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ABSTRACT 

The objective of this work is to suggest a mathematical model for mass-

transfer of a paramagnetic electrolyte, nickel(II)chloride solution, through 

an inert, thin membrane from one chamber to another under influence of 

magnetic fields which is applied perpendicular to the membrane. The 

model is based on the magnetic concentration gradient force, the Fick’s 
law of diffusion, and the Hagen-Poiseuille law for paramagnetic ion 

transport in the membrane. The magnetic concentration gradient force is 

found to be elusive and points in the direction of the magnetic field, in our 

case, the direction of the Fick diffusion flux. The reason is the gradient of 

the magnetic volume susceptibility for the electrolyte in the membrane, 

which decreases in the direction of the magnetic field. This is in 

accordance to the variable-reluctance principle. Mass balances for 

transport of Ni ions in distilled water through the membrane is derived, 

and is governed by a partial differential equation in one-dimensional space 

and time with specified initial and boundary conditions. The associated 

flux is superimposed on the pure Fick diffusion flux. The total flux is 

described by a nonlinear partial differential equation, which has not 

previously been used to describe transfer phenomena in paramagnetic 

solutions in magnetic fields. The simulated results were compared with 

experimental results and coincide approximately in all points for unstirred 

solutions. In stirred solutions, where the mass transfer coefficient at the 

membrane inlet approaches infinity if ideal mixing, no experimental or 

simulated effect was observed of the magnetic field. 

 

 

Keywords 

magnetic force; electrolyte; nonlinear diffusion; mass balance; inert 

membrane 

  

 

 

 

   
 T

hi
s 

is
 th

e 
au

th
or

’s
 p

ee
r 

re
vi

ew
ed

, a
cc

ep
te

d 
m

an
us

cr
ip

t. 
H

ow
ev

er
, t

he
 o

nl
in

e 
ve

rs
io

n 
of

 r
ec

or
d 

w
ill

 b
e 

di
ffe

re
nt

 fr
om

 th
is

 v
er

si
on

 o
nc

e 
it 

ha
s 

be
en

 c
op

ye
di

te
d 

an
d 

ty
pe

se
t. 

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
1
0
.1

0
6
3
/1

.5
1
3
0
9
4
6

mailto:john.arild.svendsen@hotmail.com
mailto:john.a.svendsen@usn.no


 

 

2 

 

1. Introduction 

 

The influence of static magnetic fields on electrochemical processes has 

been studied over decades. The reported experimental and theoretical 

results include effects on electrode kinetics, the morphology of deposits on 

electrodes, dissolution of metal electrodes and mass-transfer. Several 

reviews have been carried out.1-9 Three magnetic driving forces which 

could be responsible for the observed effects, are purposed: the Lorentz 

force, the magnetic field gradient force, and the magnetic concentration 

gradient force. The Lorentz force which is due to the interaction of a 

magnetic field with an electric current, is accepted as the main driving 

force for the magnetic field effects in electrochemical systems.  The 

magnetic field gradient force which is due to a field gradient in 

electrochemical systems when the field is non-uniform, has been 

investigated and discussed by several groups as well. Their results show a 

transport of paramagnetic species in electrolytical solutions toward regions 

of higher magnetic flux densities when exposed to inhomogeneous static 

magnetic fields.10-16  

 

The magnetic concentration gradient force, also denoted the paramagnetic 

gradient force or the paramagnetic force, arises when a paramagnetic 

electrolyte, with a gradient in its magnetic susceptibility, is subjected to a 

magnetic field.  A gradient in the magnetic susceptibility arises for 

example at an electrode/electrolyte interface where paramagnetic ions are 

produced or consumed. This electrode/electrolyte interface is denoted the 

diffusion layer.17 

 

Mass-transfer due to the possible paramagnetic concentration gradient 

force for anodic or cathodic electrode reactions, have been studied by 

many groups. They used electrochemical cells consisted of vertical 

electrodes immersed in paramagnetic or diamagnetic electrolytes. The 

magnetic fields were applied perpendicular to the electrode surfaces. The 

dynamic electrode reactions were analyzed by well-known methods, 

including voltammetry which involves applied currents that are either 

parallel or perpendicular to the magnetic fields. These results show an 

enhanced mass transfer by enhanced convection in the vicinity of the 

electrode due to the magnetic fields. The results are explained in terms of 

the Lorentz force and in terms of the additional magnetic concentration 

gradient force which may interact with natural convection. The suggested 

direction of the force given by these authors is in the same direction as 

increasing magnetic susceptibility. The effect appears to depend on the 

field-direction relative to the electrode surface and the applied current, 

and the cell geometry and experimental setup.13,18-33 

 

Natural, or free, convection is caused by density variations in the solution 

which arises from concentration variations at the surface of the 

electrode.34 Ragsdale and White showed that the driving force for natural 
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convection is in the same order of magnitude as magnetic forces and may 

interact with each other.35 

 

However, the role of the magnetic concentration gradient force for mass-

transfer in electrochemical systems, has been questioned, mainly, 

because of its small magnitude relative to the driving force for 

diffusion.6,36  

 

Results from experiments under open circuit conditions, i.e. without any 

applied currents, indicate that rest potentials of iron electrodes in ferric 

electrolytes shifted in noble direction when exposed to magnetic fields.  

The results are discussed with respect to the magnetic concentration 

gradient force arises from the gradient in the ferric concentration at the 

electrode surface and to the Lorentz force.37-43  

 

Leventis and Gao44, Leventis and Dass45 and Leventis et al46 demonstrated 

that paramagnetic ions produced by an electrode, form a diffusion layer 

with highest concentration at the solution/electrode interface and fade 

away in the bulk by natural convection. When a homogeneous magnetic 

field of 3.3 T was applied perpendicular to either a vertical or a horizontal 

electrode surface, the paramagnetic ions were held close to the electrode 

surface. The demonstrations were supplemented by voltammetry. The 

results were discussed and explained in terms of the magnetic 

concentration gradient force, which was directed toward the electrode, 

and opposed the natural convection.  

 

Waskaas47 studied possible short-term effect of a homogeneous magnetic 

field on mass-transfer of paramagnetic ions through a vertical inert 

membrane. The magnetic fields (up to 0.82 T) were oriented horizontally 

and parallel to the transport direction.  The results showed an increased 

mass transfer through the membrane due to the magnetic field.  A 

magnetic driving force responsible for this effect was suggested.  The 

force was based on the gradient of the magnetic susceptibility in the 

solution in the membrane, i.e. the later called magnetic concentration 

gradient force. The suggested direction of the force was in the same 

direction as decreasing magnetic susceptibility. The argumentation was 

based on the variable-reluctance principle, i.e. the principle that an 

unrestrained piece of magnetic material will move to complete a magnetic 

flux path with minimum reluctance. Similar results were obtained by 

another group.48  

 

The results of the literature survey show that the magnetic concentration 

gradient force does exist. The force arises when a paramagnetic 

electrolyte with a gradient in its magnetic susceptibility, is subjected to a 

magnetic field. The force appears to be elusive and may interact with 

natural convection and cause additional mass transfer.  However, several 

questions remain unanswered at present, including the actual 
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phenomenon of the force and its interactions with mass transfer in 

electrolytic solutions. 

 

The objective of this work is to suggest a mathematical model for mass 

transfer of a paramagnetic electrolyte through an inert, thin membrane 

under influence of magnetic fields in unstirred and stirred solutions. The 

suggested magnetic driving force is the magnetic concentration gradient 

force. In addition, the direction of the force, will be discussed. Simulated 

values of the mass transfer will be compared to experimental values. 

 

 

2. Experimental 

 

The experimental setup is shown in Fig. 1a. The system consisted of an 

electromagnet, a He-Ne Laser, a photometer and an exposure chamber. 

Photos of the exposure chamber is shown in Fig. 1b and Fig. 1c.  The 

exposure chamber contained two chambers (1 and 2) separated by an 

inert membrane. Initially, chamber 1 was filled with Ni ions dissolved in 

distilled water, and chamber 2 was filled with only distilled water. The 

experimental setup and methods are explained in detail elsewhere by 

Waskaas.47  

 

The exposure chamber was placed in the gap of the electromagnet, which 

was supplied by a constant current source. The diameter of the pole shoes 

was 10.0 cm. The gap between them was 3.0 cm. The magnetic circuit 

consisted of the electromagnet with constant magnetomotive force, NI, 

where N is number of windings and I is a constant current, and the expose 

chamber, including the chambers 1 and 2 and the inert membrane. The 

magnetic flux density in the gap was selected between 0 and 0.8 T. The 

field was mapped and was found to be homogeneous where the 

membrane was placed. The dimension of the system is shown in Appendix 

B, Table 3.  

 

2.1.    The system and the environment 

 

The system consists of the paramagnetic electrolyte of Ni ions in distilled 

water in the two chambers, the channel in front of the inert membrane 

and the inert membrane.  

