geometry on the side 

of the bridge section, to creating a saw pattern for the bridge section. However, most suffer from 

the fact that they will have a negative impact on the design options of the device. As they require a 

very precise manufacturing processes to potentially see an increase in the quality factor of the 

device. And would require small and hence fragile bridge structures. This would make these 

optimizations only viable for very small devices. This would then defeat the entire purpose of using 

a LWR device over a SAW or bulk acoustic wave (BAW) device. As it would limit the amount of 

Interdigital Transducer one could design a device with, and hence reduce the ECC of the device. To 

negate this the idea of using a phonic crystal structure (PCS) on the bridge structure has been 

explored. The benefit would be to stop the wave propagation over the bridge structure within a 

designed frequency region [18]. This idea offers a significant potential for an increase in the device 

quality factor with no design restriction on the bridge section of the device. As if done properly this 

would efficiently stop any wave propagation over the PCS array, making it possible to use long and 

sturdy bridge sections for the device. Giving the device a better physical integrity while maximising 
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the +  of the device. So, this is a large inspiration for the purpose of this thesis to investigate the 

possibility of creating an increased quality factor in a LWR device using a PCS array. 

 

 

1.5 Outline of the Thesis 

Section 1 outlined an introduction to LAMB wave resonator history and the beginning of the device 

technology. It discusses how LMR has slowly began appearing in the consumer market. And it goes 

into the chosen material and modelling techniques chosen for this study. And some outlining 

motivation for this study. 

Section 2 introduces the fundamental principles for a LWR device, together with very basic theory 

surrounding elastic wave propagation in solids, piezoelectricity, tensor transformations, Bloch wave 

theory and mesh convergence theory. 

Section 3 goes into the development of the COMSOL simulations used in this study. Where we will 

go into the chosen boundary conditions set in these FEM models and physical parameters set for 

the simulations. We will also go over the geometrical parameters used for the different FEM 

models, and the studies done on each FEM model. 

Section 4 Presents the gathered test data and the different parameters found using these COMSOL 

simulations. Here the main results of this study can be found and talked about. 

Section 5 covers the discussion part of the thesis, where we will go over outliers from the previous 

section that could not be reasonably covered earlier. We will also briefly touch upon some future 

potential for PCS array. 

Section 6 is a short conclusion of this thesis, giving a short summarization of the main takeaway 

from this thesis. 
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2 Fundamental Principles and Theory 

2.1 Fundamental Lamb Wave Resonator concept 

The fundamental idea of any Lamb wave device, including a resonator, is to induce Lamb waves 

withing a structure, in the transverse and longitudinal directions. One of the most common ways to 

achieve this is with the use of electrodes places on a piezoelectric material, as this is a simple yet 

effective way to couple electrical and mechanical energies together. These metal electrodes are 

referred to as the interdigital transducer (IDT) and is one of the two major variables resulting in the 

flexibility of design Lamb wave resonators (LWR) have. The other major characteristic one can 

change of a Lamb wave resonator to change its response is its substrate geometry, mainly the IDT 

geometry, this is also one of the major upsides of using a LWR over a more traditional SAW waves 

resonator (SWR). Both resonators will have the benefit of being affected by the substrate material, 

IDT geometry and IDT numbers. But a LWR will have the added benefit of being able to heavily 

change its frequency response with changing only its device geometry, something which gives it a 

far wider flexibility compared to a SWR design.  

In this project we are using a variation between positive and negative electrodes on the surface of a 

piezoelectric device to create the Lamb waves, this can be seen in the figure below. This will create 

longitudinal Lamb waves in the transverse direction of the electrodes, and as the Lamb waves will 

diffract it will also create transverse Lamb waves along the electrode and device. 

 

 

Figure 2.1 Illustration of the IDT layout 

And as Lamb waves travel inside the material it is possible to induce a large change in a device 

frequency response simply by changing its electronic pitch (EP). This is a large advantage Lamb 

wave resonators have above a SAW device, as a SAW device will have a far less flexible frequencies 
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response change based on the geometrical design of the device. However, as Lamb waves travel 

inside the material this induces a large loss on the device over the bridge holding the device. And in 

a resonator device keeping leakage energy as close to zero is ideal to get a clear and precise device 

response. This comes from the fact that a reduces leakage would introduce a larger displacement 

under a desired mode, and just like how a large electric signal over the IDT would incline a large 

device displacement so would a large produce a larger electric response. So, with a reduce leakage 

over the bridge we could get a larger and more accurate response form the device. Hence, the 

premise of this thesis to reduce acoustic wave leakages over the bridge structure with the use of a 

phononic crystal structure design.  

 

2.2 Elastic waves in solid 

Theory around elastic waves in solid is a crucial topic to cover, as it is the groundwork on which 

Lamb wave theory is built upon. So, to start this we would investigate the topic were the criteria 

that the wavelength of the elastic waves is much larger compared to the interatomic distance, this 

would let us consider any homogeneous solid as continuous. And if we assume that the solid is 

elastic, it will mean that any internal forces would cause no permanent deformation with respect to 

the equilibrium state of the solid. And continuing with this and making the statement that any pure 

translation and rotation of the material will not cause rise to any internal forces, we can use the 

general definition of strain (ὛὯὰ) which excludes these types of displacements as [19]. 

 

ὛὯὰ
ρ

ς

όὯ
ὼρ

όὰ
ὼὯ

         Ὧȟὰ ρȟςȟσ ( 2.1 ) 

 

Where strain is a 2nd rank tensor, where ό represent the displacement functions in the ὼρ, ὼς and 

ὼσ directions. And the sum of the partial derivation in equation (2.1), showing the strain tensor 

must be symmetric with. 

 

ὛὯὰ ὛὰὯ ( 2.2 ) 
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The internal forces present on the material can be represented by a general stress tensor (ὝὭὮ), 

where as the stress is defined by the force per unit area. The stress tensor is also of a 2nd rank and 

can be shown to be symmetric. 

 

ὝὭὮ ὝὮὭ ( 2.3 ) 

 

Then by using the well-ƪƴƻǿƴ IƻƻƪΩǎ ƭŀǿ ǿƛǘƘ ǘƘŜ ǇǊŜǾƛƻǳǎƭȅ ŘŜŦƛƴƛǘƛƻƴ ƛǘ ƛǎ ǇƻǎǎƛōƭŜ ǘƻ ǊŜƭŀǘŜ ǘƘŜ 

internal forces and deformations as a generalization of this law [19]. 

