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Abstract 

An efficient design and operational control of a fluidized bed reactor often relies on accurate 

prediction of bubble properties. This paper employs measurement of bed void fraction in 

determining the bubble velocity in a given bed. An analytical model is developed for bubble rise 

velocity, which shows that the rise velocity of a single bubble is proportional to the rate of change of 

the bubble-projected area. Based on the model for bubble rise velocity, a correlation for bubble 

velocity is obtained as given by 𝒖𝒃 = 𝝋𝑵(𝑼𝟎 − 𝑼𝒎𝒇) + 𝟏𝟐. 𝟓𝟏𝝋𝑫(𝑼𝟎 − 𝑼𝒎𝒇)
𝟎.𝟑𝟔𝟐𝒅𝒃

𝟎.𝟓𝟐
. 

Bubble frequency is also modelled and presented as 𝒇𝒃 = (𝟎. 𝟓𝟐 (
𝒅𝒃

𝑫
)
𝟏.𝟒𝟖

+  𝒎𝒖𝒃
𝒏𝒅𝒃)

−𝟏

, and 

bed expansion due to bubble flow in a larger particle bed (𝐴𝑟 ≥ 400) is modelled by                                                                                            

∆𝒆 = [𝟏 − 𝟎. 𝟎𝟖𝟕𝟑(𝑼𝟎 − 𝑼𝒎𝒇)
−𝟎.𝟑𝟔𝟐

(
𝑼𝟎

𝑫
)
𝟎.𝟔𝟔

(𝟏 − 𝛾 (
𝑼𝟎

𝑼𝒎𝒇
)
𝛽−𝟏

)

𝟎.𝟔𝟔

 ]

−𝟏

− 𝟏. The three 

models have been validated against experimental data and the results show that the bubble 

velocity model has a better prediction accuracy than the existing models for Geldart B and D 

particles with prediction errors of 15.5% and 12.0%, respectively. The results also show that 

the proposed bed expansion model predicts better than the existing models in the literature. 
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1 Introduction 

In bubbling fluidized bed reactors, the diameter and rise velocity of bubbles can be used to 

obtain the bed expansion, which helps in determining the reactor effective volume and 

residence time. In addition to reactor design, the bubble properties at a given gas velocity are 

also used to characterize bubbling behaviour in fluidized beds. This paper is aimed at 

presenting a set of models that can be used to predict bubble velocity and bubble frequency in 

a fluidized bed for a wide range of particle and bed properties, and also a model for predicting 

the overall bed expansion in a bubbling fluidized bed regime. 

There are different correlations for predicting bubble velocity in the literature [1] but their 

prediction accuracies vary from one system to another. However, no available literature 

clearly presents a model for obtaining the bubble frequency. In the slugging regime, few 

correlations are available [2,3]. The available models for the slug frequency are correlations 

assuming a fully developed slug where the slug size is closer to the bed diameter. The slug 

frequency models may also be limited to a large particle (or rough small particle) bed since 

bubbles in such a bed can easily grow to the size of the bed diameter [4]. For a bed of small 

spherical particles, a slug may have a fully developed size far less than the bed diameter even 

at a very high gas velocity. For the bed expansion, the prediction is generally based on the 

two-phase theory, where it is assumed that the bed void fraction is a linear combination of 

bubble volume fraction and gas volume fraction in the emulsion phase of the bed [4]. The bed 

expansion obtained based on this theory depends on the bubble velocity and bubble 

volumetric flow rate, the accurate predictions of which have been a challenge. The bubble 

volumetric flow rate is usually obtained based on the two-phase theory [5], although there are 

other types of models [6,7] accounting for the shortcomings of this theory. Based on the form 

of modified two-phase theory proposed by Grace and Cliff [7], Agu et al. [8] proposed a 

model for predicting the bubble volumetric flux, which depends on the particle properties 
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including the sphericity. However, different models [9, 10, 11] are also available for the bed 

expansion in a fluidized bed. 