 

The environment is the electromagnet which generate a constant 

magnetic field B directed normal to the membrane front side. The 

chambers are not heat insulated. Both the current in the electromagnet 

and joule heating accompanied by the motion of the Ni ions in a magnetic 

field generates heat and a noticeable temperature increase after about 

730 seconds. This is the reason the experiments were stopped after 705 

seconds. In each experiment the concentration of Ni ions in chamber 2 

was measured (detected) every 1.5 seconds. Each experiment was 

repeated seven times, and the average concentration of Ni in chamber 2 
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at fixed times was calculated, together with variance and standard 

deviation. The experiments were carried out under both stirred and 

unstirred conditions. In Waskaas47 it was shown that the effect of B was 

negligible under stirred conditions but this was not the case under 

unstirred conditions. All cases simulated show the approximately unstirred 

conditions. The experimental results are shown in Appendix F. 

 

 

Fig. 1.  

 

 

3. Theory 

 

Assume mass transfer of a paramagnetic electrolyte through an inert 

membrane under influence of a magnetic B field directed perpendicular to 

the membrane, as shown in Fig. 1a. 

 

3.1.  Definition of the mathematical system 

 

In the mathematical sense, the membrane filled with liquid and Ni ions in 

the membrane, together with its initial and boundary conditions, 

constitute the system as shown in Fig. 2. It is assumed that the magnetic 

field B is constant and directed perpendicular to the membrane. The 

positive x-direction is from left to right, in the direction of Fick diffusion. 

The two chambers and the membrane constitute the system in our case, 

and the electromagnet producing the magnetic field B is denoted the 

environment. 

 

3.2.  Assumptions 

 

The diameter of the membrane pores is much larger than the diameter of 

the Ni ions and the diameter of the water molecules.  

Water is in great abundance and moves through the membrane by 

equimolar counter-diffusion. Hence, the water velocity is much smaller 

than the velocity of the Ni ions and has been ignored in the final 

calculation. The hydrostatic pressure is constant. 

 

It is further assumed that the migration/diffusion process is due to two 

mechanisms: Fick diffusion and migration due to the magnetic 

concentration gradient force in a constant and homogeneous magnetic 

field B. The concentration of the solution, 𝑐𝑠, and density, 𝜌𝑠, are 

everywhere assumed to be approximately constant because of the large 

difference between the concentration of water (55.5 M), compared to the 

concentration of the Ni ions (0.5, 1.0 and 2.0 M). The words distilled 

water and water are used interchangeably in this article.  

 

Fig. 2.   
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Chamber 1, the inert membrane and chamber 2 constitute the exposure 

chamber. Assume that the exposure chamber is placed in the gap of the 

electromagnet, which apply a constant magnetomotive force, NI, i.e. 

constant current, I, through the electromagnet’s windings.  The exposure 

chamber is part of the magnetic circuit. Initially, chamber 1 was filled with 

Ni ions and distilled water to either 0.5, 1.0 or 2.0 M of NiCl2. The 

membrane and chamber 2 were filled with distilled water only. Diffusion 

starts, and finally the concentrations reach steady state in chamber 1, the 

membrane and chamber 2.17,47 

 

The concentration of NiCl2 in both chamber 1 and chamber 2 is assumed 

to be ideally mixed and hence only depends on time, c1(t) and c2(t) 

respectively. In the membrane however, the concentration of NiCl2 is 

distributed and denoted c(x,t). In equations regarding the membrane, 

c(x,t) is usually denoted c, for ease of readability. 

 

The initial concentration of NiCl2 in chamber 1 is uniform and denoted 

c1(0) = c10. The value is either 0.5, 1.0 or 2.0 mol/dm-3. The initial 

concentration of NiCl2 in chamber 2 is in all cases zero and denoted c2(0) 

= c20 = 0 mol/dm-3. In the membrane, the initial concentration of NiCl2 is 

also zero in all cases and is denoted cm(x,0) = 0 mol/dm-3.  

 

The initial concentrations in mol/liter in respectively chamber 1, the 

membrane and the chamber 2 were  

 

c1(0)= c10, c(0,0) = 0 and = c2(0)= 0       (1) 

 

 

3.3. The energy density and the corresponding force 

 

The energy density stored in a magnetic field B in a magnetic material 

with magnetic permeability, 𝜇, is given in for example Reitz et al.:49 

 𝐸𝑚 =  𝐵22𝜇                                                                   (2) 

 

For the case where the material is a paramagnetic electrolyte with 

concentration c, and magnetic molar susceptibility 𝜒𝑚𝑜𝑙, the magnetic 

permeability 𝜇 is given by:50,51 

 𝜇 =  𝜇0(1 + 𝜒𝑚𝑜𝑙𝑐)                                                        (3) 

 

Here, 𝜇0 is the magnetic permeability for vacuum. 

 

If the geometry of the magnetic circuit is changed by moving one part and 

the applied current to the electromagnet is constant, the force per unit 
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volume on the moving part is the gradient of the magnetic energy per unit 

volume:49 

 𝐹𝑚 = ∇𝐸𝑚             (4) 

 

For movement in the x-direction with constant current I: 

 𝐹𝑚 =  (∂𝐸𝑚∂x )𝐼             (5) 

 

The total energy per unit liquid volume 𝐸 is defined and reads52,53 

  𝐸 = 𝐸𝑚 + 𝑈 + 𝐸𝑘 + 𝐸𝑝            (6) 

 
Here, U, 𝐸𝑘 and 𝐸𝑝 are respectively the internal energy, the kinetic energy  

and the potential energy, all per unit liquid volume. The change in dE/dx 

is derived in Appendix C. It shows that dE/dx ≈ dEm/dx. Consequently, dE ≈ dEm.  

 

The first law of thermodynamics reads:54 

 dE = d′Q −  d′W             (7) 

 

The symbol d′ is used in Eq. (7) to indicate that Q and W are inexact 

differentials since heat Q and work W are both path-dependent. 

In our case, the environment (the magnetic field B) exerts work on the 

system (i.e. the electrolyte in the chambers) by forcing the paramagnetic 

Ni ions through the inert membrane. According to the standard definition 

in physics, work W is positive if the system exerts work on the 

environment and negative if the environment exerts work on the system. 

In the time period of each experiment the system was approximately 

adiabatic, so d’Q ≈ 0. Hence, Eq. (7) becomes  

 dE𝑚  =  −d′(−W) = 𝑑′𝑊 = 𝐹𝑚𝑑𝑥          (8) 

 

From Eq. (8) it follows that the magnetic concentration gradient force per 

unit volume is 

 𝐹𝑚 =  dE𝑚dx               (9) 

          

3.4. The paramagnetic force acting on the Ni ions 

 

In our case the electrolyte within the membrane is the moving part of the 

magnetic circuit.  Since the magnetomotive force is constant, i.e. the 

current I through the electromagnet is constant. The Ni concentration c in 

the membrane is a function of x and time t. There is a concentration 

gradient of Ni in the inert membrane and hence, a gradient in the 
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magnetic volume susceptibility (𝜅) in the electrolyte in the membrane. 

Notice however, that the magnetic molar susceptibility (χmol) is used in 

this model, see Appendix D. The magnetic concentration gradient force 

per unit volume acting on the electrolyte when the magnetic field 𝐵 is 

constant, is obtained by combining Eqs. (2), (3) and (9). Using the chain 

rule and that  1 + 𝜅 = 1 + χmol𝑐 ≈ 1, the result becomes 

 𝐹𝑚 = ∂E𝑚∂x  = ∂∂x [ 𝐵22𝜇0(1+𝜒mol𝑐)] = − χmolB22μ0 (1+χmol𝑐)2 ∂c∂x ≈ − χmolB22μ0   ∂c∂x             (10) 

 

If in addition the magnetic field depends on position x, Eq. (9) and Eq. 

(10) must include the magnetic field gradient force per unit volume. In 

that case 𝐹𝑚 becomes 

 𝐹𝑚 = − χmol𝑐𝐵μ0 ∂B∂x −  χmolB22μ0 ∂c∂x            (11) 

  

In our case 
∂B∂x = 0. Hence, only the second term on the right hand side of 

Eq. (11) is used in this article. 

 

This is in accordance with reluctance considerations of the electrolyte 

within the membrane.  According to Gauss’ law of Maxwell’s equations, 
electromagnets, or permanent magnets, set up magnetic flux lines that 

form closed loops and define a magnetic circuit.49 The magnetic flux is 

determined by the magnetomotive force and the reluctance of the 

magnetic circuit. The average reluctance in the membrane, ℛ, is given 

by:55 

 ℛ(𝑥) =  𝐿𝑚𝜇𝐴𝑙𝑚 = 𝐿𝑚𝜇0[1+ χmol(𝑐1+𝑐)2 ]𝐴𝑙𝑚                 (12)    

 

In Eq. (12) it is assumed that c1 is constant or approximately constant. 

This is verified in the second column in Table 2. 

