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A B S T R A C T   

The conventional laser doppler vibrometers for modal analysis of micro-structures are expensive and sometimes 
inaccessible. In this work, a compact, fiber-based interferometric setup is used to carry out the modal analysis of 
initially deflected piezo-actuated micro-plates with different designs. The finite element method provides actual 
mode shapes visualization in the frequency range up to 100 kHz using the spectral results of vibration mea
surements performed at a few selected spots of the plate. This method is capable of finding the resonance fre
quencies and distinguishing the mode shapes. It has also allowed us to investigate the impact of bias voltage on 
the actual values of the resonance frequencies.   

1. Introduction 

Piezoelectrically actuated plates are widely used in Micro-Electro- 
Mechanical Systems (MEMS) such as tunable lenses [1–3], piezoelec
tric Micromachined Ultrasonic Transducers (pMUT) [4], and 
micro-pumps [5] etc. The microfabrication of a multi-layer piezoelectric 
plate is performed at different temperatures for each layer. Due to the 
thermal mismatch between different layers, the resulting built-in stress 
may cause buckling of the plate after fabrication, which consequently 
deforms the plate from its desired flat shape [6]. The built-in stress 
changes not only the initial shape of the structure, but also the stiffness is 
changed. Therefore, the dynamic behavior of the deformed plate is 
changed with respect to a flat plate as the resonance frequencies are 
shifted [7–10] and some mode shapes are superposed [11,12]. 

In order to find the resonance frequencies and mode shapes of a 
micro-plate, an optical instrument for non-contact dynamic character
ization is required. Conventional Laser Doppler Vibrometers (LDVs) can 
be successfully applied to measure the resonance frequencies and 
identify the mode shapes of the structure [13–16]. Although they are 
convenient since they allow vibration detection by automatic scanning 
of the structure, they are expensive and are not easily accessible. 

The dynamic response of micro-devices can be successfully charac
terized also with optical methods based on interferometric 

measurements performed in just a few well-selected spots on the struc
ture. The simplest measurement is capturing the response of a single 
point to detect some of the resonance frequencies of a structure [17,18]. 
In spite of the simplicity of a single point measurement, it will not 
provide enough information to form the mode shapes. Recording the 
vibration spectral profile in two positions provides more data to shape 
some modes, but it is still not enough to extract the higher order mode 
shapes [19–21]. In some cases, choosing a few points might be sufficient 
to plot specific mode shapes, like scanning along the radial line of a 
circular plate to find the axisymmetric modes [22]. It is of interest to 
apply similar techniques in the case of plates exhibiting several vibration 
modes with different geometries in a relatively narrow frequency range. 
To achieve a good matching between mode shape and resonance fre
quency, a fine scan of the whole structure would be required to perform 
vibration measurements in a large number of spots [23–25]. However, 
this procedure would become laborious. 

In this work, we have utilized an appropriate Finite Element (FE) 
model to visualize the mode shapes of piezo-actuated plates with built-in 
stress. This helps in identifying the most preferable positions on the 
structure for frequency response measurements at just a few spots. The 
piezoelectric plate was actuated with electrical white noise and mea
surements were performed at a limited number of positions within a 
quarter of a plate. In order to visualize the mode shapes, we have 
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compared the experimentally detected resonance frequencies with those 
extracted from the Finite Element Method (FEM). Then, knowledge of 
the resonance frequency helps to figure out an approximate mode shape 
using FEM. Though this technique needs more effort in post-processing 
than that is required when an LDV is available, preparing a FE model is 
anyway necessary in both cases to estimate the scanning frequency 
range and the measurement points. 