 

ὝὭὮ ὧὭὮὯὰὛὯὰ     ὭȟὮȟὯȟὰ ρȟςȟσ ( 2.4 ) 

 

Here ὧὭὮὯὰ ƛǎ ŀ Ǌŀƴƪ п ǘŜƴǎƻǊ ǊŜŦŜǊǊŜŘ ǘƻ ŀǎ ǘƘŜ ǎǘƛŦŦƴŜǎǎ ǘŜƴǎƻǊΦ !ǎ ƛƴ ǘǊŀŘƛǘƛƻƴŀƭ ǳƴƛŀȄƛŀƭ IƻƻƪΩǎ ƭŀǿ 

the material constant defines the relation between the stress and strain in a similar fashion as 

¸ƻǳƴƎǎΩ ƳƻŘǳƭǳǎ ό9ύ ǿƻǳƭŘΦ Lƴ ōƻǘƘ Ŝǉǳŀǘƛƻƴ ό2.4) and the following equations Einstein notation of 

summation over repeated indices is applied. Where even if the stiffness tensor generally includes 

81 components, because both the stress and strain tensors are symmetric, so too is the stiffness 

tensor symmetric. 

 

ὧὭὮὯὰὧὮὭὯὰ    ὥὲὨ    ὧὭὮὯὰὧὭὮὰὯ ( 2.5 ) 

 

It is possible to drastically reduce the independent elements for different materials by taking 

certain thermodynamic considerations and specific crystal symmetry into account. And example of 

this would be a material with a cubic symmetry, as here it would only have three independent 

constants of the total 81 components. And with the fundamental term in place, we would only 

need to include the time variation next. 

As the wave travels throughout the medium, it would have to have a local displacement that 

chaƴƎŜǎ ǿƛǘƘ ǘƛƳŜΣ ŀƴŘ ŀǎ ŀƭƭ ǘƘŜǎŜ Ƴƻǘƛƻƴǎ ƴŜŜŘ ǘƻ ƻōŜȅ bŜǿǘƻƴΩǎ ƭŀǿǎΦ ¢ƘŜǊŜŦƻǊŜΣ ǘƘŜ ƴŜǘ ŦƻǊŎŜǎ 

would be equal to the mass multiplied acceleration. And the relation is typically referred to as the 

equation of motion and is given as. 
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”
ό

ὸ

Ὕ

ὼ
 ( 2.6 ) 

 

Here the ” is the mass density and the volume terms have cancelled out. Then by substituting 

equation 2.1 and 2.4 into 2.6, and applying the condition in 2.5, the general wave equation for 

elastic waves in a non-piezoelectric solid can be given in the typical form [19]. 

 

”
ό

ὸ
ὧ

ό

ὼὼ
 ( 2.7 ) 

 

2.3 Piezoelectric Materials 

When considering the physics for a piezoelectric material, one need to consider more than just the 

coupling between the mechanical stresses and strains. As the displacement changes becomes more 

complicated as we now need to consider the effect these changes have on the effect on both the 

displacement forces and electrical fields applied. To start this of we would start with the definition 

of electric displacement field for free charges as done in reference to Vegard Tollefsen work  [20]. 

 

Ὀ ‐Ὁ ὖ ( 2.8 ) 

 

Here ‐ȟὉ and ὖ is the vacuum permittivity, the electric field, and the polarization density 

respectively. Then by considering only a simplified one-dimensional model, with a constant electric 

field ŀƴŘ ŀǇǇƭȅƛƴƎ DŀǳǎǎΩǎ ƭŀǿ it is possible to show that the changes in polarization density can be 

written as the change in bound charge density. So, by using the simplification of a one-dimensional 

system like done in the figure below, we can write. 
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Ўὖ
ὲήЎὥ ςЎὦ

ς
 ( 2.9 ) 

 

In this simplification ὲ is the number of opposite charge pairs per unit volume, ή is charge, Ўὥ the 

cell deformation and Ўὦ is the change in distance between the opposite charges. We can visually 

see this illustrated in the Figure below with the first case being at rest and the second case an 

electric field is applied. From this is can clearly understood that this material is piezoelectric and 

must have a net dipole different from zero, where ή  can be assumed to be equal to ή  since ὦ

. So, from the electrostatic force equilibrium for one charge, we can write the expression for Ўὦ 

as. 

 

 

Figure 2.2 Piezoelectric effect 

Ўὦ
ήὉ

Ὧ Ὧ

Ὧ

Ὧ Ὧ
Ўὥ ( 2.10 ) 

 

We can change the form of the change in polarization density by substituting equation (2.10) into 

equation (2.9), doing so gives us it in this form. 
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Ўὖ
ὲή

Ὧ Ὧ
Ὁ
ὲήὥὯ Ὧ

ςὯ Ὧ

Ўὥ

ὥ
… Ὁ ὩὛ ( 2.11 ) 

 

Here we can see that one term is proportional to the electric field and the other term proportional 

to the strain in the form 
Ў

. Were …  is the ionic susceptibility and Ὡ the piezoelectric constant. Ὧ 

and Ὧ represents the different spring constant associated with this asymmetric system. And by 

again substituting equation (2.11) into equation (2.8) and adding the electronic susceptibility …  

as it is not already considered in that model, we can obtain the following form of the electric 

displacement. 

 

Ὀ ‐Ὁ ὩὛ ( 2.12 ) 

 

Were ‐ is the permittivity constant and is defined by. 

 

‐ ‐ … … ( 2.13 ) 

 

By generalizing equation (2.12) to three dimensions and define it in tensor form we get. 

 

Ὀ Ὡ Ὓ ‐Ὁ ( 2.14 ) 

 

Here Ὡ  is an 3rd rank piezoelectric tensor and ‐ is an 2nd rank permittivity tensor. And by looking 

at the superscripts we can see that it indicates that the coefficients are given for constant strain. 

Here again the strain tensors are symmetric, so we can write the following piezoelectric tensor 

relations. 

 

Ὡ Ὡ  ( 2.15 ) 
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A similar approach can be used to obtain the relation between the stress and the electric field by 

considering the traction instead of the force equilibrium. We are using thermodynamic arguments 

to justify this relation. So, the change in internal energy of a piezoelectric material is given by. 

 

ὨὟ —Ὠ„ὝὨὛ ὉὨὈ ( 2.16 ) 

 

Where — is the temperature and „ the entropy. By introducing the thermodynamic potential, we 

can change the function from being defined by Ὀ, „ and Ὓ  to Ὁ, „ and Ὓ . And this can be 

defined as. 