 

If the magnetic field B points in the positive x-direction as in Fig. 3a, then 

              ∂ℛ∂x = ∂∂x [ 𝐿𝑚𝜇0[1+ χmol(𝑐1+𝑐)2 ]𝐴𝑙𝑚] = − 𝜒𝑚𝑜𝑙𝐿𝑚2 𝜇0𝐴𝑙𝑚  [1+ χmol(𝑐1+𝑐)2 ]2 ∂c∂x  > 0,  since  
∂c∂x <0       (13a)    

 

The square term in the denominator of Eq. (13a) is approximately 1, so 

the following approximation is valid 

 ∂ℛ∂x ≈ − 𝜒𝑚𝑜𝑙𝐿𝑚 2𝜇0𝐴𝑙𝑚 ∂c∂x  > 0,  since  
∂c∂x <0            (13b) 

 

If the magnetic field B points in the negative x-direction, Fig. 3b, then 

B points in the y-direction, where y = 𝐿𝑚- x, and dy = -dx in Eq. (13c).  
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 ∂ℛ∂y = ∂∂(−x) [ 𝐿𝑚[1+ χmol(𝑐1+𝑐)2 ]𝐴𝑙𝑚] ≈  χmol𝐿𝑚2μ0𝐴𝑙𝑚 ∂c∂x   < 0  ,  since 
∂c∂x < 0                (13c) 

 

It readily follows that in our case  

 ∂ℛ∂t ≈ − 𝜒𝑚𝑜𝑙𝐿𝑚 2𝜇0𝐴𝑙𝑚 ∂c∂t  < 0,  since  
∂c∂t > 0            (13d) 

 

From Eq. (13d) if follows that the higher concentration of paramagnetic 

species in the membrane, the less reluctance, see case A in Fig. 3a.   

 

According to the variable-reluctance principle, which, due to conservation 

of energy in a magnetic circuit, i.e. a constant magnetomotive force acts 

upon a moving part in such direction as to tend to decrease the reluctance 

of the magnetic circuit.56,57 Consequently, the magnetic force on the 

electrolyte within the membrane is directed along the positive x-axis, Fig. 

2 and Fig. 3a. 

 

These arguments for suggested direction of the magnetic concentration 

gradient force do not appear to be in accordance with arguments given in 

other studies.6,27,36,41 

 

Fig. 3.  

 

Discussion of Case A in Fig. 3a: 

 

The paramagnetic force per unit volume is given by Eq. (14), and the 

magnetic field B points in the positive x-direction. Hence, 

 𝐹𝑚 = − χmolB22μ0 ∂c∂x = −𝑘𝑚 ∂c∂𝑥 > 0 , since 
∂c∂x < 0       (14) 

 

It follows from Eq. (14) that 

 𝑘𝑚 =  χmolB22μ0               (15) 

 

Below 𝑑𝑐/𝑑𝑥 is substituted with 𝜕𝑐/𝜕𝑥 since c varies with x and time t. Both 

at the start of the experiments and at steady-state, 𝜕𝑐/𝜕𝑥 ≈ 0, and hence 𝐹𝑚 ≈ 0 at start and steady-state. The electrolyte temperature started to 

rise after about 705 s. The experiments were therefore stopped after 705 

s to keep the experiments at adiabatic conditions. This is the reason why 

only the simulations were run to steady-state.  
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Discussion of Case B in Fig. 3b: 

 

The paramagnetic force per unit liquid volume is given by Eq. (14), but 

the magnetic field B now points in the negative x-direction. Hence, dx is 

replaced by -dx and 

 𝐹𝑚 = − χmolB22μ0 ∂c𝜕(−x) = χmolB22μ0 ∂c∂𝑥 = 𝑘𝑚 ∂c∂𝑥 < 0 , since 
∂c∂x < 0     (16) 

 

Many authors write a positive constant in front of the concentration 

gradient ∇𝐶, and write the paramagnetic force per unit volume 

as10,11,28,29,32,36,58 

 𝐹𝑚 = χmolB22μ0 ∇𝐶             (17) 

 

but forget or omit to define the direction of ∇𝑐. Equation (17) is only 

correct if ∇𝑐 > 0 in the direction of the magnetic field B.  If ∇𝑐 < 0 in the 

direction of the magnetic field B, as in case A in Fig. 3a, the correct 

formula is given by Eq. (14). 

 

From the discussion of Figs. 3a and 3b, the conclusion is that the 

magnetic concentration gradient force per unit volume, 𝐹𝑚, points in the 

direction of the magnetic field B. In our case the direction of the Fick 

diffusion flux 𝑗 defines the positive x-direction of the flow, see Fig. 3a, 

Case A. 

 

3.5.  A constant magnetic field is applied to the electrolyte 

 

The flow system discussed in this chapter is classified as a closed-open 

vessel.52 It means that close to the membrane inlet, x=0-, there is a 

convective flow. It is given by 𝑣𝑚 in Eq. (18). In addition it is allowed for a 

possible natural mass transfer coefficient 𝑘1 for all cases, B ≥ 0. In the 

inert membrane both diffusion and convection 𝑣𝑚 occur. Both chamber 1 

and chamber 2 are regarded as ideal mixing tanks in the model. This not 

true in the beginning of the process but appears to be a good 

approximation after some minutes as discussed in Results and discussion. 

 

First, assume that the constant magnetic field B points in the positive x-

direction as shown in Fig. 2 and Fig. 3a, that is, from left to right. Mass 

diffusion always flows from high to low concentration. The magnetic 

concentration gradient force, 𝐹𝑚, exerted on the paramagnetic Ni ions in 

position x in the system is given by Eq. (14). 
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The diameter of a Ni ion is typical 1/500 of the pore diameter. The 

paramagnetic force per liquid volume unit, 𝐹𝑚, therefore gives rise to a 

Hagen-Poiseuille flow in the pores of the membrane, as shown in Appendix 

C. The average ion velocity through the inert membrane, 𝑣𝑚, is given by 

 𝑣𝑚 = 𝑅28𝜌𝜂 𝐹𝑚 = − 𝑅2𝐵2𝜒𝑚𝑜𝑙16𝜌𝜂𝜇0 ∂c∂𝑥 = −𝑘𝑣 ∂c∂𝑥 > 0 when 
∂c∂𝑥 < 0     (18) 

 

It follows from Eq. (18) that parameter 𝑘𝑣 is 
 𝑘𝑣 = 𝑅2𝐵2𝜒𝑚𝑜𝑙16𝜌𝜂𝜇0               (19) 

 R is the pore radius in the membrane, and 𝜂 is the absolute viscosity of 

the electrolyte. The mole flux through the membrane, caused by 𝑣𝑚, is 

also time dependent and reads 

 𝑗𝑣 = 𝑣𝑚𝑐 = −𝑘𝑣𝑐 ∂c∂𝑥 > 0            (20) 

 

If the magnetic field B points in the negative x-direction, 𝐹𝑚 is given by 

Eq. (16), and the negative 𝐹𝑚 and 𝑣𝑚 reads 

 𝑣𝑚 = 𝑅28𝜌𝜂 𝐹𝑚 = 𝑅2𝐵2𝜒𝑚𝑜𝑙16𝜌𝜂𝜇0 ∂c∂𝑥 = 𝑘𝑣 ∂c∂𝑥 < 0 when 
∂c∂𝑥 < 0      (21) 

 𝑗𝑣 = 𝑣𝑚𝑐 = 𝑘𝑣𝑐 ∂c∂𝑥 < 0 when 
∂c∂𝑥 < 0         (22) 

 

The total molar ion flux, j, through the membrane is 

 𝑗 = 𝑗𝐷 + 𝑗𝑣              (23) 

 

Including 𝑗𝑣, Fick’s second law becomes 

 𝜕𝑐𝜕𝑡 = − 𝜕𝑗𝜕𝑥 = − 𝜕𝑗𝐷𝜕𝑥 − 𝜕𝑗𝑣𝜕𝑥 =  𝐷 𝜕2𝑐𝜕𝑥2 ± 𝑘𝑣[𝑐 𝜕2𝑐𝜕𝑥2 + (∂c∂𝑥)2]             (24) 

        

Here, the minus sign in front of 𝑘𝑣 is used if B points in the negative x-

direction. 

 

The nonlinear PDE, given by Eq. (24), can alternatively be written 

 𝜕𝑐𝜕𝑡 = 𝐷 [1 ± 𝑘𝑣𝑐𝐷 ] 𝜕2𝑐𝜕𝑥2 ± 𝑘𝑣(∂c∂𝑥)2                         (25a) 

 

A study of Eq. (25a) shows that the quadratic term can be ignored, at 

least in the cases presented here. This is shown in Fig. 6. In Appendix E it 

is derived that the quadratic term can be ignored. The simplified diffusion 

equation reads 
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𝜕𝑐𝜕𝑡 ≈ 𝐷 [1± 𝑘𝑣𝑐𝐷 ] 𝜕2𝑐𝑑𝑥2 = 𝐷𝑒𝑓𝑓 𝜕2𝑐𝑑𝑥2  , 𝐷𝑒𝑓𝑓 = 𝐷 [1± 𝑘𝑣𝑐𝐷 ]                (25b) 

 

Since c depends on both x and t, so does 𝐷𝑒𝑓𝑓. In addition, the parameter 𝑘𝑣 depends on several parameters, including 𝐵2. In all our cases the 

positive sign is used. 