2. Fabrication and characterization 

The modal analysis is performed on piezo-actuated plates fabricated 
on a (100) silicon SOI wafer with the process like those reported in [26, 
27]. The main processing steps used in fabrication of the plates are 
shown in Fig. 1. The SOI wafer consisted of a 400 μm thick silicon 
substrate (handle silicon), a 0.5 μm thick buried oxide layer and a 8 μm 
thick device layer on top of the oxide. Thermal oxidation was done to 
form SiO2 stress compensation layer. A thin Ti layer was sputtered fol
lowed by its oxidation to form a diffusion barrier layer of 32 nm TiO2. A 
layer of 100 nm Pt {111} is then sputtered to be used as the bottom 
electrode. Pt was then patterned using dry etch. A thin seed layer of 
Lithium Niobate (LNO) was deposited followed by deposition of 2 μm 
thick Chemical Solution Deposition-lead zirconate titanate (CSD-PZT) 
using multilayer spin coating process. LNO and PZT sol-gel solutions 
from Mitsubishi Materials Corporation, Japan, were used. Each layer 
was annealed before another layer was spin coated. The resulting PZT 
film has high {100} texture and excellent piezoelectric properties as 
mentioned in. Tab. 1. Next a thin buffer layer of TiW was sputtered 
followed by sputtering of 250 nm Au, which served as top electrode. All 
sputtering processes were done in an ENDURA, Applied Materials, 
sputtering tool. Two photolithographic masks were used to pattern top 
electrode and PZT using wet etch process. A thin layer of alumina (ca. 
40 nm) was deposited at Picosun Oy (Finland), and patterned using a 
photo mask before depositing and patterning a TiW/Au metal pad. The 
back side was opened via DRIE of the handle wafer and dry etching of 
the buried oxide. The wafer was finally diced into 5 × 5 mm2 chips as 
shown in Fig. 2. The thickness of each layer after the process is listed in 
Tab. 2. 

Starting point
Silicon-on-insulator wafer (SOI)

Oxidation for stress compensation

Deposition of TiO2/Pt bottom electrode
Pt patterning by RIE

Deposition of PZT and top electrode TiW/Au
Patterning via wet etch

Back-side etch via RIE

TiW/Au
PZT
TiO2/Pt
SiO2

Si

Fig. 1. Main processing steps for fabrication.  

Table 1 
Electro-mechanical coupling coefficients of properties of PZT.  

d31 (10− 12 C/N) d33 (10− 12 C/N) d15 (10− 12 C/N) 

-134  296  440  

Fig. 2. Actuator layers. (a) 3D sketch of the plate. (b) Microscopic image of the 
fabricated plate. 

Table 2 
Plate layers thicknesses.  

Layer Thickness (μm)

TiW/Au  0.25 
PZT  2.00 
TiO2/Pt  0.15 
SiO2  2.00 
Si  7.12  

Table 3 
Built-in stress for each layer of the plate.  

Layer Built-in stress (MPa) 

SiO2  − 300 ± 30 
TiO2/Pt  1100 ± 100 
PZT  60 ± 10  

Table 4 
Mechanical material properties of each layer of the plate.  

Material Properties SiO2[30] TiO2/Pt[31] PZT Au[32] 

E (Gpa) 70 170 82 80 
ν 0.17 0.35 0.38 0.44 
ρ (kg/m3) 2200 21450 7500 19300  
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The plates are initially deformed in short-circuit condition due to the 
existence of built-in stress. Stress values in each layer are determined by 
depositing a material stack of PZT with top and bottom electrodes on a 
wafer. The measurements are performed on 15 samples which are diced 
into 8.3 × 8.3 mm2 squares. Each layer was then etched. Curvature 
measurements were done corresponding to each layer which was con
verted to stress values via Stoney’s equation [28] i.e. one assumes a thin 
stressed layer on top of a thick substrate that is deformed by the stress in 
the thin layer. Calculated stress values are shown in Tab. 3. 

The material properties of anisotropic silicon are given in [29], and 
the Young’s modulus (E), Poisson’s ratio (ν) and density (ρ) of the plate 
layers are given in Tab. 4. The relative permittivity of PZT is 1200. 

We investigated samples with an opening at the center, which are 
commonly used in a tunable lens. Although the opened areas of the 
samples are made up of opaque Si and SiO2, they may be considered as 
test structures for tunable lens actuators. Experiments are conducted on 
three configurations including circular plate with circular opening (CC), 
square plate with circular opening (SC) and square plate with square 
opening (SS). The static actuator performances of similar configurations 
are modelled in [33,34]. The configurations of the plates are sketched in 
Fig. 3 and their dimensions are given in Tab. 5. 