 

Ὃ Ὗ ὉὈ ( 2.17 ) 

 

And we can obtain the exact differential from equation (2.17) 

 

ὨὋ —Ὠ„ὝὨὛ ὈὨὉ ( 2.18 ) 

 

This leads to the relation. 

 

Ὕ

Ὁ
ȟ

Ὀ

Ὓ
ȟ

Ὃ

ὉὛ
 ( 2.19 ) 

 

The subscripts here above are used to indicate the relevant parameters that are assumed constant 

under the derivation. Then by combining equation (2.14) with equation (2.19) we can obtain. 

 

Ὕ

Ὁ
ȟ

Ὡ  ( 2.20 ) 
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When looking at the linear region of equation (2.21) we can see that we can integrate directly here. 

And when combined this result with the possibility that the piezoelectric material can also 

experience the strain, the stress can be given with the following tensor form. 

 

Ὕ ὧ Ὓ Ὡ Ὁ ( 2.21 ) 

 

What we have referred to here with equation (2.14) and (2.21) are the constitutive equations for 

linear piezoelectric theory, in a form called by some the e-form. The manipulations were the terms 

that will stay on the left side of the equation are given the form (g, d and h) and can be seen in 

Appendix A. And an overview of these relevant fields and constant with corresponding units are 

given in Table 6.2 in the appendix. 

Now that we have defined the piezoelectric constitutive equations, we can begin to introduce 

aŀȄǿŜƭƭΩǎ ŜǉǳŀǘƛƻƴǎΦ !ƴŘ ŀǎ ǘƘŜ ŜƭŀǎǘƛŎ ǿŀǾŜǎ ŀǎǎƻŎƛŀǘŜŘ ǿƛǘƘ ǘƘŜ ŜƭŜŎǘǊƛŎ ŦƛŜƭŘ ǘǊŀǾŜƭǎ ƛƴ ŀƴ ƻǊŘŜǊ р 

times slower than the electromagnetic waves, we can use a quasi-static approximation. Leading to 

this relation. 

 

 Ὁ
ὄ

ὸ
ḙπ ( 2.22 ) 

 

Here ὄ is the magnetic field. In this simplification the electric field will have a negative gradient to 

the electric potential (ɮ) and can be given as. 

 

Ὁ   ( 2.23 ) 

 

We will also assume that there are no free charges as the piezoelectric material behaves as a 

perfect insulator. This leads to the simplification of the electrical displacements as the following. 
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ϽὈ π ( 2.24 ) 

 

And by finally combining the equations (2.1), (2.6), (2.21), (2.23) and (2.24) we can create a set of 

governing equations for elastic waves in a piezoelectric material in tensor form [19], [20]. 

 

”
ό

ὸ
ὧ

ό

ὼὼ
Ὡ

 

ὼὼ
π ( 2.25 ) 

 

Ὡ
ό

ὼ
‐
 

ὼ
π ( 2.26 ) 

 

2.4 Tensor Transformations 

Tensor calculation is a complex, but very integral part of any physical calculation and hence 

simulations. However, getting a good intuitive understanding of tensor ŎŀƭŎǳƭŀǘƛƻƴ ƛǎƴΩǘ ŜŀǎȅΦ hƴŜ 

way to try and understand this is by viewing tensors as its own set of laws, as ever basic vector and 

components will share the same reference frame. This makes it possible for us to change the 

coordinate system and the corresponding components will change accordingly. This is very useful 

when looking into materials where the crystal cut will impact the propagation directions. And as 

such the only transformation we will be interested in here will be rotation. 

First, we will consider the traditional unit vector of the cartesian coordinate system. Where Ƕ, Ƕ and 

Ὧ, represents the three directions ὼ, ώ and ᾀ respectively. And any of these vectors can be mapped 

to any other three vectors, ᴂ, ᴂ and Ὧᴂ by the 3x3 matrix ╡ as follows. 

 

 ᴂ

ᴂ

Ὧᴂ

ὰ ά ὲ
ὰ ά ὲ
ὰ ά ὲ

Ͻ
 Ƕ
 Ƕ

Ὧ

╡Ͻ
 Ƕ
 Ƕ

Ὧ

 ( 2.27 ) 
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We can also perform a similar reversed mapping with ╡  given by. 

 

 Ƕ
 Ƕ

Ὧ

ὰ ά ὲ
ὰ ά ὲ
ὰ ά ὲ

Ͻ
 ᴂ

ᴂ

Ὧᴂ

ἠ Ͻ
 ᴂ

ᴂ

Ὧᴂ

 ( 2.28 ) 

 

¢ƘŜ ŀǊōƛǘǊŀǊȅ ƳŀǇǇƛƴƎ ƻŦ ƻƴŜ ǎŜǘ ƻŦ ǳƴƛǘǎ ǘƻ ŀƴƻǘƘŜǊ ǎŜǘ ƻŦ ǳƴƛǘ ǾŜŎǘƻǊǎ Ŏŀƴ ōŜ ŘƻƴŜ ǿƛǘƘ ǘƘŜ 9ǳƭŜǊΩǎ 

angels of three independent angels (ὥ, ὦ, ὧ). However, it is important to consider which axis is being 

rotated and in which order. There are three common Euler conventions that we could be 

considered, this could be (ᾀ, ὼ, ᾀ), (ᾀ, ώ, ᾀ) and (ὼ, ώ, ὼ ) where the rotation is being done 

counterclockwise to a specified axis [21]. And here on we will consider only the second convention 

(ᾀ, ώ, ᾀ). As such the new set of unit vectors after the rotation from the first axis (ᾀ) can be given 

as. 

 

 ᴂ

ᴂ

Ὧᴂ

ÃÏÓ ὥ ÓÉÎ ὥ π
ÓÉÎ ὥ ÃÏÓ ὥ π
π π ρ

Ͻ
 Ƕ
 Ƕ

Ὧ

 ( 2.29 ) 

 

And rotation around the second axis (ώ). 

 

 ᴂᴂ

ᴂᴂ

Ὧᴂᴂ

ÃÏÓ ὦ π ÓÉÎ ὦ
π ρ π

ÓÉÎ ὦ π ÃÏÓ ὦ
Ͻ
 ᴂ

ᴂ

Ὧᴂ

 ( 2.30 ) 

 

And finally, the rotation around the third axis (ᾀ). 