 

In this article, Eq. (25a) and Eq. (25b) are solved only for the case where 

the magnetic field B points in the positive x-direction, which is in the 

direction of decreasing Ni concentration, as shown in Fig 3a. In that case, 

the initial and boundary conditions are chosen as follows. 

 

Initial conditions 

 

The initial concentration of Ni ions in the membrane reads 

 𝑐(x, 0) = 0  0 ≤ 𝑥 ≤ 𝐿𝑚            (26) 

 

The initial concentration of Ni ions in chamber 1 is 

 𝑐1(0) = 𝑐10               (27) 

 

The initial concentration of Ni ions in chamber 2 is 

 𝑐2(0) = 0                 (28) 

 

Hence, all Ni ions are stored in chamber 1 initially. 

 

Boundary conditions 

 

At the inlet of the membrane, x = 0, the mole balance is given by the 

mixed boundary condition, or sometimes denoted Danckwerts boundary 

condition.52 The time dependent boundary condition reads 

 𝑐1(𝑡)|𝑥=0 = − 𝐷(𝑘1+𝑣𝑚) 𝜕𝑐𝜕𝑥 |𝑥=0 + 𝑐(0, 𝑡)          (29) 

 

The mole flow of Ni ions out of the membrane at 𝑥 = 𝐿𝑚− is equal to the 

mole flow of Ni ions into chamber 2 at 𝑥 = 𝐿𝑚+. This implies that the mass 

transfer coefficient 𝑘2 → ∞ at 𝑥 = 𝐿𝑚+. The time dependent boundary 

condition at 𝑥 = 𝐿𝑚 reads 

 𝑐2(𝑡)|𝑥=𝐿𝑚+ = 𝑐(𝐿𝑚−, 𝑡)            (30) 

 

At steady-state, Eq. (30) becomes  

 𝜕𝑐𝜕𝑥 |𝑥=𝐿𝑚 = 0              (31) 
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Equation (25a) or Eq. (25b), with its initial and boundary conditions, are 

solved numerically using subroutine DMOLCH.59 

 

A t = 0 and x = 0, there is a discontinuity in the NiCl2 concentration. The 

transition from 𝑐(0, 𝑡)|𝑥=0 = 𝑐1(𝑡)|𝑥=0 to 𝑐(0+, 0) = 0 is not instantaneous, but 

is calculated smoothly using subroutine DC2HER and function DCSDER of 

the IMSL library.59 The time in seconds needed for the smooth transition, 

td, is specified by the user, but it can be estimated in advance.  

 

How this discontinuity is handled numerically in IMSL is explained below. 

 

Due to the restrictions in the type of boundary conditions successfully 

processed by subroutine DMOLCH of IMSL library, it is necessary to 

provide the derivative boundary value function 𝛾′(𝑡) at x = 0. The function 𝛾(𝑡) at x = 0 makes a smooth transition for c(0,t), from the value 𝛾(0) = 

c10 at t = 0 to the value c(0,td) = 0 at t = td. The transition phase for 𝛾′(𝑡) 
is computed by evaluating a cubic interpolating polynomial.  For this 

purpose, the function DCSDER is used. The interpolation is performed as a 

first step in the user-supplied subroutine FCNBC which calculates the 

boundary conditions at x = 0 and x = Lm. At the boundary x = 0, the 

function and derivative values 𝛾(0) = c10, 𝛾′(0) = 0, 𝛾(td) = 0 and 𝛾′(td) = 

0 are used as input to the subroutine DC2HER to obtain the coefficients 

evaluated by DCSDER. At t > td, 𝛾′(𝑡) = 0. 
At x = Lm the time dependent boundary condition c(Lm,t) is calculated by 

Eq. (30) using Eq. (39). 

 

The molar flux at the inlet and outlet of the membrane is calculated from 

 𝑗1 = −𝐷 𝜕𝑐𝜕𝑥 |𝑥=0              (32) 

 𝑗2 = −𝐷 𝜕𝑐𝜕𝑥 |𝑥=𝐿𝑚             (33) 

 

The liquid volume of chamber 1 and 2 is 𝑉𝑙1 and 𝑉𝑙2 respectively. The 

effective cross-sectional area 𝐴𝑙𝑚 for flow in the membrane is given by 

 𝐴𝑙𝑚 = 𝜀𝑚 𝑊𝑚𝐻𝑙𝑚             (34) 

 

Here, 𝜀𝑚 is the porosity (void) of the membrane. 

 

The total mole balance for Ni ions in the system is also calculated 

numerically. The time dependent number of moles of Ni in chamber 1 (the 

reservoir including the channel) and in chamber 2 are calculated from 

 𝑑𝑛1(𝑡)𝑑𝑡 ≈ 𝑛1(𝑡+∆𝑡)−𝑛1(𝑡)∆𝑡 = −𝑗1𝐴𝑙𝑚 , lim ∆𝑡 → 0       (35)

      𝑑𝑛2(𝑡)𝑑𝑡 ≈ 𝑛2(𝑡+∆𝑡)−𝑛2(𝑡)∆𝑡 = 𝑗2𝐴𝑙𝑚 , lim ∆𝑡 → 0        (36) 
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The ordinary differential equations given by Eq. (35) and Eq. (36) are here 

solved numerically, using a simple explicit Euler algorithm as indicated. 

 

The concentration 𝑐1(𝑡) in chamber 1 is calculated from Eq. (37). The 

concentration 𝑐2(𝑡) in chamber 2 is calculated from Eq. (39) for all 𝑡 > 0. 

                         

The concentration of Ni ions, in respectively chamber 1 and 2, is given by 

 𝑐1(𝑡) = 𝑛1 (𝑡)𝑉𝑙1                         (37) 

 𝑑𝑐1(𝑡)𝑑𝑡 = 1𝑉𝑙1 𝑑𝑛1 (𝑡)𝑑𝑡 = − 𝑗1𝐴𝑙𝑚𝑉𝑙1                      (38) 

 𝑐2(𝑡) = 𝑛2 (𝑡)𝑉𝑙2                         (39) 

 𝑑𝑐2(𝑡)𝑑𝑡 = 1𝑉𝑙2 𝑑𝑛2 (𝑡)𝑑𝑡 = 𝑗2𝐴𝑙𝑚𝑉𝑙2                           (40) 

 

The number of moles of Ni in the membrane n(t) and the average 

concentration c(t) reads 

 𝑛(𝑡) = 𝑉𝑙1𝑐1(𝑡) − 𝑉𝑙2𝑐2(𝑡)            (41) 

 𝑐(𝑡) = 𝑛 (𝑡)𝑉𝑙𝑚                       (42) 

 

The inverse of the overall mass transfer coefficient for pure Fick diffusion 

in the membrane, 𝑘𝑜𝑣, and mass transfer coefficient 𝑘1 at the inlet, is given 

by 

 1𝑘𝑜𝑣 = 1𝑘1 + 𝐿𝑚𝐷               (43) 

 

The membrane was divided into 1001 points and 1000 equally spaced 

intervals. The dynamic time step was determined by subroutine DMOLCH59 

with output to file every second as specified by the user. The model is 

programmed in Fortran 77. 

         

3.6. The total mole balance for Ni in the system 

 

The concentrations 𝑐1(𝑡), and 𝑐2(𝑡) are solved numerically when 𝑗1 and 𝑗2 
are calculated at the boundaries of the membrane. The Ni ions are stored 

in either chamber 1, the membrane or in chamber 2. The total amount of 

Ni ions, K, is constant through the experiment and is given by 

 𝑉𝑙1𝑐1(𝑡) + 𝑉𝑙𝑚𝑐(𝑡) + 𝑉𝑙2𝑐2(𝑡) = 𝑉𝑙1𝑐1(0) + 𝑉𝑙𝑚𝑐(0) + 𝑉𝑙2𝑐2(0) = 𝐾  
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               (44) 

At steady-state, 𝑐1 = c = 𝑐2. The steady-state concentration reads 

 𝑐1 = c =  𝑐2 = 𝐾𝑉𝑙1+𝑉𝑙𝑚+𝑉𝑙2 = 𝑉𝑙1𝑐1(0)+𝑉𝑙𝑚c(0)+𝑉𝑙2𝑐2(0)𝑉𝑙1+𝑉𝑙𝑚+𝑉𝑙2        (45) 

 

The number of moles of Ni in each chamber 1 and 2 as function of time is 

given by 

 𝑛1(𝑡) = 𝑉𝑙1𝑐1(𝑡)             (46) 

 𝑛2(𝑡) = 𝑉𝑙2𝑐2(𝑡)             (47) 

 