3. Finite element modeling 

Before conducting any experiment, preparing an appropriate FE 
model is necessary to get insight into the static and dynamic behavior of 
the structures. Knowing the simulated resonance frequencies and the 
mode shapes of the structure is an aid when determining the appropriate 
experimental setup, frequency scanning range and the most descriptive 
measurement positions. We use COMSOL Multiphysics®[35] to model 
the structures and find the mode shapes. Using the geometry and ma
terial parameters of Sect. 2 and Sect. 3, all six structures are modelled in 
COMSOL with quadrilateral hexahedron elements. A FE analysis 
convergence study is also performed to ensure accuracy of the results. 
Because of the initial deflection as a result of built-in stress, a geomet
rically nonlinear static analysis must be carried out to get the initial 
shape. Therefore, the solution procedure consists of two steps, i.e. first 
finding a geometric nonlinear static solution followed by obtaining a 
prestressed eigenvalue solution. The static solution is attained incre
mentally by step-wise increasing a load factor. The load factor is 
multiplied by the values of the built-in stress in each layer and varies 
from 0 to 1 with step 0.1. When the load factor equals 0, the plate is flat 
in the absence of built-in stress. The final configuration of the deformed 
plate is calculated when the maximum values of built-in stress are 
applied at the load factor 1. By this incremental solution approach of the 
geometrically nonlinear model, the deformed geometry and stress 
induced stiffness matrix are calculated at the first step of the solution. At 
the second step of the solution, the updated geometry, stiffness and mass 
matrices of the model are imported as an input for the prestressed 
eigenfrequency solution. As a consequence, the resonance frequencies of 
the deformed structures will shift with respect to resonance frequencies 
of the the flat plate. The effects of built-in stress on the center 
displacement and first six resonance frequencies of the plate CC2 are 
plotted in Fig. 4. It is observed that the plate is softened as the result of 
the large compressive stress in the SiO2 layer up-to a point of minimum 
stiffness. The behaviour is similar to buckling instability but differs in 

Fig. 3. Plate geometries. (a) Circular plate with circular opening (CC). (b) Square plate with circular opening (SC). (c) Square plate with square opening (SS).  

Table 5 
Dimensions of the plates.  

Plate Geometry a0(μm) a (μm)

CC1  1130  3200 
CC2  2100  3200 
SC1  1130  3200 
SC2  2100  3200 
SS1  1130  3200 
SS2  2100  3200  
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being a smooth transition with a finite minimum stiffness. The 
non-linear behavior of the displacement and the frequency shifts are 
clearly shown in Fig. 4(a) and (b) respectively. When the compressive 
load is dominant, the softening effect is observed whereas the structure 
is stiffer when the bending moment dominates. 

4. Device characterization 

In this section, the measurement technique and setup are described 
in details. Before performing any measurement, the samples are poled 
by 150 kV∕cm electric field at 150 ∘C using an aixACCT TFA 320-E in
strument. The direction of the polarization is from the bottom electrode 
toward the top electrode. Then, the static and dynamic measurements 

are performed. 

4.1. Static measurement 

The static measurement gives the profile of the deformed plate due to 
the built-in stress while the electrodes are short-circuited. For this pur
pose, a DEKTAK 150 Profilometer is employed to scan the profile of the 
plate along the x direction with scanning resolution of 300 nm. 

The residual stress values of Tab. 3 are obtained within a range, 
while it is required to apply specified values as the load in FE modelling. 
There is a discrepancy between the center point displacements of the 
measurement and simulation when applying the maximum values of the 
built-in stresses without a correction factor. We fit the center displace
ment of the sample CC2 from FEM to the measured one by multiplying 
the maximum built-in stresses values with a correction factor. The 
correction factor is calculated as 0.8897, which results the stress values 
of all layers to be within the limits given in Tab. 3. Because all of the 
samples are taken from the same wafer, we use the same factor to model 
the other samples. 