 

 ᴂᴂᴂ

Ὧ

ÃÏÓ ὧ ÓÉÎ ὧ π
ÓÉÎ ὧ ÃÏÓ ὧ π
π π ρ

Ͻ
 ᴂᴂ

ᴂᴂ

Ὧᴂᴂ

 ( 2.31 ) 

 

Now we can obtain the complete rotation matrix ╡, this is possible to do by substituting equation 

(2.29) and (2.30) into equation (2.31) and performing the matrix multiplications. This will come out 

in the following form. 
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Ὑ

ÃÏÓὥÃÏÓὦÃÏÓὧ ÓÉÎὥÓÉÎ ὧ ÃÏÓὦÃÏÓὧÓÉÎὥ ÃÏÓ ὥÓÉÎὧ ÃÏÓὧÓÉÎ ὦ

ÃÏÓὥÃÏÓὦÓÉÎὧ ÃÏÓὧÓÉÎ ὥ ÃÏÓὦÓÉÎὥÓÉÎὧ ÃÏÓ ὥÃÏÓὧ ÓÉÎὦÓÉÎ ὧ

ÃÏÓ ὥÓÉÎὦ ÓÉÎὥÓÉÎ ὦ ÃÏÓ ὦ

 ( 2.32 ) 

 

The rotation matrix ╡ in equation (2.32) is a general form and can be utilized to transform any 1st 

and 2nd rank tensors to any new reference frame with its new set of vectors. Now consider the 

relation between electric displacement (╓) and electric field (╔) with respect to the two different 

coordinate systems. 

 

Ὀ ‐Ὁ and Ὀ ‐Ὁ ( 2.33 ) 

 

‐ is the permittivity tensor (rank 2) and here we will leave out all the corresponding tensors indices 

for simplicity. Ὀ and Ὁ are both vectors and can hence be transformed using equation (2.27) (Ὀ

ὙὈ and Ὁ ὙὉ). And substituting them into the marked terms in equation (2.33) gives. 

 

ὙὈ ‐ὙὉ ( 2.34 ) 

 

Now by multiplying equation (2.34) with ╡   and by comparing the results with the unmarked 

terms in equation (2.33) we can obtain the transformation of ‐, This leads to the following 

transformation of ‐. 

 

‐ Ὑ ‐Ὑ and ‐ Ὑ‐Ὑ  ( 2.35 ) 

 

Here we can see that the relation in equation (3.35) is a general transformation that can be applied 

to any 2nd rank tensor. However, it is useful to look at Voigt notation before advancing to the 3rd 

and 4th rank tensors. And because of the symmetry shown for stress and strain in equation (2.2) 

and (2.3), we can reduce the 9 total components down to only 6 independent ones. So, using Voigt 

notation we will map these 9 components into these 6 independent components. The relations are 

shown in Table 1. 
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Index  Voigt 

11 Ą 1 

22 Ą 2 

33 Ą 3 

23,32 Ą 4 

13,31 Ą 5 

12,21 Ą 6 

Table 2.1 Voigt Notation 

 

 

And since both stress and strain are a 2nd rank tensor, we can use the general 2nd rank tensor 

transformation defined in equation (2.35). If we rearrange the terms with respect to the 6 

independent components in Voigt notations and preforming a matrix multiplication, we can then 

find the relation between the two different reference frames can be given by a 6x6 rotation matrix 

. From here we can use  to transform any 2nd rank tensor into its Voigt notation like seen in 

equation (2.36) [20]. 

 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὓ

Ὓ

Ὓ

Ὓ

Ὓ

Ὓ Ứ
ủ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὰ
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ά
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άά
άά

ὲ

ὲ

ὲ
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ςάὲ
ςάὲ
ςάὲ

άὲ άὲ
ά ὲ άὲ
άὲ άὲ

ςὲὰ
ςὲὰ
ςὲὰ

ὲὰ ὲὰ
ὲὰ ὲὰ
ὲὰ ὲὰ

ςὰά
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ςὰά

ά ὰ άὰ
άὰ άὰ
άὰ άὰỨ

ủ
ủ
ủ
ủ
ủ
Ủ

Ͻ

Ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὓ
Ὓ
Ὓ
Ὓ
Ὓ
Ὓủ
ủ
ủ
ủ
ủ
Ủ

Ͻ

Ụ
Ụ
Ụ
Ụ
Ụ
ợ
Ὓ
Ὓ
Ὓ
Ὓ
Ὓ
Ὓủ
ủ
ủ
ủ
ủ
Ủ

 ( 2.36) 

 

Then by following the same procedure we used to obtain the transformation relation, between the 

two different reference frames, for ‐ as done in equation (2.33), (2.34) and (2.35). It is now possible 

to obtain a transformation relation for the piezoelectric tensor (Ὡ) and the stiffness tensor (ὧ). So, 

for a 3rd rank tensor like Ὡ we can give the transformation the following form. 

 

Ὡ ὙὩ and Ὡ Ὑ Ὡ ( 2.37 ) 

 

And for a 4th rank tensor like ὧ the transformation will have the form as following. 
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ὧ ὧ  and ὧ  ὧ ( 2.38 ) 

 

The direction cosines ὰᴂί, άᴂί and ὲᴂί given in equation (2.27) and the subscripts 1-3 defines the 

new axis they relate to. All these components can be obtained by the general rotation matrix 

equation (2.32) given by Euler angels ὥ, ὦ and ὧ. In a lot of cases the change in a coordinate system 

is done such that the two rotation matrices Ὑ and  will be symmetric and making the invers 

matrices Ὑ  and   can be changed with the corresponding transpose matrices Ὑ  and  . The 

summarized transformation of ‐, Ὡ and ὧ can be seen in Table 2, while the general tensor 

transformation with full indices can be seen in Table 3. 

 

Table 2.2 Material Transformations 

Tensor Rank Transformation 

Permittivity 2 ‐ Ὑ‐Ὑ  

Piezoelectric 3 Ὡ ὙὩ  

Stiffness 4 ὧ ὧ  

 

 

Equation (2.27) gives Ὑ ƻǊ ǿƛǘƘ 9ǳƭŜǊΩǎ ŀƴƎŜƭǎ ƛƴ όнΦонύΦ ǿƘƛƭŜ  is given in equation (2.36). 

 

Table 2.3 Tensor Transformations 

Rank Transformation 

1 ὃὭ
ᴂ ὥὭὮὃὮ 

2 ὃὭὮ
ᴂ ὥὭὯὥὮὰὃὯὰ 

3 ὃὭὮὯ
ᴂ ὥὭὰὥὮάὥὯὲὃὰάὲ 

4 ὃὭὮὯὰ
ᴂ ὥὭάὥὮὲὥὯὴὥὰήὃάὲὴή 
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Here Einstein summation convention are used. 