At steady-state, the number of moles of Ni in each chamber and in the 

membrane becomes 

 𝑛1 = 𝑉𝑙1𝑉𝑙1+𝑉𝑙𝑚+𝑉𝑙2 𝐾             (48) 

 𝑛2 = 𝑉𝑙2𝑉𝑙1+𝑉𝑙𝑚+𝑉𝑙2 𝐾             (49) 

 𝑛 = 𝑉𝑙𝑚𝑉𝑙1+𝑉𝑙𝑚+𝑉𝑙2 𝐾             (50) 

 

 

4. Results and discussion 

 

The objective of this work has been to study theoretically the effect of 

unidirectional magnetic fields on the diffusion rate of a paramagnetic Ni 

ions moving through an inert membrane under approximately unstirred 

conditions. The net result forces the Ni ions through the membrane in the 

specified x-direction. The concentration gradient of Ni ions through the 

inert membrane is set up by the concentration difference of Ni ions 

between chamber 1 and chamber 2. When the magnetic field is turned off, 𝐵 = 0 𝑇, the transport of Ni ions from chamber 1 to chamber 2 through the 

membrane is explained solely by ordinary Fick diffusion with a natural 

mass transfer coefficient k1 as shown in Eq. (29) with 𝑣𝑚 = 0. When 𝐵 > 0, 

an additional force identified as the magnetic concentration gradient force 𝐹𝑚 appears in the membrane. The resulting velocity 𝑣𝑚 of the Ni ions is 

proportional to 𝐹𝑚 as shown in Eq. (18) and Eq. (29). 

 

A nonlinear regression program was programmed in Fortran 77 to tune D, 𝑘1 and td as shown in Table 1. A few trial and error runs, using the 

diffusion program, were needed to estimate good start values of 𝐷, 𝑘1 and 

td for the regression program for each of the seven cases. The diffusion 

program was converted to a subroutine which is called by the regression 

program. The IMSL subroutine DRNLIN59 was called by the in-house 

program MHD-REGRESSION. A 90 % confidence interval was calculated 
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for the parameters in each case. Table 1 shows the span of the values of 

D, 𝑘1 and td for various initial concentrations of Ni and various magnitudes 

of the magnetic field B. These are typical values for diffusion in liquid. 

 

The simulated values of the Ni concentration in chamber 2 almost coincide 

with the experimental results in Fig. 4 and Fig. 5 and Appendix F, where a 

static homogeneous magnetic field B causes a significant increase in the 

diffusion and migration rate of paramagnetic Ni ions through an inert 

membrane in unstirred solutions, due to the dependence of the magnetic 

susceptibility on both the concentration of Ni ions and its gradient in the 

membrane. A velocity is set up in the membrane by the magnetic 

concentration gradient force per unit volume, and it is proportional to the 

concentration gradient of Ni in the membrane and the square of the 

magnetic field intensity B.  

 

Table 1. Parameters for Fig. 4 and Fig. 5. 

c1(0)  B   D                  k1                td 

(M)  (T)           (m2/s)        (m/s)     (s) 

0.5         0                2.1 ⋅ 10−9               1.8 ⋅ 10−5     300 

1.0         0                9.4 ⋅ 10−10       1.6 ⋅ 10−5     300 

2.0         0                1.0 ⋅ 10−9               1.6 ⋅ 10−5                   300 

0.5        0.67            4.6 ⋅ 10−9               2.0 ⋅ 10−5     300 

1.0        0.67            1.6 ⋅ 10−9       1.7 ⋅ 10−5     300 

2.0        0.67            1.5 ⋅ 10−9               2.2 ⋅ 10−5                    300 

1.0        0.82            1.9 ⋅ 10−9                2.2 ⋅ 10−5                 150 

 

Table 2. The mole distribution of Ni in chamber 1, 2 and the membrane for 

case 1 M and B = 0 T at approximately steady state (Fick diffusion). 

Time         n1                    n2                 nm 

(s)            (mol)           (mol)    (mol) 

0.0                         2.909 ∙ 10−2             0.0            0.0 

12000                     2.864 ∙ 10−2            4.456 ∙ 10−4              8.423 ∙ 10−6 
 

The Ni detector was placed in the middle of chamber 2. Hence, there is a 

system time delay td in the beginning of an experiment where Ni is not 

detected in chamber 2 due to non-ideal mixing initially. In Fig. 4 the 

measured time delay is shown to be in the order of 150 seconds. The 

initial average velocity of Ni ions in chamber 2 is typically 

 𝑣2 = 0.5𝐿2150 = 0.5∙6∙10−3150 = 2 ∙ 10−5   (m/s)            (51) 

 

The velocity 𝑣2 is here of the same order of magnitude as the overall mass 

transfer coefficient 𝑘𝑜𝑣, as shown below 

  1𝑘𝑜𝑣 = 1𝑘1 + 𝐿𝑚𝐷 = 12.0⋅10−5 + 150⋅10−61.0⋅10−9 = 5 ∙ 104  (s/m)     (52) 
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 𝑘𝑜𝑣 =  15∙104 = 2 ⋅ 10−5      (m/s)     (53) 

 

The reason why the mathematical model suggests a delay time of 300 s 

instead of 150 s is due to the fact that the model assumes that chamber 2 

is an ideal mixing chamber at all times. This is approximately true only 

after the concentration wave out of the membrane has reached the wall in 

chamber 2. To obtain the same velocity 𝑣2 we calculate 

 𝑣2 = 𝐿2300 = 6∙10−3300 = 2 ∙ 10−5 (m/s)            (54) 

 

The magnetic susceptibility of diamagnetic water is negative and much 

smaller in absolute value than the magnetic susceptibility of the 

paramagnetic Ni ions by a factor 342 as shown in Eq. (C7) in Appendix C. 

Hence, the magnetic force 𝐹𝑚 per unit volume for water could be 

neglected. In addition, since the solution is fairly dilute in all cases, the 

diffusion of the water molecules could be neglected. Hence, the water was 

regarded as a stagnant component. These assumptions led to the 

conclusion that only the PDE for the Ni concentration through the 

membrane, 𝑐(x, t), needs to be solved with its initial and boundary 

conditions. 

 

After simulation of the three reference cases with B = 0 T, the effect of 

the static, magnetic field B on the diffusion was simulated for B = 0.67 T, 

and B = 0.82 T in the 1 M case. In the case 0.5 M and 2 M only B = 0.67 

T was applied, the same as in the measurements by Waskaas.47 As 

expected, the diffusion increased considerably when the magnetic field B 

increased.  

 

The measurements were stopped after 705 s, because the temperature of 

the solution started to rise as it was heated by the energy released from 

the electromagnet.47 Before 705 s the temperature in the solution was 20 ± 1 °C.  

 

The simulated values of the Ni concentration in chamber 2 correspond 

very well to the measured values in Fig. 4 and Fig. 5. The degree of 

mixing in chamber 2 increases with time after the Ni ions reach the wall in 

chamber 2, at a distance of 0.6 cm from the outlet of the membrane. The 

simplified numeric solution almost coincide with the numeric solution as 

shown in Fig. 6. In stirred solutions, where the mass transfer coefficient at 

the membrane inlet increases with increasing mixing and approaches 

infinity at ideal mixing, no experimental or simulated effect was observed 

of the magnetic field. This may indicate that the span for D and k1 given in 

Table 1 for various magnitudes of the magnetic field B, appear to be less, 

respective greater, than assumed. This has to be studied more carefully in 

the future. 
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Fig. 4.  

 

Fig. 5.  

 

In Fig. 6 the numeric solution using Eq. (25a) is compared to the 

simplified numeric solution using Eq. (25b) for two cases, 0.5 M and 0.67 

T and 1 M and 0.86 T. In both cases the simplified numeric solution is 

almost coinciding with the numeric solution. Hence, Eq. (25b) can in many 

cases be used with negligible loss of accuracy. 

 

 

Fig. 6.  

 

 

5.   Conclusions 

 

The mathematical model for mass transfer of a paramagnetic electrolyte 

through a membrane in a magnetic field is based on the magnetic 

concentration gradient force, the Fick’s law of diffusion, and the Hagen-

Poiseuille law. 

 

It is shown that the magnetic concentration gradient force is elusive and 

points in the direction of the magnetic field, in our case, the direction of 

the Fick diffusion flux. The reason is the gradient of the magnetic volume 

susceptibility for the electrolyte in the membrane, which decreases in the 

direction of the magnetic field in all studied cases. This is in accordance to 

the variable-reluctance principle. 

 

The magnetic concentration gradient force gives rise to a Hagen-Poiseuille 

flow through the membrane, which is superimposed on the pure Fick’s 
diffusion flux. The total flux is described by a nonlinear partial differential 

equation, which has not previously been used to describe transfer 

phenomena in paramagnetic solutions in magnetic fields. 

 

It is shown that the square term in the partial differential equation can be 

neglected. 

 

The magnetic field effect is shown to be proportional to the concentration 

gradient of the paramagnetic ions in the membrane and the square of the 

magnetic field.  