The results of the static measurements and their comparison with FE 
simulations are shown in Fig. 5. The simulated static displacements of all 
samples agree well with the experimental ones, which verifies the fitted 
values of the built-in stresses. This ensures that the FE model can be used 
for further modal analysis. 

The results of Fig. 5 show that for plates having the same configu
ration, the center displacement of the plates with larger opening are 
higher than those with smaller opening. To reveal the reason for this, the 
simulated center displacements of the samples CC1 and CC2 are plotted 
in Fig. 6(a) as the load factor is increased. The center displacement of the 
sample CC2 is higher than the center displacement of the sample CC1 
when the load factor equals 1. It is also observed in Fig. 6(b) that the 
minimum frequency occurs at a lower load factor along with a higher 
slope in the sample CC2. This behavior can be understood as the 
compressive built-in stress affecting the larger opening area with lower 
stiffness in sample CC2. 

4.2. Dynamic measurement 

The instrumental and optical configuration of the laser vibrometer 
applied for dynamic analyses of the piezo-actuated plate is reported in 
Fig. 7. It consists essentially in a fiberoptic Michelson interferometer 
that allows performing spatially-resolved spot optical measurements of 
vibration frequencies. Light from a DFB semiconductor laser (Mitsubishi 
ML925B11F-01), emitting at the wavelength λ = 1550 nm and oper
ating at T = 22∘ C with 16 mA driving current (LD in Fig. 7) is launched 
into an input port of a 2 × 2, 50:50 splitting ratio, fiberoptic coupler 
(Thorlabs bidirectional 2 × 2 FO couplers with 50:50 splitting ratio and 
flat spectral response: TW1550R5F2) (C in Fig. 7). Light is thus directed 
along the “measuring arm" toward the device under test and along the 
“reference arm" to a reference-mirror. Impinging light is projected 
orthogonally onto the device under test (and the back reflected light is 
then similarly collected) by means of pigtail style focusers, based on 9/ 
125 μm core-cladding diameter single-mode fibers, incorporating an 
aspheric lens with focal length f = 3.9 mm, with 40 dB return loss, by 
OzOptics, USA (LPF-04–1550–9/125-S-5–23.5–3.9AS-40–3S-3–1). The 
spot generated on the device has a diameter of 50 μm, thus allows per
forming measurements with very good spatial resolution. The interfer
ometric signal, generated by radiation back-reflected from the mirror 
interfering with radiations back-reflected from the plate, is then 

Fig. 4. Effect of the built-in stress on (a) displacement of the center point and 
(b) resonance frequencies of the plate CC2. 
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Fig. 5. Short-circuit (ShC) static deformation of the plates as a result of residual stress (a) CC1 (b) CC2 (C) SC1 (d) SC2 (e) SS1 (f) SS2.  
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detected by an InGaAs photodiode (FGA01FC Thorlabs, USA) (PD in 
Fig. 7) directly terminated on the 1 MΩ input resistance of a dynamic 
signal analyzer (DSA Agilent 35670A), that provides the frequency 
response by performing the Fast Fourier Transform (FFT) of the photo
detected signal. The sample under test is attached to a dedicated PCB, 
30 mm x 43 mm. There are 3 connection ports on each PCB: the ground 
(GND) is connected to the lower electrode whereas the other ports are 
connected to the upper electrode and represent the electrical input for 

the driving signal, which consists of a DC component Vdc plus a time- 
varying component with peak-to-peak amplitude Vpp, provided by a 
signal generator (KEYSIGHT 33500B). By applying a voltage, the piezo- 
electric actuator induces vibrations of the plate; a positive voltage be
tween top and bottom electrodes induces upward bending of the plate. 
In particular, by driving the piezo-electric actuator with electrical white 
noise with Vpp = 1–3 V in the band 0 Hz - 130 kHz, it has been possible 
to excite several vibrational modes of the plate in the range 0 Hz - 
100 kHz, that is the full span analyzed by the DSA. 