 

2.5 Fundamental Lamb Wave Theory 

Under this segment the main procedure and ŘŜǊƛǾŀǘƛƻƴ ƛǎ ŘƻƴŜ ǿƛǘƘ ǊŜŦŜǊŜƴŎŜ ƻŦ ά9ƭŀǎǘƛŎ ǿŀǾŜǎ ƛƴ 

{ƻƭƛŘέ [22]. To start making a usable equation for the Lamb wave frequency we first need to start 

with the displacement of material as a scalar potential ‰ and vector potential . 

 

ό ‰  ᷈ ( 2.39 ) 

 

Here the potential must satisfy the wave equations below. Where VL and VT is the phase velocity in 

the longitudinal and transverse direction respectively. 

 

‰ π and  π ( 2.40 ) 

 

Now considering the Lamb wave propagation along the ὼ direction, so that ḳ π. And in 

the sinusoidal case  ὭὯ, now the displacement components can be written in the 

following form. 

 

ό ‰  ὭὯ‰   and ό ‰  ‰ ὭὯ  ( 2.41 ) 

 

Whereas the transverse vertical wave displacement will have the form. 

 

ό ὭὯ   ( 2.42 ) 

 

and equation (2.42) can be written in Laplacian in the following form. 
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ὼ



ὼ
Ὧ



ὼ
 ( 2.43 ) 

 

Now by defining the wave number for longitudinal and transverse waves as such. 

 

ὴ Ὧ and ή Ὧ ( 2.44 ) 

 

Equation (2.44) must satisfy the equations below. 

 

‰ ὴ‰ π and  ή π ( 2.45 ) 

 

However, an acceptable solution is based on the boundary condition we set. This makes it very hard 

to create an accurate estimation of more advance structures. So, we will assume a very simple 

isotropic 2-dimensional plate. We do this to simplify the equations making them more intuitive for 

understanding the principals of Lamb wave. This will make the equation we find from here be less 

accurate for calculating variables for our Lamb Wave Resonator. And as such our boundary 

conditions will be set at ὼ Ὤ in form. 
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Figure 2.3 Lamb wave displacement directions 

 

Ὕ π, Ὕ Ὕ, Ὕ Ὕ ( 2.46 ) 

 

And at the faces will be set to be. 

 

Ὕ Ὕ π ( 2.47 ) 

 

So, in a isotropic plate we can set ὧ ὧ  and since Ὓ ό π the dilatation will have the 

form. 

 

Ὓ Ὓ Ὓ ό ό ‰ ( 2.48 ) 

 

And with the normal stress given by. 

 

Ὕ ὧ‰ ςὧό ὧ‰ ςὧ Ὧ‰ ὭὯ  ( 2.49 ) 
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Now putting (2.40) and (2.44) into the form ” ὧ Ὧ ή  we can get the normal stress in 

the form. 

 

Ὕ ὧ Ὧ ή ‰ ςὭὯ ( 2.50 ) 

 

Given a similar approach we can get the tangential stress in the form. 

 

Ὕ ὧ Ὧ ή  ςὭὯ‰ ( 2.51 ) 

 

As the requirements for these functions Ὕ Ὕ π at ὼ Ὤ make the only place that both are 

simultaneously satisfied being when they are odd or even. So, question (2.45) must have different 

parity, and so can take the form. 

 

‰ ὄὧέίὴὼ  and  ὃίὭὲήὼ  ( 2.52 ) 

 

Where  π for (Ὕ even, Ὕ odd) and   “Ⱦς for (Ὕ odd, Ὕ even), note we have omitted the 

propagation factor of exp[Ὥὸ Ὧὼ ]. Now my using (2.41) we can get the mechanical 

displacements in the form. 

 

ό ὭὯὄὧέίὴὼ  ήὃὧέίήὼ  and ό ὴὄίὭὲὴὼ  ὭὯὃίὭὲήὼ

 
( 2.53 ) 

 

Now we can see that we have two types of Lamb wave, this being the symmetric ( π) and 

antisymmetric (  “Ⱦς) modes. And when setting  to one of these modes the boundary 

condition will yield these two equations. 

 



 

  

___ 

32 
 

Ὧ ή ὄὧέίὴὬ  ςὭὯήὃὧέίήὬ  π ( 2.54 ) 

 

ςὭὯὴὄίὭὲὴὬ  Ὧ ή ὃίὭὲήὬ  π ( 2.55 ) 

 

Now by adding (2.54) and (2.55) to each other we can dispersion relation between and Ὧ called  

the Rayleigh-Lamb equation in the form were  π or “Ⱦς. 

 



ὠ
τὯή ρ

ὴ

ή

ὸὥὲ ὴὬ 

ὸὥὲ ήὬ 
 ( 2.56 ) 

 

To create a more analytical and workable solution of equation (2.56) we need to investigate the (, 

Ὧ) plane. As here three distinct planes can be separated form each other, these three depending on 

if the phase velocity ὠ ȾὯ exceeds the longitudinal phase velocity ὠ ὧȾ” Ⱦ or the 

transverse phase velocity ὠ ὧȾ” Ⱦ . So hence we can rewrite equation (2.44) into the 

forms. 

 

ὴ   and ή   ( 2.57 ) 

 

However, in this project we are only interested in the first case were both the wavenumbers are 

real. So, we can write that. 

 

ὠ ὠ ὠ or Ὧ Ⱦὠ Ⱦὠ ( 2.58 ) 

 

Now we can rewrite equation (2.56) for modes without a cut-off frequency as the following form. 
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ὠ
ḙτὯ ή ὴ τὯ

ρ

ὠ

ρ

ὠ
 ( 2.59 ) 

 

This shows that the phase velocity tends to a finite limit called the plate velocity. 

 

ὠ ὠ ρ
ὧ

ὧ
 ( 2.60 ) 

 

Now taking equation 2.59 we can rewrite it as 

 

 ςὯ
ὠὠ ὠ

ὠ
 ( 2.61 ) 

 

Lastly by using equation 2.61 and adding it into Ὢ  and ὺ  we can get an approximation for 

the S0 frequency response in an ideal plate. 