 

The simulated results were compared with experimental results and 

coincide approximately in all points for unstirred solutions. In stirred 

solutions, where the mass transfer coefficient at the membrane inlet 

approaches infinity if ideal mixing, no experimental or simulated effect 

was observed of the magnetic field. This may indicate that the given span 

of the diffusion constant and the mass transfer coefficient in magnetic 
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fields appear to be less, respective greater, than assumed. This has to be 

studied more carefully in the future. 
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Symbol List 

 

Alm : cross-sectional area of the membrane covered by liquid, m2 

B : constant magnetic field in the x-direction, T 

c : concentration of Ni ions in distilled water, mol/dm3 (M) 

D : diffusion coefficient for Ni ions in distilled water, m2/s 

E : energy density stored in the magnetic field, J/m3 

F : magnetic force per unit liquid volume, N/m3 

g : acceleration of gravity, m/s2 

Hlm : height of the membrane covered with liquid, m 

j : mole flux of the Ni ions, mol/m2s 

Jn : Bessel functions 

K : constant = total number of moles of Ni ions in the system, mol 

k : mass transfer coefficient, m/s 

km : parameter with magnetic properties, J/mol 

kv : parameter with magnetic, fluid and geometrical properties,m4/mol/s 

Lm : length of the membrane, m 

n : number of moles of Ni ions at time t, mol  

p : static pressure, Pa 

Q : heat per unit liquid volume, J/m3 

R : pore radius in the membrane, m 

r : radial distance in a cylindrical pore, m ℛ  : average magnetic reluctance in the membrane, 1/H 

Re : Reynolds number 

t : time, s 

td : delay time specified by the user or determined by regression, s 

U : internal energy per unit liquid volume, J/m3 

vm : velocity of the Ni ions in the membrane generated by Fm, m/s 

V : liquid volume, m3 

W : work done on the system per unit liquid volume, J/m3 

Wm : width of the membrane, m 

x : direction of the diffusion flux and the magnetic field, m 

y : opposite direction of x, m 

z     : local liquid height, m 

 

 

Greek Letters 𝛾  : cubic polynomial (mol/m3) 𝜀𝑚  : porosity (void) of the membrane 𝜂  : kinematic viscosity of the liquid, m2/s 
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𝜅  : magnetic volume susceptibility 𝜆𝑛  : eigenvalue 𝜇0  : magnetic permeability for vacuum, 4𝜋 ∙ 10−7H/m = 12.57 ∙ 10−7 H/m 𝜌  : liquid density, kg/m3 𝜒𝑚𝑜𝑙 : magnetic molar susceptibility of Ni ions, m3/mol 

 

Subscripts 

c : channel, part of chamber 1 

D : diffusion 

eff : effective 

k : kinetic 

l : liquid 

m : magnetic or membrane 

mol : mole of Ni ions 

ov : overall 

p : potential 

r : reservoir (chamber 1 including the channel in front of membrane) 

s : solution 

v : convection 

0 : initial or vacuum 

1 : chamber 1 (reservoir + channel) 

2 : chamber 2 

 

 

Appendix A. Calculation of freeboard, liquid heights and volumes 

 

Initially, 29.0 ml of 1M solution was added to chamber 1, and 0.6 ml 

distilled water was added to chamber 2. Since the liquid volumes 

communicate, the height of the freeboard,𝐹, was constant and equal in 

both the membrane and in the two chambers. When 𝐹 has been 

calculated, the liquid volume in chamber 1, 2 and the membrane can be 

calculated. The empty volumes of the reservoir, the channel, chamber 1, 

the membrane and chamber 2 are given by 

 𝑉𝑟 = 𝐿𝑟𝑊𝑟𝐻𝑟 ,𝑉𝑐 = 𝐿𝑐𝑊𝑐𝐻𝑐 , 𝑉1 = 𝑉𝑟  + 𝑉𝑐  , 𝑉𝑚 =  𝜀𝑚𝐿𝑚𝑊𝑚𝐻𝑚, 𝑉2 = 𝐿2𝑊2𝐻2      (A1)

      

Based on the geometry data in Table 3 in Appendix B, the total volume 

balance of the liquid solution becomes 

 (𝐻𝑟 − 𝐹)𝐿𝑟𝑊𝑟  +  (𝐻𝑐 − 𝐹)𝐿𝑐𝑊𝑐  +  (𝐻𝑚 − 𝐹)𝜀𝑚𝐿𝑚𝑊𝑚  + (𝐻2 − 𝐹)𝐿2𝑊2  =  29.0 + 0.6  

(A2) 

                 

Equation (A2) is solved with respect to the depth of the freeboard 𝐹. The 

result is 

 𝐹 = 𝑉𝑟 + 𝑉𝑐 + 𝑉𝑚 + 𝑉2 −29.0 − 0.6𝐿𝑟𝑊𝑟 + 𝐿𝑐𝑊𝑐 + 𝜀𝑚𝐿𝑤𝑊𝑚  + 𝐿2𝑊2    (A3) 
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When the depth of the freeboard 𝐹 is known, the liquid height in each 

chamber and in the membrane is calculated from 

 𝐻𝑙𝑟  =  𝐻𝑟 − 𝐹, 𝐻𝑙𝑐  =  𝐻𝑐 − 𝐹, 𝐻𝑙1  =  𝐻1 − 𝐹,  𝐻𝑙2  =  𝐻2 − 𝐹, 𝐻𝑙𝑚  =  𝐻𝑚 − 𝐹   (A4) 

 

The corresponding liquid volumes are 

 𝑉𝑙𝑟 = 𝐿𝑟𝑊𝑟𝐻𝑙𝑟 , 𝑉𝑙𝑐 = 𝐿𝑐𝑊𝑐𝐻𝑙𝑐, 𝑉𝑙1 = 𝑉𝑙𝑟 + 𝑉𝑙𝑐 , 𝑉𝑙𝑚 = 𝜀𝑚𝐿𝑚𝑊𝑚𝐻𝑙𝑚, 𝑉𝑙2 = 𝐿2𝑊2𝐻𝑙2 (A5)                 

 

 

Appendix B. Equipment data 

 

The electromagnet can produce a constant magnetic field between 0 and 

0.8 T. The dimension of the system is shown in Table 3.  

 

Table 3. Equipment data. 

Description Name Dimension (cm) 

Reservoir in 

chamber 1 

Reservoir  

Material Teflon   

Freeboard 𝐹 1.1  

Length 𝐿𝑟 1.1  

Width 𝑊𝑟 9.0  
Height 𝐻𝑟 4.0  𝐿𝑟𝑊𝑟𝐻𝑟 𝑉𝑟v 39.6 (cm3) 

Liquid height 𝐻𝑙𝑟 = 𝐻𝑟 − 𝐹 2.9  𝐿𝑟𝑊𝑟𝐻𝑙𝑟 𝑉𝑙𝑟 28.7 (cm3) 

Channel in 

chamber 1 

Channel  

Material Teflon   

Freeboard 𝐹 1.1  

Length 𝐿𝑐 0.5  

Width 𝑊𝑐 0.4  

Height 𝐻𝑐 3.0  𝐿𝑐𝑊𝑐𝐻𝑐 𝑉𝑐 0.6 (cm3) 

Liquid height 𝐻𝑙𝑐 = 𝐻𝑐 − 𝐹           1.9 𝐿𝑐𝑊𝑐𝐻𝑙𝑐 𝑉𝑙𝑐     0.38 (cm3) 

Chamber 2   

Material Teflon   

Freeboard 𝐹 1.1  

Length 𝐿2 0.6  

Width 𝑊2 0.4  

Height 𝐻2 3.0  𝐿2𝑊2𝐻2 𝑉2  0.72 (cm3) 

Liquid height 𝐻𝑙2 = 𝐻2 − 𝐹           1.9  𝐿2𝑊2𝐻𝑙2 𝑉𝑙2  0.46 (cm3) 
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Membrane GSTF 02500  

Material Cellulose esters  

Freeboard 𝐹 1.1  

Length 𝐿𝑚 150 (𝜇m) 

Width 𝑊𝑚 0.4  

Height 𝐻𝑚 3.0  

Void 𝜀𝑚 0.75 (-) 𝜀𝑚𝐿𝑚𝑊𝑚𝐻𝑚 𝑉𝑚 1.35 ⋅ 10−4 (cm3) 

Liquid height 𝐻𝑙𝑚 = 𝐻𝑚 − 𝐹           1.9 𝜀𝑚𝐿𝑚𝑊𝑚𝐻𝑙𝑚 𝑉𝑙𝑚 8.55 ⋅ 10−5 (cm3) 𝜀𝑚𝑊𝑚𝐻𝑙𝑚 𝐴𝑙𝑚 0.57 (cm2) 

Pore diameter 𝐷𝑝 0.22 (𝜇m) 

Electromagnet Open frame 

Newport 

 

Gauss meter RFL Model 750  

Accuracy 1 mT  

Magnetic field 𝐵 0 – 820 mT 

Circular poles 𝐷𝑒𝑚 10 (cm) 

Gap between the 

pole shoes 

𝐺𝑝    3 (cm) 

Photometer Photodyne,  

Model 44XLA 

 

Laser Spectra Physics 

Model 133 Laser, 

He-Neon 

 

 

 

 

 

Appendix C. The velocity in the membrane generated by magnetic 

field B 

 

The hydraulic static pressure, 𝑝, is constant in all cases simulated in this 

article, and consequently, ∇𝑝 = 0. If, in addition the magnetic field 𝐵 = 0, 

then 𝐹𝑚 = 0, and the mass average velocity is 𝒗 = 0. In that case only 

diffusion and counter diffusion occur in the membrane. If 𝐹𝑚 ≠ 0, a local 

mass average velocity 𝑣 is developed in the membrane. For constant 

electrolyte density, 𝜌, it follows from the equation of continuity that  𝒗 ∙ ∇𝒗 = 0. The tortuosity 𝜏 of the membrane is unknown. Hence, the 

diffusion coefficient, 𝐷, is regarded the effective diffusion coefficient. 