As it is known from the theory of the laser interferometry, the pho
todetected interferometric signal Vinterf follows the relationship: 

Vinterf ∝cos[ϕ0 + 2kΔL(t) ], (1)  

where ϕ0 is the static phase difference between the electric field coming 
from the membrane and the electric field coming from the reference 
mirror, k = 2π∕λ is the wavenumber and ΔL(t) is the time-varying dif
ference between the optical path of the interferometer arms due to the 
membrane displacement, along the direction of the impinging laser 
beam, induced by the electrically driven vibrations. Working in quad
rature, that is for ϕ0 = m(π∕2), with m odd integer, the relationship 
becomes 

Vinterf ∝sin[2kΔL(t) ]. (2) 

For ΔL(t) < λ∕20, Vinterf ∝2kΔL(t), in other words the interferometric 
signal is proportional to the vibration amplitude. If this condition is 
satisfied for the displacement amplitude of each excited vibration mode, 
the frequency response obtained by taking the FFT of the interferometric 
signal shows the amplitude resonance curves of the excited modes, 
centered at their resonance frequencies. Vibration measurements have 
been performed in the 5 positions of the membrane identified with the 
help of the red radiation emitted by a HeNe laser coupled into the 
fiberoptic path. These positions are indicated in Fig. 8. The frequency 
response has been acquired by shining the readout beam in different 
positions of the membrane since spatially resolved vibration measure
ments allow to identify the mode structure. As a matter of fact, not all 
the modes exhibit a detectable displacement in all the positions, since a 
position can be close to a vibration node (zero displacement) for a 
resonance mode. In these cases, the resonance curve associated to that 
mode is not present in the frequency response of the photodetected 
signal. 

5. Results and discussion 

As mentioned in the previous sections, we first confirm that both FE 
model and residual stress values are acceptable with static analysis. 
After that, the eigenvalue simulation is performed and the results are 
compared with dynamic measurement. A flowchart showing how the 
various simulation and measurement steps are connected is shown in 
Fig. 9. 

Dynamic measurements were conducted on the aforementioned 5 
points on the samples. The acquired frequency responses in positions 1 
and 3 of the sample SC1 are shown in Fig. 10. The frequency response of 
the point 3 shows two peaks at the frequencies 37120 Hz and 43260 Hz, 
where no peak is observed in the frequency response measured at point 
1. It means that the point 1 is close to a node of these two modes. 
Moreover, the resonances at 25340 Hz, 51970 Hz and 78340 Hz belong 
to centrosymmetric modes. 

A comparison of the frequency response at all 5 points provides more 
information about the mode shape, and this is visualized in Figs. 11, 12, 
13, 13, 14, 15, 16 which show FFT spectra of the interferometric signals 
collected in all positions and for three different values of VDC. The 
resonance frequencies are marked by a label Ri, where i is an integer 
showing the mode number. These figures highlight which points are 
nodes for a mode at a specific resonance frequency. Although we could 
identify the resonance frequencies as well as the corresponding 

Fig. 6. Comparison of the (a) simulated center displacement of the CC1 and 
CC2 geometries by increasing the load factor and (b) their slope. 

Fig. 7. Instrumental and optical configuration applied for characterizing piezo- 
actuated membranes (Device Under Test. DUT). LD: DFB Semiconductor Laser, 
λ = 1550 nm, PD: InGaAs Photodiode; C: 2×2, 50:50 fiberoptic coupler: FO: 
single-mode optical fiber; DSA: Dynamic Signal Analyzer. 
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deformed and nodal points, it is still not sufficient to define the detailed 
mode shapes. Therefore, we utilize the FE simulation and match the 
measured deformed and nodal points with the mode shapes from FEM. 
The mode sequence is considered while matching mode shapes of both 
methods, unless two successive resonance frequencies are close to each 
other. The FE mode shapes and the comparison of the resonance fre
quencies from experiment and FEM are presented in Tabs. 6-11. 

The resonance frequencies obtained numerically are in substantial 
agreement with the experimental values, although in some cases the 
difference can be up to 15%. The variablility in fabrication can be a 
source of error. For example in [36], sample-to-sample variations of 
about 9.78% in the resonance frequencies for buckled devices with the 
same configuration were reported. 