 

Ὢ
ς

‗

ὠὠ ὠ

ὠ
 ( 2.62 ) 

 

However, for the second device we will not be interested in the 0-order symmetric (S0) mode of 

Lamb wave. But rather the 0-order horizontal symmetrical (SH0) mode. And to find a simple 

approximation for the frequency at which this mode occurs we will again do some of the same 

assumptions we did about the S0 mode. So, we will again assume a simple isotropic material 

instead of the piezoelectrical material used in the main. We will also assume similar boundary 

conditions with a perfect infinite plate. To tart we can write that Ὕ  and Ὕ  can be seen as zero, 

while we will only be concerning ourselves with Ὕ  and can written as 
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Ὕ ὮὯὧό Ὡ ό


ὼ
ὧό Ὡ ό  ( 2.63 ) 

 

And with substituting … Ὧὼ, ὠ  and ὠ   into Ὕ  and using the same isotropic 

simplification as done previously we can write. 

 

ό

ὼ



ὠ
Ὧ ό π ( 2.64 ) 

 

Now, by assuming a simplified the system as a parallel-sided plate we can write the displacement as 

a sinusoidal in the form. 

 

όὼ όὧέί
ὲ“

Ὤ
ὼ Ὤ ȟὲ πȟρȟςȣ ( 2.65 ) 

 

Simplifying this again by substituting 2.65 into 2.64 and assuming the 0-order, we can find a rough 

estimation for the SH0 mode a plate written as. 

 

Ὢ
ὠ

‗
 ( 2.66 ) 

 

So, the SH0 mode will mainly be determined by the material and wavelength of the device. In 

contrast the S0 frequency that is mainly determined by the height and wavelength of the device. 

It is important to note that both equation 2.62 and 2.66 are very rough approximation. As they both 

assume an isotropic material condition and an ideal infinite plate. When using them to calculate the 

frequency response of the S0 and SH0 mode we would get 576MHz and 1085MHz respectively.  

 

2.6 Bloch Waves 

Bloch waves in crystal is another core part of this study and can also be somewhat difficult to get a 

ƴŀǘǳǊŀƭ ŎƻƳǇǊŜƘŜƴǎƛƻƴ ƻƴ ƛǘǎ ǇǊƛƴŎƛǇƭŜǎΦ IƻǿŜǾŜǊΣ ǳƴŘŜǊǎǘŀƴŘƛƴƎ ƛǘǎ ǊŀƳƛŦƛŎŀǘƛƻƴǎ ƛǎƴΩǘ too difficult 
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to understand. As there are two main part you can assume to make understanding this theorem 

better. One is that in this case crystal is just referring to any material with a rigid atomic structure, 

and two that when talking amount waves in crystals any single relative wave will have no idea 

where in the structure it is if considered the structure properly. So, starting with the assumption 

that that the wave equation can be written as the following form. 

 

ȿὼȿ ȿὼ ὥȿ and ὼ ὥ ὅ zὼ Ὡ ὼ ( 2.67 ) 

 

Here ὥ is referring to the distance between the atoms and k is an arbitrary constant that refers to 

the structure of the crystal called the crystal momentum. And assuming a near infinite line we 

assume a circular structure like in the figure below and can write that. 

 

Figure 2.4 Illustration of Bloch waves in a crystal structure 
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ὅ zὼ ὼ ( 2.68 ) 

 

Going from this by giving Ὧ a new index we can write the wave equation into the following form 

[23]. 

 

ὼ Ὡ Ὡ ό ὼ ( 2.69 ) 

 

So, by finding Ὧ we can calculate every possible movement of a wave in a crystal. And we can find 

the equation for k if we can reduce a structure into its irreducible Brillouin zone and looking for 

symmetries for possible paths the wave can take. 

 

2.7 Mesh Convergence 

The last theory that will be mentioned under this section is not as complicated as the rest. It is 

however, arguably the most pivotal for a proper result when using a FEM method to test the 

viability of a concept. And this is the Mesh Convergence Study (MCS), as without understanding the 

MCS there is no way to know if the results of the FEM study are a close approximation of real life, 

or if even the results are only possible cause the improper use of a mesh gives wrong output values. 

In doing a MCS it is important to know the two main ways one can increase the mesh refinements. 

This comes in the form of h-refinement and p-refinement as seen in the figure below, the former 

being an increase in order of the element and the latter being a reduction in element size [24]. 
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Figure 2.5 Illustration of two different forms of refinements 

When doing an MCS it is important to check for changes in the results with changes in both an h 

and p refinements. However, in this study it is only possible to change the h-refinement. These 

stems from the fact that in a 3D COMSOL simulation every edge of a mesh needs to be connected 

to another edge of an adjacent mesh. Without this the COMSOL will refuse to run as it will have 

what it perceives as empty void inside the set boundaries. So later in this report we will have 

investigated the changes in h-refinement will have on the FEM output and look for where the 

results begin to converge around. 
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3 Modelling Methods 

As mentioned previously in this thesis we have opted to use COMSOL simulation for our FEM 

simulation too perform our tests. However, there are different simulations needing to be made and 

different steps for each of these simulations needing to be followed. This is so we can be able to 

make sure our FEM simulation can give realistic results, for it to be able to predict realistic 

behaviour in a real LWR device. 

So, to get our desired simulations we need to create three separate simulations. These being a 

small FEM simulation to find the band gap of a PCS cell. The second being a test for the relative 

displacement over bridge design with and without a PCS array found in the PCS simulation. Lastly 

one for the LWR device, this being used for the main test of the quality factor changes by the PCS 

array. 

To create these simulations, we will need to go through different steps. Firstly, we will create a 

barebone simulations with the assumed required boundary conditions. Following this different test 

will be set up in these simulations to get an idea of the functionality of the FEM simulation. Then 

when the simulations are giving results corelating with what we can be expected based on other 

previously done studies into LWR devices, we will go into refining the simulation by finding the 

mesh convergence of the simulation. This step is a crucial and if this changes the result in 

unpredicted manners, we will have to go back and change the boundary conditions again. However, 

if this are set up correctly, we should see the results converge with a finer mesh. After this is done, 

we can proceed to change the properties of simulation to fit the different devices tested for. 

 

3.1 Phononic Crystal Structure Band Gap 

The first FEM simulation created using COMSOL for this project is a band gap simulation of a PCS 

cell. This simulation requires relatively simple boundary setting, as it as both a simple geometrical 

shape and requires very few physical boundary conditions. In the table below is starting 

geometrical parameters used, where the hight and radius of the slab can change depending on the 

desired bandgap and centre frequency needed by a LWR device. 
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Table 3.1 Geometrical Properties Used Before Optimization 

Parameter AIN PCS Cell LiNbO3 PCS Cell 

lattice constant (a) 4 µm 0.8 µm 

Slab Radius (SR) ±1.5 µm ±0.3 µm 

Slab Height (SH) ±1 µm ±0.4 µm 

Piezoelectric Layer Thickness (PLT) 1 µm 0.3 µm 

Metallic Layer Thickness (MLT) 0.1 µm 0.1 µm 

 

For the physic engine the inbuilt solid mechanics in COMSOL was used, where the boundary 

conditions is simply defining the relevant components to be piezoelectric material and setting a 

simple periodic conditions along the side of the substrate in the x and y directions of the simulation. 