 

The mass average velocity in a pore tube of the membrane, 𝑣, is written 

in cylinder coordinates. For constant density 𝜌 and kinematic viscosity, 𝜂, 

the dynamic momentum balance can be written 

 𝜕𝒗𝜕𝑡 = 𝐹𝑚𝜌 + 𝜂 (𝜕2𝑣𝜕𝑟2 + 1𝑟 𝜕𝑣𝜕𝑟)               (C1) 
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This is the dynamic momentum balance for the velocity of the Ni ions in 

the membrane. It leads to the well-known Hagen-Poiseuille formula for 

laminar flow in a cylinder. The initial and boundary conditions are  

 𝑣(𝑟, 0) = 0              (C2) 

 𝑣(𝑅, 𝑡) = 0 ,  
𝜕𝑣(0,𝑡)𝜕𝑟 = 0           (C3) 

 

In our case, 𝑅 = 𝑅𝑝, the radius of a pore in the membrane. If 𝐹𝑚 is 

constant, the solution of Eq. (C1), with initial condition Eq. (C2) and 

boundary conditions Eq. (C3), reads:60 

 𝑣(𝑟, 𝑡) = 𝐹𝑚 (𝑅2−𝑟2)4𝜂𝜌 − 𝐹𝑚 2𝑅2𝜂𝜌 ∑ 1𝜆𝑛3∞𝑛=1 𝐽0(𝜆𝑛𝑟𝑅 )𝐽1(𝜆𝑛) exp (−𝜆𝑛2 𝜂𝑡𝑅2)       (C4) 

 

 

The eigenvalues 𝜆𝑛 are the solution of 𝐽0(𝜆𝑛) = 0. The five first eigenvalues 

are listed as 2.4048, 5.5201, 8.6537, 11.7915 and 14.9309.61 

 

When the factor exp (−𝜆12 𝜂𝑡𝑅2) approaches zero, the velocity approaches 

steady-state, and the last term in Eq. (C4) goes to zero.  After one second 

the factor becomes 

 

 exp (−𝜆12 𝜂𝑡𝑅2) = exp (−2.40482. 10−6⋅1(0.11⋅10−6)2) = exp (−4.7794 ⋅ 108)  ≈ 0  

 

Hence, in our case, steady-state occurs almost immediately. The 

remaining first term is the Hagen-Poiseuille steady-state velocity for 

laminar flow in a cylinder in the membrane of radius 𝑅 = 𝑅𝑝𝑜𝑟𝑒 and reads.  

 𝑣(𝑟) = 𝐹𝑚 (𝑅2−𝑟2)4𝜌𝜂                 (C5) 

 

The average velocity of the liquid solution is 

 𝑣𝑚 = 𝐹𝑚 𝑅28𝜌𝜂                (C6) 

 

The Reynolds number for flow in a cylinder with diameter 𝐷 = 𝐷𝑝𝑜𝑟𝑒 is 
 𝑅𝑒 = 𝑣𝑚𝐷𝜂                  (C7) 

 

The flow is laminar if 𝑅𝑒 < 2300. In our case, the typical Reynolds number 

is  
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𝑅𝑒 = 10−6⋅0.22⋅10−610−6 = 0.22 ⋅ 10−6 ≈ 0.   

Consequently, Eq. (C6) is valid for all cases in this study. 

 

From Eq. (C8) it follows that 

 𝐹𝑚 = dE𝑚dx ≈ − χmolB22μ0 ∂c∂x               (C8)  

 

Combining Eq. (C6) and Eq. (C8), it follows that the derivative of the 

kinetic energy per unit volume, 𝐸𝑘, is 

 𝑑𝐸𝑘𝑑𝑥 = 𝑑𝑑𝑥 (12 𝜌𝑣𝑚2 ) = 𝜌 𝑑𝑣𝑚𝑑𝑥 = − 𝜌𝑅2𝐵2χmol16𝜂𝜇0 𝑑2cd𝑥2              (C9) 

 

Hence, it follows that  

 𝑑𝐸𝑘/𝑑𝑥𝑑𝐸𝑚/𝑑𝑥 = 𝜌𝑅28 𝑑2c/d𝑥2𝑑𝑐/𝑑𝑥 = 1.82 ∙ 10−12 𝑑2c/d𝑥2𝑑𝑐/𝑑𝑥 ≪ 1                 (C10) 

 

This means that the total energy E per unit liquid volume is 

 𝐸 = 𝐸𝑚 + 𝑈 + 𝐸𝑘 + 𝐸𝑝                (C11) 

 𝐸𝑘 = 12 𝜌𝑣𝑚2                 (C12) 

 𝐸𝑝 = 𝜌𝑔𝑧                      (C13) 

 

In Eq. (C11) , U is the internal energy per unit liquid volume, 𝐸𝑘 is the 

kinetic energy per unit liquid volume, and 𝐸𝑝 is the potential energy per 

unit liquid volume. The temperature is constant so the change in internal 

energy per unit volume, dU/dx = 0. Since liquid level z is constant, the 

change in the potential energy per unit liquid volume, dEp/dx = 0. 

           

The infinitesimal change in 𝐸 with respect to x is in our case 

 dE𝑑𝑥 = 𝑑𝐸𝑚𝑑𝑥 + 𝑑𝑈𝑑𝑥 + 𝑑𝐸𝑘𝑑𝑥 + 𝑑𝐸𝑝𝑑𝑥                (C14) dE𝑑𝑥 = 𝑑𝐸𝑚𝑑𝑥 + 0 + 𝑑𝐸𝑘𝑑𝑥 + 0 = 𝑑𝐸𝑚𝑑𝑥 + 𝑑𝐸𝑘𝑑𝑥                   (C15) 

 

When Eq. (C10) is used, Eq. (C15) becomes 

 dE𝑑𝑥 ≈ 𝑑𝐸𝑚𝑑𝑥   and dE ≈ 𝑑𝐸𝑚               (C16) 

 

Hence, the total energy per unit liquid volume, E, is in our case 

approximately equal to the magnet energy per unit liquid volume, Em. 
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Appendix D. The magnetic susceptibility of the aqueous Ni solution 

 

Ni is paramagnetic, and water is diamagnetic.62 The Ni-ions are 

accompanied by Cl-ions due to the Coulomb force. Both type of ions move 

in the direction of the magnetic field while diamagnetic water molecules 

move in the opposite direction with negligible velocity. The mass magnetic 

susceptibility for 100% Ni in cgs units is given by. 

 𝜒𝑚𝑎𝑠𝑠𝑐𝑔𝑠 = 0.01003𝑇 = 3.4215 ⋅ 10−5  at 20 °C     (cm3/g)            (D1) 

 

The liquid temperature T is given in Kelvin. The corresponding magnetic 

molar susceptibility for 100 % Ni in cgs units becomes 

 𝜒𝑚𝑜𝑙𝑐𝑔𝑠 = 𝜒𝑚𝑎𝑠𝑠𝑐𝑔𝑠 𝑀𝑖 = 3.4215 ⋅ 10−5 ⋅ 129.60 = 4.434 ⋅ 10−3   (cm3/mol)     (D2) 

 

To convert the magnetic molar susceptibility of 100 % Ni from cgs to SI 

units the following relationship must be used 

 𝜒𝑚𝑜𝑙 = 4𝜋 ∙ 10−6𝜒𝑚𝑜𝑙𝑐𝑔𝑠 = 4𝜋 ∙ 10−6 ∙ 4.434 ⋅ 10−3 = 5.5719 ⋅ 10−8      (m3/mol) (D3) 

 

The magnetic mass susceptibility for 100 % water at 20 °C in cgs units 

is:50 

 

 𝜒𝑚𝑎𝑠𝑠,𝑤𝑐𝑔𝑠 = −0.720 ∙ 10−6  (cm3/g)    (D4) 

 