For ideal samples and neglecting any material anisotropy, it is ex
pected to observe only centrosymmetric mode shapes, because the 

geometry and actuating load have four-fold symmetry. However, as seen 
from Tabs. 6-11, some asymmetric modes are excited in experiments as 
well. The reason may be the existence of geometrical asymmetry in the 
fabricated samples as well as material anisotropy. Whereas all centro
symmetric modes are excited in all designs, in some samples, especially 
those with larger opening, fewer asymmetric modes are excited prob
ably because in these cases the actuation load is lower than that present 
in samples with smaller opening. Therefore, the energy provided with 
the selected driving amplitude is not sufficiently high to induce a 
measurable displacement with our setup. On the other hand, applying a 
higher noise amplitude would induce a much larger displacement in 
more efficient modes, which could turn into a nonlinear behavior. 

Comparing the resonance frequencies of the samples with the same 
configuration shows that the first resonance frequency of the larger 
opening is shifted more than that of the smaller opening due to the built- 

Fig. 8. Position of dynamic measurements on the plates to find the experimental resonance frequencies and mode shapes: (a) CC1, (b) SC1, (c) SS1, (d) CC2, (e) SC2, 
(f) SS2. 
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Fig. 9. Simulation and measurement process flowchart.  
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in stress. Our simulation shows that the first resonance frequencies of the 
sample CC1 and CC2 are 12990 Hz and 15087 Hz without built-in stress 
respectively, while they are respectively shifted up to 25335 Hz and 
45555 Hz as the result of applying built-in stress. The reason of higher 
frequency shift of the sample CC2 can be the higher initial displacement 
as shown in Fig. 6, which induces more stiffening in-plane stresses. 
Therefore, its frequency is shifted more than the sample CC1. The same 

behavior is observed in the other configurations. 
A careful analysis of the results of the Figs. 11-16 shows that 

changing the bias voltage VDC does affect the resonance frequency of 
some modes more than others. The same behavior is also predicted by 
FEM. For example, the frequency shift induced by changing the bias 
voltage is much larger for the modes 3, 4 and 6 of the sample CC2 than 
for the other modes. Both the measured and simulated resonance 

Fig. 10. Measured frequency response of the photodetected signals on points 1 and 3 of the sample SC1.  

Fig. 11. Results of dynamic measurements of the plate CC1 in the frequency domain for the points P1-P5, and for Vpp = 1 V and VDC = − 3 V, 0 V and + 3 V. Ri is the 
ith vibrating mode of the structure. 
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frequency for three different values of VDC are presented in Tab. 12. 
In Fig. 17, we report the frequency responses measured on sample 

CC2 on points 1 and 3 (also shown in Fig. 12), to better highlight the 
spectral lineshape variations induced by the different DC bias values, 
− 3 V, 0 V and + 3 V. When changing the DC voltage, the lineshape of 
the photodetected spectra are similar with the exception of the reso
nance frequency shift of the modes that are more strongly affected by the 
stiffness change. From this figure, we can conclude that the DC bias 
voltage is significant enough to shift the resonance frequency, but apart 

from that the spectrum is qualitatively the same. In particular, we don’t 
observe snap-through or jump phenomena. 

The effect of the bias voltage on the resonance frequency of a buckled 
plate has been studied experimentally in [12], where the resonance 
frequency rate of change with bias voltage varies among the excited 
modes. It is also dependent on the buckled plate shape. The effect of the 
load factor on the resonance frequency shift induced by bias voltage has 
been calculated numerically, and the frequency shifts with respect to 
zero bias voltage are reported in Tab. 13, thus demonstrating that the 

Fig. 12. Results of dynamic measurements of the plate CC2 in the frequency domain for the points P1-P5, and for Vpp = 1 V and VDC = − 3 V, 0 V and + 3 V. Ri is the 
ith vibrating mode of the structure. 