To characterize a fluidized bed behaviour, different measurement techniques are used. These 

techniques include the invasive probe technique [12, 13] and the non-invasive tomographic 

technique [14, 15, 16, 17, 18]. For measurement of bubble velocity, two measurement sensors 

separated at a fixed position are often used. The time taken by a bubble to pass from the lower 

to the upper sensor is obtained using a reconstruction technique such as the cross-correlation 

technique. One difficulty in this measurement method is identifying a single bubble as it rises 

across the two sensors. Near the distributor or when the gas velocity is very low, a large 

number of bubbles is often present, making it difficult to identify which bubble that passes the 

measurement sensors at a given time. Depending on the spacing between the sensors, the 

shape and size of the bubble may also change before reaching the upper sensor due to 

coalescence or splitting of the bubble. Moreover, the bubble velocity obtained using this 

method is an average value within a section of the bed. The minimum spacing required 

between two sensors to avoid signal interference makes it difficult to measure the absolute 

local bubble velocity. This paper employs the measurement of bubble volumetric flow rate 

and bubble volume fraction to determine the local bubble rise velocity. The bubble volume 

fraction is calculated from the two-phase theory assuming that the emulsion-phase voidage is 

the same as the local bed void fraction at the minimum fluidization condition. Using a two-

plane ECT (electrical capacitance tomography) sensor, the local bed void fraction for a given 

gas velocity is measured at different locations in the bed. From the analysis of the changes in 

the projected area of a spherical bubble, a model for bubble rise velocity is developed. The 

model coefficient is obtained by fitting the analytical bubble velocity with the measured 

bubble velocity. In the subsequent sections, a model for predicting the bubble frequency 
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based on the local bubble velocity is developed, and finally an expression for predicting bed 

expansion in the bubbling regime is developed. The results are presented and discussed.     

2 Analysis of bubble flow 

In a bubbling fluidized bed, bubble velocity 𝑢𝑏 is generally given as in Eq. (1), following 

some modifications of the Davidson and Harrison [19] model.   

𝑢𝑏 = ∅(𝑈0 − 𝑈𝑚𝑓) + 𝑢𝑏𝑟              (1) 

𝑢𝑏𝑟  = 𝛼√𝑔𝑑𝑏                   (2) 

Here, 𝑈0 is the superficial gas velocity, 𝑈𝑚𝑓 is the minimum fluidization velocity of the bed 

material and 𝑢𝑏𝑟 is the bubble rise velocity. The coefficient ∅ accounts for presence of more 

than one bubble and their effect on the rising of an individual bubble [4]. The coefficient 𝛼 in 

Eq. (2) accounts for possible wall effects on the rising of a single bubble, whereas 𝑔 and 𝑑𝑏 

are the gravity constant and the bubble diameter, respectively. There are different values for 𝛼 

being used [19, 20, 21, 22] depending mainly on the particle size (solids classification 

according to Geldart [23]). In addition to Eq. (1), other models for bubble velocity are also 

available [21, 24]. This section introduces a new model for bubble rise velocity and a model 

for bubble frequency.  

For a single bubble rising through a fluidized bed, a typical time variation of its projected area 

is shown in Fig. 1(a). The bubble-projected area at a given time is shown in Fig. 1(b). Fig. 

1(a) shows that when one bubble passes through a plane, there is a time lag before another 

one can be observed. The time frame between when a bubble arrives and when it completely 

leaves a plane is described as the active period, 𝑇𝑏𝑎. The time between arrivals of two 

successive bubbles to the fixed plane is the bubble period, 𝑇𝑏, and the time at which the plane 

is free of bubbles is the bed idle period, 𝑇𝑖.  
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Fig. 1. Variation of bubble-projected area (a) evolution with time (b) changes with vertical axis.  

2.1 Bubble rise velocity 

Considering an isolated wakeless spherical bubble rising through a fluidized bed, different 

cross-sectional areas (projected areas) can be observed at different times at the plane P-P. As 

shown in Fig. 1, the bubble-projected area changes from 𝑎1 = 𝜋𝑟1
2 to 𝑎2 = 𝜋𝑟2

2 as the bubble 

rises through a vertical distance 𝛿𝑧 within a time interval 𝛿𝑡. 

By geometry, the radii 𝑟1 and 𝑟2 can be related to the bubble radius 𝑟𝑏 = 𝑑𝑏/2, when 𝑧 < 𝑟𝑏, 

by 

𝑟1
2 = 𝑧(2𝑟𝑏 − 𝑧)                (3) 

𝑟2
2 = (𝑧 + 𝛿𝑧)[2𝑟𝑏 − (𝑧 + 𝛿𝑧)]                   (4) 
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Multiplying both sides of Eqs. (3)  and (4) by 𝜋 and taking the difference of the resulting 

equations, the change in the bubble projected area 𝛿𝑎 = 𝜋(𝑟2
2 − 𝑟1

2) is then expressed after 

simplification as 

𝛿𝑎 = 𝜋(2𝑟𝑏 − 2𝑧 − 𝛿𝑧)𝛿𝑧             (5) 