The corresponding magnetic molar susceptibility for 100 % water in cgs 

units is then 

 𝜒𝑚𝑜𝑙,𝑤𝑐𝑔𝑠 = 𝜒𝑚𝑎𝑠𝑠,𝑤𝑐𝑔𝑠 𝑀𝑤 = −0.720 ∙ 10−6 ⋅ 18.02 = −1.297 ∙ 10−5   (cm3/mol)    (D5)  

 

To convert the magnetic molar susceptibility of distilled water from cgs to 

SI units the following relationship is used 

 𝜒𝑚𝑜𝑙,𝑤 = 4𝜋 ∙ 10−6𝜒𝑚𝑜𝑙,𝑤𝑐𝑔𝑠 = 4𝜋 ∙ 10−6 ∙ (−1.297 ∙ 10−5) = −1.6299 ∙ 10−10  (m3/mol) 

   (D6) 

 

The ratio between the magnetic molar susceptibility of pure Ni and distilled 

water becomes 

 𝜒𝑚𝑜𝑙𝜒𝑚𝑜𝑙,𝑤 = 5.5719⋅10−8−1.6299∙10−10 = −341.86    (D7) 

 

This ratio shows that the absolute value of the magnetic molar 

susceptibility of Ni is much larger than the magnetic molar susceptibility of 

distilled water. Hence, the influence of the magnetic field B on distilled 

water can be neglected, and water is assumed to be approximately 

stagnant in this article. 
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Appendix E. Derivation of the simplified partial differential 

equation. 

The concentration 𝑐2(𝑡) of NiCl2 in chamber 2 is a function of the flux j out 

of the membrane at x = Lm. Initially, and at steady state  
𝑑𝑐𝑑𝑥=0 at x = Lm. 

When t increases both 𝑐2(𝑡) and 𝑐(𝐿𝑚,𝑡) increases due to the boundary 

condition 𝑐(𝐿𝑚,𝑡)=𝑐2(𝑡). The value of 𝑐2(𝑡) is much larger than the absolute 

value of  
𝑑𝑐𝑑𝑥 at x = Lm when time increases. To discuss this further, a 

Taylor expansion for  
𝑑𝑐𝑑𝑥 to first order around x = a is obtained. 

The Taylor expansion reads 

 
𝑑𝑐(𝑥,𝑡)𝑑𝑥 ≈ 𝑑𝑐(𝑎,𝑡)  𝑑𝑥 + 𝑑2𝑐(𝑎,𝑡)𝑑𝑥2 (x − a) =  b(t) + 𝑑2𝑐(𝑎,𝑡)𝑑𝑥2 ∆𝑥. When the expansion is 

inserted  

into the expression above with  
𝑑𝑐(𝑥,𝑡)𝑑𝑥  ≈ ∆𝑐∆𝑥 , the result is 

𝑘𝑣 [𝑐 𝑑2𝑐𝑑𝑥2 + (𝑑𝑐𝑑𝑥)2] ≈ 𝑘𝑣 [𝑐 (∆𝑐∆𝑥−𝑏)∆𝑥 + (∆𝑐∆𝑥)2] = 𝑘𝑣 [∆𝑐∆𝑥 ( 𝑐∆𝑥 − 𝑐𝑏∆𝑥∆𝑐∆𝑥 + ∆𝑐∆𝑥)]  
The concentration c(x,t) in the membrane decreases with x. Hence  

∆𝑐∆𝑥 < 0 

and b <= 0, where b = 0 initially and at steady state. The ratio  𝑟 = 𝑏∆𝑐∆𝑥 < 1. 

It is inserted into the expression above. The result becomes 𝑘𝑣 [𝑐 𝑑2𝑐𝑑𝑥2 + (𝑑𝑐𝑑𝑥)2] ≈ 𝑘𝑣 [∆𝑐∆𝑥 ( 𝑐∆𝑥 − 𝑐𝑟∆𝑥 + ∆𝑐∆𝑥)] = 𝑘𝑣 [∆𝑐∆𝑥 (𝑐(1−𝑟)∆𝑥 + ∆𝑐∆𝑥)]  
As c(a,t) increases with time when x > 0, it follows that 𝑐(1 − 𝑟) ≫ ∆𝑐. In 

points x within the membrane which may have large changes in the local 

gradient 
𝑑𝑐𝑑𝑥 at time t, it follows that 𝑟 ≈ 0. When ∆𝑥 → 0, the result becomes 

𝑘𝑣 [𝑐 𝑑2𝑐𝑑𝑥2 + (𝑑𝑐𝑑𝑥)2] ≈ 𝑘𝑣 [𝑐 ∆𝑐∆𝑥 (1−𝑟)∆𝑥 ] ≈ 𝑘𝑣𝑐 𝑑2𝑐𝑑𝑥2  , in points x = a, where 𝑟 ≈ 0, 
𝑑𝑐𝑑𝑥 ≫ 𝑏 

𝑘𝑣 [𝑐 𝑑2𝑐𝑑𝑥2 + (𝑑𝑐𝑑𝑥)2] = 0  , in points where 𝑟 = 1, typically at x = Lm at steady- 

state. 

 

Initially and at steady state 
𝑑𝑐𝑑𝑥 = 0 and 

𝑑2𝑐𝑑𝑥2 = 0.  

 

Hence, the quadratic term (∆𝑐∆𝑥)2
 can be ignored. This explains why the 

simplified Eq. (25b) in the article is a good approximation to Eq. (24) and 

Eq. (25a) given the boundary condition at x = Lm. 
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Appendix F. The measurements in Waskaas 1993.47 

 

Table 4. Experimental values for Fig. 4. 

Concentration 1 mol dm-3 and 0 T 

  t (s)    c mol dm-3   ∆𝑐 mol dm-3    

    0      0.000   0.000 

150 0.016 0.005 

338 0.097 0.008 

525 0.191 0.012 

705 0.263 0.015 

 

Concentration 1 mol dm-3 and 0.67 T 

 t (s)    c mol dm-3   ∆𝑐 mol dm-3 

    0      0.000   0.000 

150 0.035 0.012 

279 0.117 0.021 

525 0.262 0.033 

705 0.356 0.037 

   

Concentration 1 mol dm-3 and 0.82 T 

 t (s)    c mol dm-3   ∆𝑐 mol dm-3 

0 0.000 0.000 

150 0.083 0.022 

223 0.157 0.026 

400 0.283 0.033 

705 0.477 0.037 

 

 

Table 5. Experimental values for Fig. 5. 

Concentration 0.5 mol dm-3 and 0 T 

 t (s)    c mol dm-3   ∆𝑐 mol dm-3 

0 0.000 0.000 

150 0.017 0.004 

279 0.064 0.005 

525 0.150 0.008 

705 0.204 0.010 

 

Concentration 0.5 mol dm-3 and 0.67 T 

 t (s)    c mol dm-3   ∆𝑐 mol dm-3 

0 0.000 0.000 

150 0.017 0.001 

463 0.160 0.007 

525 0.196 0.010 

705 0.287 0.019 

 

Concentration 2 mol dm-3 and 0 T 
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 t (s)    c mol dm-3   ∆𝑐 mol dm-3 

0 0.000 0.000 

150 0.030 0.005 

412 0.263 0.017 

525 0.390 0.029 

705 0.580 0.044 

 

Concentration 2 mol dm-3 and 0.67 T 

 t (s)    c mol dm-3   ∆𝑐 mol dm-3 

0 0.000 0.000 

150 0.053 0.013 

337 0.287 0.022 

525 0.545 0.026 

705 0.763 0.027 
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Figure captions 

 

Fig. 1 Experimental details: a. Experimental setup, b. Side view of the 

exposure chamber used in the experimental setup, c. Top view of the 

exposure chamber used in the experimental setup. 

 

Fig. 2.  I.  Principle sketch of the experimental setup. A paramagnetic 

electrolyte diffuses from chamber 1, concentration c1, through an inert 

membrane into chamber 2, concentration c2 at a time t after start of 

diffusion.  A horizontal uniform magnetic field B is applied perpendicular to 

the membrane.  II.  An equivalent concentration profile through the 

system. 

 

Fig. 3. a. Case A: constant magnetic field B points in the positive x-              

direction. b. Case B: constant magnetic field B points in the negative x-

direction. 

 

Fig. 4. Comparison of measured and simulated values in the 1 M case. 

 

Fig. 5. Comparison of measured and simulated values for 0.5 M and 2 M 

with B = 0.67 T. 

 

Fig. 6. Comparison of the numeric solution and the simplified numeric 

solution. Simulation time is 12000 s, which is well beyond the time 

needed to reach steady-state, as shown in the figure. Isothermal 

conditions are assumed for the whole time span. The black and blue line is 

almost identical and difficult to distinguish without zooming, and so is the 

red and green line. 
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b)         c)  

 

 

 

 

 

 

 
 

 

Fig. 1. 
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Fig. 2. 

 

 

 

 a)         b) 

 
 

Fig. 3.  
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Fig. 4. 

 

 
Fig. 5. 
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Fig.6. 
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