Fig. 13. Results of dynamic measurements of the plate SC1 in the frequency domain for the points P1-P5, and for Vpp = 1 V and VDC = − 3 V, 0 V and + 3 V. Ri is the 
ith vibrating mode of the structure. 
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Fig. 14. Results of dynamic measurements of the plate SC2 in the frequency domain for the points P1-P5, and for Vpp = 1 V and VDC = − 3 V, 0 V and + 3 V. Ri is the 
ith vibrating mode of the structure. 

Fig. 15. Results of dynamic measurements of the plate SS1 in the frequency domain for the points P1-P5, and for Vpp = 1 V and VDC = − 3 V, 0 V and + 3 V. Ri is the 
ith vibrating mode of the structure. 
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load factor affects the rate of change of the resonance frequency induced 
by bias voltage. For example, for a load factor of 0.5, the mode number 3 
displays the largest rate of change by applying a bias voltage, while the 
largest resonance frequency change for a load factor equal to 1 occurs at 
the mode numbers 3 and 6. 

The coercive field of the device limits us to apply a DC bias in the 
range of − 6 V to + 6 V. In order to investigate the behavior of the 
structure, the sample CC2 is simulated with DC bias beyond this limit, 

where it is swept from − 20 V to + 20 V. This range is not applicable on 
the device as the polarization may switch at high voltages. In the 
simulation, it is assumed that the polarization direction is not changed, 
and we only study the structural behaviour. Fig. 18 shows the center 
point displacement for the geometric nonlinear static solution and the 
resonance frequencies of the device. It is observed that both resonance 

Table 6 
Resonance frequencies and mode shapes of the plate CC1.  

Resonance R1 R2 R3 R4 R5 
Mode shape 

FEM (Hz) 25335 34891 39696 66609 84972 
Experiment (Hz) 29700 35580 39420 67330 84740 
Difference (%) 14.7 1.9 0.7 1.1 0.3  

Table 7 
Resonance frequencies and mode shapes of the plate CC2.  

Resonance R1 R2 R3 R4 R5 R6 
Mode shape 

FEM (Hz) 45555 45571 50359 54413 65868 82416 
Experiment (Hz) 49150 45890 53180 57730 61820 81430 
Difference (%) 7.3 0.7 5.3 5.7 6.5 1.2  

Table 8 
Resonance frequencies and mode shapes of the plate SC1.  

Resonance R1 R2 R3 R4 R5 R6 R7 
Mode shape 

FEM (Hz) 21369 22856 24082 36847 39717 44945 78719 
Experiment (Hz) 25340 25170 27900 37120 43260 51970 78340 
Difference (%) 15.7 9.2 13.7 0.7 8.2 13.5 0.5  

Table 9 
Resonance frequencies and mode shapes of the plate SC2.  

Resonance R1 R2 R3 R4 
Mode shape 

FEM (Hz) 34096 50502 57779 64789 
Experiment (Hz) 38980 53630 57340 69120 
Difference (%) 12.5 5.8 0.8 6.3  

Table 10 
Resonance frequencies and mode shapes of the plate SS1.  

Resonance R1 R2 R3 R4 R5 
Mode shape 

FEM (Hz) 21998 23791 38559 47871 80060 
Experiment (Hz) 25860 28930 38400 54020 79100 
Difference (%) 14.9 17.8 0.4 11.4 1.2  

Table 11 
Resonance frequencies and mode shapes of the plate SS2.  

Resonance R1 R2 R3 R4 
Mode shape 

FEM (Hz) 33633 35503 56967 70734 
Experiment (Hz) 30460 41730 53500 81600 
Difference (%) 10.4 14.9 6.5 13.3  
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frequencies and center point displacements are changed linearly by 
changing the DC bias voltage within the applicable voltage range. It can 
be concluded that the the behavior of the structure is a linear function of 
the bias voltage near the initially deformed configuration, as the 
piezoelectric stress induced by the DC bias voltage is not high compared 
with the built-in stress. 