Dividing Eq. (5) through by 𝛿𝑡, the change in the value of 𝑎 for a small change in time 

becomes  

𝛿𝑎

𝛿𝑡
= 𝜋(2𝑟𝑏 − 2𝑧 − 𝛿𝑧)

𝛿𝑧

𝛿𝑡
              (6) 

For the limit when 𝛿𝑡 → 0, 𝛿𝑧 → 0. Then, Eq. (6) becomes 

𝑑𝑎

𝑑𝑡
= 𝜋(2𝑟𝑏 − 2𝑧)

𝑑𝑧

𝑑𝑡
                        (7) 

In Eq. (7), the rate of change of the vertical displacement 𝑧 is the bubble rise velocity, thus 

𝑢𝑏𝑟 =
𝑑𝑧

𝑑𝑡
 .  

𝑑𝑎

𝑑𝑡
= 𝜋(2𝑟𝑏 − 2𝑧)𝑢𝑏𝑟                        (8) 

Dividing through by the bed cross-sectional area 𝐴 = 𝜋𝐷2/4 to normalize Eq. (8). 

1

𝐴

𝑑𝑎

𝑑𝑡
=

4𝜋(2𝑟𝑏−2𝑧)

𝜋𝐷

𝑢𝑏𝑟

𝐷
   

1

4𝐴

𝑑𝑎

𝑑𝑡
= (

2𝑟𝑏−2𝑧

𝐷
) (

𝑢𝑏𝑟

𝐷
)             (9) 

Let 𝑘 =
2(𝑟𝑏−𝑧)

𝐷
, then 

𝑢𝑏𝑟 = (
𝐷

4𝐴𝑘
)
𝑑𝑎

𝑑𝑡
                    (10) 

For a given bed, Eq. (10) shows that the bubble rise velocity is proportional to the rate of 

change of the projected area with time. The value of the model parameter 𝑘 depends on the 
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bubble diameter and time. Therefore, the time-averaged value of 𝑘 for a given bubble will be 

required to obtain the velocity with which the bubble rises uniformly through a given plane in 

the bed. The variation of the average value of 𝑘 with the flow condition can be determined 

from experiments. It should be noted that normalizing Eq. (8) with the bed cross sectional 

area makes the model constant 𝑘 dimensionless. For this reason, the model in Eq. (10) can be 

used regardless of the bed diameter for which the 𝑘 value was obtained. 

Assuming that the time-variation of the bubble-projected area follows a parabolic function, 

𝑎 = 4𝐴𝑏(𝑡/𝑇𝑏𝑎 − (𝑡/𝑇𝑏𝑎)
2), it can be shown that  [

𝑑𝑎

𝑑𝑡
]
𝑡=0

=
4𝐴𝑏

𝑇𝑏𝑎
 and [

𝑑𝑎

𝑑𝑡
]
𝑡=𝑇𝑏𝑎/2

= 0. The 

average value of 
𝑑𝑎

𝑑𝑡
 is then 

𝑑𝑎

𝑑𝑡
=

2𝐴𝑏

𝑇𝑏𝑎
                 (11) 

where 𝐴𝑏 = 𝜋𝑑𝑏
2/4 is the bubble-projected area through its centre. The bubble properties 𝑇𝑏𝑎 

and 𝐴𝑏 can be measured in an experiment. The active bubble period strongly depends on the 

bubble diameter. The larger a bubble is, the longer it takes to pass through an observer plane. 

In Agu et al. [8], a correlation relating 1/𝑇𝑏𝑎 with the bubble diameter 𝑑𝑏 is proposed as 

described in Eq. (12), where the time is measured in seconds. 