As for the study done for the simulation it is an inbuild COMSOL eigenfrequency sweep study of the 

first 20 eigenfrequency starting at 0Hz. And then a parametric sweep where the periodic conditions 

are swept based on the irreducible Brillouin zone of the PCS in the simulation. 
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Figure 3.1 Overview of The PCS Cell Design 

The above image is of an PCS cell in COMSOL, where the bottom part is where the piezoelectric 

boundary conditions are set. While the small plate on top of it is the metallic made of aluminium 

layer and it will be using a linear elastic material condition, this is also true for the metallic slab on 

top made of a different material. And cause of the heavy symmetry of the structure it is possibly 

create the irreducible Brillouin zone from the top view of the cell unit as in in the figure below. 
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Figure 3.2 Birdôs Eye View of A PCS Cell 

 

As given in equation (2.7) we can see the general form for propagation of acoustic waves in a solid. 

And with the use of equation (2.65) for the relation between the wave number Ὧ and the frequency 

given by the Bloch wave theorem. By sweeping the path ɜO , ɯᴼɥᴼɜ defined by the 

irreducible Brillouin zone defined as ɜπȟπ, ɯ ȟπ and ɥ ȟ . So, using this we can define ὑὼ 

and ὑώ for the use in the periodic condition in the simulation. Were we will define the lattice 

constant as ὥ. This will make the ὢ component of the wave vector be ὑὼ ὭὪὯ

ρȟὯ ȟὭὪὯ ςȟȟσ Ὧ  and the ὣ component of the wave vector will be ὑώ ὭὪὯ

ρȟπȟὭὪὯ ςȟὯ ρ ȟσ Ὧ . With how the PCS simulation is set up we can find the band 

gap of the whole PCS cell or one of the layers individually by applying the periodic boundary 

conditions to both or only one of the substrate layers. Whereas the PCS cell bandgap will mainly be 
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defined by the bandgap of the piezoelectric layer, the lack of a band gap over a region in the 

metallic layer will reduce the effect of a non-infinite system. 

 

3.2 Structural Displacement Over a Bridge Section 

The second FEM simulation made is a bridge displacement transmission study. As it is very 

convenient to be able to show the relative reduction of displacement over a set frequency. This is 

both to get concrete data showing the effect of the PCS array and as a test for the functionality of 

the PCS array with a non-infinite array. This simulation will also only require a very simple boundary 

condition. As in similarity to the PCS simulation only the in-built solid mechanics engine of COMSOL 

will be used. Were the bottom layer of the substrate will be set as a piezoelectric material and the 

slabs and metallic layer will be defined as linear elastic material as seen in the figure below. We will 

also define port 1 with a predefined displacement in the ὼ direction with an arbitrary but 

reasonable amount. As for one set of parameters used in the AIN LWR, can be seen in the table 

below. Where the PCS slab parameters will be matched with the optimized PCS cell parameters 

designed for the LWR device simulation. 

Table 3.2 Properties Used in the Bridge Simulation 

Parameter AIN Bridge LiNbO3 Bridge 

Piezoelectric Layer Thickness (PLT) 1 µm 0.3 µm 

Metallic Layer Thickness (MLT) 0.1 µm 0.1 µm 

Array Width 4 4 

Array Length 6 3 

Slab Radius (SR) ±1.5 µm ±0.3 µm 

Slab Height (SH) ±1 µm ±0.4 µm 

Cell Side Length (CSL) 4 µm 0.8 µm 

Bridge Width (BW) 16 µm 3.2 µm 

 Bridge Device Length (BDL) 56 µm 7.2 µm 

PML layer length (PLL) 8 µm 1.6 µm 

Predefined Displacement 0.1 µm 0.1 µm 
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Figure 3.3 Overview of a LiNbO3 Bridge Simulation Design 

 

Next it is important to define a boundary condition on the two ends of the bridge sections as here 

we need to have a low reflection or absorption boundary layer, as both ends should ideally be 

connected to an absorbing substrate or be absorbed back into the LWR device. This can be done in 

some different ways. One way can be to define a low reflection boundary layer or absorption 

boundary layer at the ends of the bridge with the COMSOL predefined solid mechanic engine. 

However, we have opted into using a perfectly matched layer (PML) domain instead, as this offers a 

bigger freedom for geometrical shape and size of the absorption region in comparison to the two 

other methods. The study was done with an in-built COMSOL frequency response study with a 

sweep over relevant region. Then we will look at the relative change in displacement at one end of 

the bridge (port 1) in comparison to the predefined displacement set at the other end of the bridge 

structure (port 2) seen in figure above using equation 3.1. 
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Ὓ ρπzὰέὫ
ὖς

ὖρ
ρπzὰέὫ

Ὠ

Ὠ
Ὠὄ ( 3.1 ) 

 

3.3 Lamb Wave Resonator Device 

The last FEM simulation is split into two different designs for the two different LWR device that is 

being investigated. These simulations are a fair bit more complicated in comparison to the two 

previously mentioned simulation. However, it does use all the principles used in them, but with 

some more boundary conditions also needing to be set for the electrical properties needed for the 

simulation. They are also somewhat different in design, as the AIN LWR simulation uses a small 

bridge connected to a absorbing substrate. The LiNbO3 LWR uses a bridge covering the two ends of 

the design, with a simple absorbing boundary on the other side. It will also include a continuous and 

finite design simulation. So, in total there will a continuous LiNbO3 LWR design and finite AIN and 

LiNbO3 design. All designs can be seen in the figures below. 