A negative DC bias will stretch the PZT layer, which results in a 
compressive load on the internal zone, which is not covered with PZT. In 

addition, a bending moment is applied on the device as a result of PZT 
actuation. The schematic of the force and moment is shown in Fig. 19. 
Therefore, the compressive load will force the center point displacement 
to increase, and resonance frequencies decrease. Interestingly, a snap- 
through behavior occurs at around − 16 V DC bias, where the upward 
buckled plate switches to the downward buckled configuration. The 
reason of this behavior is the bending moment of actuation, which rises 
to a point to move the plate to the second stability position. 

Fig. 16. Results of dynamic measurements of the plate SS2 in the frequency domain for the points P1-P5, and for Vpp = 1 V and VDC = − 3 V, 0 V and + 3 V.  

Table 12 
Effect of bias voltage on the resonance frequency of the plate CC2, and a comparison between the simulation with Load Factor= 1 and experiment.   

Resonance frequency with bias voltage (Hz)  

Mode Nr. + 3 V 0 V -3 V 

Comsol 1 45920 45555 45155 
Experiment 1 49280 49150 48900 
Comsol 2 46361 45571 44764 
Experiment 2 46340 45890 45500 
Comsol 3 52245 50359 48410 
Experiment 3 54140 53180 52350 
Comsol 4 56046 54413 52741 
Experiment 4 58430 57730 57020 
Comsol 5 65282 65865 66555 
Experiment 5 61820 61820 61760 
Comsol 6 85507 82416 79226 
Experiment 6 82970 81430 79960  
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Although this simulation is unrealistic as the − 16 V bias voltage will 
change the polarization of the piezoelectric layer, it may happen if the 
device is fabricated with lower built-in stress. For example, if we divide 
the built-in stress by 4, which means the load factor equals 0.25, the 
snap-through voltage will drop to − 3.6 V. This voltage is within the 
applicable range of the piezoelectric layer, which means that this 
behavior may happen in a buckled plate. 

6. Conclusion 

In this paper, a simple interferometric setup realized with a diode 
laser, a fiberoptic coupler, two lenses and a photodiode has been 
employed to characterize the dynamic frequency response of initially 
deformed piezo-actuated plates. The static displacement by equi-biaxial 
built-in stresses of different layers is fed to a geometrically nonlinear FE 
model and numerical results are compared with experimental profilo
metric measurement. The good agreement in the values of static 
displacement validates the FE model. The FE model is then utilized to 
match the mode shapes with the interferometric experimental results. In 
comparison with a conventional LDV instrument, vibration measure
ments were performed just in a limited number of positions. Then, we 
can match the frequency response profile and resonance frequency 
values with the mode shapes from FEM. Numerical and experimental 
results are in good agreement, which demonstrates the capability of FEM 
for an accurate simulation of the device dynamic behavior. Therefore, 
our combination of FEM and spot optical measurements in a discrete 
number of positions is capable of matching resonance frequencies and 
mode shapes of an initially deformed micro-plate. By studying the effect 

Fig. 17. Measured frequency response of the photodetected signals on points 1 and 3 of the sample CC2 for + 3 V, 0 V and − 3 V DC bias.  

Table 13 
Effect of bias voltage and load factor on the resonance frequency of the plate 
CC2.   

Difference in resonance frequency from that of 0-V bias (%)  

Load Factor= 0.5 Load Factor = 1 

Mode Nr. + 3 V -3 V + 3 V -3 V 

1  1.71  -1.90  0.80  -0.88 
2  2.37  -2.50  1.73  -1.77 
3  3.52  -3.69  3.74  -3.87 
4  2.80  -2.90  3.00  -3.07 
5  -0.71  0.84  -0.88  1.05 
6  2.28  -2.35  3.75  -3.87  

Fig. 18. Effect of DC bias on (a) the center displacement and (b) resonance 
frequencies of the sample CC2. 

Fig. 19. Force and bending moment applied by PZT actuation.  
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of bias voltage on the resonance frequency, we have observed both 
numerically and experimentally that some modes are affected more than 
others by the bias voltage. The frequency shift induced by bias voltage is 
also dependent on the amount of built-in stress. Furthermore, a bias 
voltage may change the stability position of a buckled plate via snap- 
through phenomena. 
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