1

𝑇𝑏𝑎
= 1.927 (

𝑑𝑏

𝐷
)
−1.48

                  (12) 

Combining Eq. (10), (11) and (12) yields 

𝑢𝑏𝑟 = 1.927𝐴𝑏 (
𝐷

2𝐴𝑘
) (

𝑑𝑏

𝐷
)
−1.48

  

𝑢𝑏𝑟 =
0.9635

𝑘
(
𝑑𝑏

𝐷
)
2

(
𝑑𝑏

𝐷
)
−1.48

𝐷  

𝑢𝑏𝑟 =
0.9635

𝑘
(
𝑑𝑏

𝐷
)
0.52

𝐷                     (13) 
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2.2 Bubble frequency 

From Fig. 1(a), the total bubble period 𝑇𝑏 can be expressed as 

𝑇𝑏 = 𝑇𝑏𝑎 + 𝑇𝑖                   (14) 

The bubble frequency 𝑓𝑏 = 1/𝑇𝑏 can thus be obtained from 

𝑓𝑏 = 1/(𝑇𝑏𝑎 + 𝑇𝑖)  

Substituting Eq. (12) in the above equation yields 

𝑓𝑏 = (0.52 (
𝑑𝑏

𝐷
)
1.48

+ 𝑇𝑖)
−1

                                    (15) 

The bed idle period 𝑇𝑖 depends on the bubble rise velocity. The faster the bubbles rise, the 

more active the bed is, thus the lower the idle period. Since 𝑇𝑖 can be measured in any given 

bed, its relationship with the bubble velocity can be obtained from experimental data. 

3 Set up and measurement procedure 

The experimental set up consists of a 10.4 cm cylindrical column of height 1.4 m. The column 

is fitted with a porous plate and a set of two-plane ECT sensors separated at a distance of 13 

cm. Here, only a brief description of the experimental set up is given. The details of this set 

up, the materials used and the operating conditions have previously been described in [8, 22], 

hence will not be repeated. The method used to obtain the relevant bubble properties are also 

outlined in the previous studies. 

The experiments were conducted at ambient conditions using air as the fluidizing gas. Six 

different types of particles with mean particle size in the range of 180 – 2200 µm were used. 

For each of these powders given in Table 1, the particle size, 𝑑𝑝was obtained from sieve 

analysis and particle density, 𝜌𝑝 with a gas pycnometer. A bed of each particle type was 

formed in the fluidized bed column with initial bed height within 40 – 60 cm to ensure that 
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both ECT sensors were covered by the particles. The experiment was repeated five times at 

each air velocity for a given bed. The image data recorded by the ECT sensors were captured 

at a frequency of 100 Hz for 60 s. 

The ECT data provide information about the distribution of solids or void at the sensor 

position. The average void fraction and the standard deviation were computed as discussed in 

Agu et al. [25]. The standard deviation plot against the gas velocity was used to determine the 

minimum fluidization and slugging velocities , 𝑈𝑚𝑓 and 𝑈𝑚𝑠, respectively. The ECT data 

were also analysed to identify bubbles, their properties and their behaviour over the 

measurement period [8, 25]. To verify the repeatability of the experiment, the five data sets 

for each gas velocity were analysed separately, and the mean variation in the measurements 

when the experiment is repeated was observed to be less than 2.5%. The average data from 

the five measurements was therefore taken to reduce random errors. 

Table 1. Bed materials investigated with properties. 

Materials Geldart 

type 

Shape 𝝆𝒑 

[kg/m3] 

𝒅𝒑  

[µm] 

𝑼𝒎𝒇 

[cm/s] 

𝑼𝒎𝒔 

[cm/s] 

Glass B spherical 2500 188 3.80 14.50 

Glass B spherical 2500 261 8.15 14.69 

Glass B spherical 2500 624 23.20 33.80 

Limestone B angular 2837 293 13.80 21.16 

Limestone B/D angular 2837 697 39.24 49.00 

Sand B angular 2650 483 16.50 25.82 

Molecular sieve D spherical 1300 2170 76.85 91.57 

 

From the data analysis, it was observed that the growth of a bubble as gas velocity is 

increased depends on the particles. With increase in particle size, the bubble growth rate 

increases. In the bed of angular (rough) particles, the rate of bubble growth is higher in the 
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lower part of the bed than in the upper section, resulting in a sharp transition from bubbling to 

slugging regime. Moreover, the slug flow in the bed of limestone particles changes from the 

flat slug type to wall slug type at a considerably high gas velocity, probably due to the 

cohesive nature of these particles. For the spherical (smooth) particles, the rate of bubble 

growth is almost uniform over the bed, and the transition from bubbling to slugging regime is 

smooth.   

For further analysis, the bed behaviour observed in this study is classified into two types 

based on the bubble growth rate: 

 Type A: Bed with a slow bubble growth rate and a smooth transition from bubbling to 

slugging regime. Slugs rise along the central axis with a full-grown size less than the 

bed diameter; this behaviour is typical for fine and smooth Geldart B particles. 