The AIN LWR device consists of a main bulk of piezoelectric materials with a small metallic layer on 

top like in the bridge simulation. However, this metallic layer is etched in in a combe patter forming 

the IDT layout over the main substrate of the device. This can be seen in the picture below of the 

AIN LWR device, with the parameters used for the two different devices can also be seen in the 

table below. 
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Figure 3.4 Overview of The AIN LWR Device Design 

 

Table 3.3 Geometrical properties of LWR deviceôs 

Parameter AIN LWR Device LiNbO3 LWR device 

Electrode Pitch (Ep) 9 µm 1.6 µm 

Interdigital Transducer (IDT) Finger 9 2 Continuous, 16 finite 

Metallic Ratio (MR) 0.5 0.3 

Aperture (AP)  180 µm 54.4 µm 

Device Length (DL) 216 µm 60.8 µm 

Device Width (DW) 81 µm 3.2 µm and 25.6 µm 

Anchor Length (AL) 30 µm (7.5* PCS cell size) 1.6 µm 

Anchor Width (AW) 16 µm (4*PCS cell size) 3.2 µm and 25.6 µm 

PCS Array Size (x and y) 4x6 4x3 

Slab Radius (SR) ±1.5 µm ±0.3 µm 
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 Slab Height (SH) ±1 µm ±0.4µm 

Cell Side Length (CSL) 4 µm 0.8 µm 

Piezoelectric layer thickness (PLT) 1 µm 0.3 µm 

Metallic layer thickness (MLT) 0.1 µm 0.1 µm 

Isotropic loss factor (1/Q) 1/40000 1/1000 

 

As for the absorption substrate for the device is connected using a small bridge section. For the 

properties of the absorbing substrate would ideally be an infinitely large non reflective substrate. 

However, as a real device does not work in ideals, we assume some reflections. So, we had to 

design a absorption substrate with this in mind. To achieve this, we designed a two-dimensional 

substrate with a absorption boundary at the outer edge, letting the wave be reflected in outer plate 

before hitting a slow absorption boundary. So, an expanding half circle away from the device was 

designed. Where the radius of the first sections is ς‗ and the second radius of ‗ on top of the last 

section as seen in the figure below. And to create this slow absorption region a PML layer was used 

for the same reasons we had in the bridge simulation. 
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Figure 3.5 Birdôs eye view of the bridge section of the AIN LWR device 

The outer support region was designated as a PML region, like mentioned in the previous sections, 

this could have been done with a low reflection or absorption boundary conditions. However, using 

a PML layer allows us to have a more control of the absorption region, letting us create a large 

absorbing region. As for the physics engines used in this simulation, we will once again use the in-

built COMSOL solid mechanics engine. Here we will connect this with a multi physics engine in 

COMSOL called piezoelectric effect. This will create a coupling interface between the solid 

mechanics engine and the last COMSOL engine used, electrostatic physic engine. Letting us 

simulate the effect from one on the other. 

So, now the proper boundary condition settings for the device will need to be defined. Starting with 

the solid mechanics engine the metallic layer and the slabs will be defined as a linear elastic 

material, while the piezoelectrical material will be defined as such using the appropriate boundary 

conditions. We have also given it an isotropic loss factor of 1/Q in both the linear and piezoelectric 

material. Where Q will be set to 40000 in the AIN LWR device in reference to Yinjie Tong and Tao 

Han. [18] In contrast we will set Q to only 1000 in the LiNbO3 simulation, as the value of Q was 
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measured to be around 1000 in our collaborators LiNbO3 device [5]. As for the boundary conditions 

set in the electrostatic physic engine. The main function of this physic engine is simply to simulate 

an input terminal and ground for the system. So, here the metallic layer on upper side will be 

defined as a terminal with an 1V output and the other sides metallic layer as the ground. 

These are all the boundary condition used for the AIN LWR device simulation. However, as 

mentioned the LiNbO3 device will be set up slightly different. This is to reduce the simulation time, 

as this device we are using a long bridge follow the device width. So, a finite simulation will have a 

large number of mesh elements in a set distance. Making the simulation time many times longer 

than any of the previously done simulations. 

It is also important to note that the SH0 wave propagates parallel to the plate in contrast to the S0 

mode. So, the outer section would see no noticeable refractions of the wave in contrast to the S0 

mode waves. Hence, the simplified absorption boundary to reduce simulation elements. 

The LiNbO3 device simulations will be made up of two different simulations. One simulation of a set 

of 2 IDT where the sides of the simulation will be set as a continues periodic boundary condition. 

This would give us the possibility to quickly simulate an ideal infinite device. The second simulation 

will be a finite device size as in the AIN LWR device. However, here the device will be 8 sets of 2 IDT 

in contrast to the AIN devices 9 IDT non symmetrical setup. The two different setups for the LiNbO3 

devices can be seen in the figure below. 

 

Figure 3.6 LiNbO3 periodic device simulation, blue region representing the metallic layer 
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In the end a similar study will be done on all the different LWR device simulation setups. Where a 

frequency study will be done on the system. Letting us see the admittance of the system over a 

studied frequency range. 

 

3.4 Mesh Convergence Study 

Before any of the FML models can be of use however, a mesh convergence study will have to be 

done on each of the three simulation models. However, optimizing the mesh of a FEM model is a 

tedious and slow process. This comes from the fact that we have three separate dimensions we can 

get an increase in the h-refinement on the FEM model. This is true for each separate region of the 

FEM model, making it a very time-consuming process if one wants to optimize the mesh for both a 

functional result and a reasonable simulation time. 

For the simpler simulations we can simply reuse the mesh found for the LWR device model or use a 

very fine mesh as these simulations are not vey time consuming in the first place. However, for the 

LWR device FEM model having an optimized mesh can make the difference between having a 60-

hour simulation time or having a 500-hour simulation time. 

In the LWR model we have three different sweeps for the h-refinement on the main device and a 

simpler two directional increase on the bridge and substrate part of the simulation. On the main 

device segment of the model, we can increase the h-refinement in the length, width, and thickness 

direction of the model. However, because of how the boundaries are designed in this simulation 

the minimum h-refinement will be 1 element over the electronic pitch in the length of the device 

increasing by x element in this boundary where x is a positive integer. And along the width of the 

device the minimum element size of the mesh is 4 element per electronic pitch, increasing with 4x 

elements where x is a positive integer again. And along the thickness the minimum element size is 

just the thickness of each segment of the model. As for the outer section of the device consisting of 

the bridge and anchor segment its mesh size is defined as a prerendered triangle field generated by 

COMSOL, here the maximum element size will be defined as the electron pitch divide by x 

elements. This effectively lets us set how many elements we want in the x and y direction of the 

model in this region. This can be seen in the figure below, where the left shows a low longitudinal 

refinement and the right showing a high refinement in the longitudinal direction. 
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Figure 3.7 Overview of some potential mesh refinement on an AIN LWR device 

 

 

Figure 3.8 Overview of a small mesh element size on the bridge section and the mesh element size 

over the thickness of the device 

 






























