 Type B: Bed with a rapid bubble growth rate or a sharp transition from bubbling to 

slugging regime. Slugs spread across the bed cross-section and attach to the wall while 

rising. Slugs can grow to the bed size; this behaviour is typical for large particles or 

rough smaller particles. 

Moreover, the bubble growth rate depends on the bed height to diameter ratio. As all the beds 

studied are deep, it is further observed that rough particles with a mean diameter as large as 

300 µm exhibit a type B behaviour. For a bed with type A behaviour, data analysis also shows 

that there is a retardation in the slug growth when the ratio of bubble diameter to bed diameter 

is between the value of (𝑑𝑏/𝐷 )𝑓𝑚 and 0.6. Here, (𝑑𝑏/𝐷 )𝑓𝑚 is the bubble diameter at which 

the bubble frequency is at its local maximum, and at which slugs begin to appear at the bed 

position. The subscript “fm” denotes maximum frequency. The value of (𝑑𝑏/𝐷 )𝑓𝑚 depends 

on the particles, and increases slightly along the bed height. The average value of (𝑑𝑏/𝐷 )𝑓𝑚 

over a given bed is shown in Fig. 2(a) as a function of 𝑈𝑚𝑠/𝑈𝑚𝑓. The figure shows that the 
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bubble diameter at the local maximum frequency increases with decreasing 𝑈𝑚𝑠/𝑈𝑚𝑓, 

indicating that the (𝑑𝑏/𝐷 )𝑓𝑚 value increase with particle size. The curve correlating the 

measured (𝑑𝑏/𝐷 )𝑓𝑚 with 𝑈𝑚𝑠/𝑈𝑚𝑓 value in Fig. 2(a) can be represented by Eq. (16).  

(𝑑𝑏/𝐷)𝑓𝑚 = (2.90 − 36.66 exp (−2.80
𝑈𝑚𝑠

𝑈𝑚𝑓
))

−1

                    (16)  

Fig. 2(b) shows the variation of 1/(𝑣𝑏/𝑇𝑖) with 𝑢𝑏, where 𝑣𝑏 is the bubble volume and 𝑢𝑏 is 

the bubble velocity obtained as described in the subsequent sections. The figure clearly shows 

the behaviour of a bed due to bubble growth. The 𝑇𝑖/𝑣𝑏 value is higher for type B than for 

type A behaviour at the same bubble velocity, indicating that the bubble frequency is lower in 

the bed of larger particles than in the bed of smaller particles for the same volume of bubbles. 

In addition, the slopes of the trend lines for the type B behaviour are higher than the 

corresponding slopes in the type A beds. That is, -6.9 and -1.7 for B1 and B2, and -5.8 and     

-1.2 for A1 and A2, respectively. This means that the response to changes in the bubble 

activities is higher in the bed of larger particles than in that of smaller particles for a unit 

change in the flow property (gas velocity or bubble velocity). As can also be seen, three 

different lines are associated with the type A behaviour, and this is due to the slug growth 

transition as explained above.  

 

(a)                                                                      (b) 
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Fig. 2. (a) variation of bubble diameter at maximum frequency with minimum slugging velocity ratio 

based on the three glass, two limestone and the molecular sieve particles given in Table 1. (b) Bed idle 

period per unit bubble volume for two different types of behaviour in a fluidized bed; data from the 

three glass and the sand particles in Table 1. 

3.1 Measurement of bubble velocity 

The bubble velocity at the two different positions in the bed is obtained based on the mass 

balance, where 

𝑢𝑏 = 𝐺/𝛿𝑏                (17) 

Here, 𝐺 is the volumetric bubble flux obtained as in Eq. (18). 

𝐺 =
𝜋

6𝐴𝑇𝑏𝑎
𝑑𝑏
3                      (18)  

Based on the two-phase theory, the bubble volume fraction at each of the measurement 

positions is calculated from the following relationship (which is also based on the mass 

balance) [4] 

 𝜀𝑓 = 𝛿𝑏 + (1 − 𝛿𝑏)𝜀𝑚𝑓   

𝛿𝑏 =
𝜀𝑓−𝜀𝑚𝑓

1−𝜀𝑚𝑓
                        (19) 

Here, 𝜀𝑓 is the local bed void fraction and 𝜀𝑚𝑓 is the corresponding value at the minimum 

fluidization condition. In Eq. (19), the void fraction in the emulsion phase is assumed the 

same as 𝜀𝑚𝑓 since the particles used in this study are considered to be in the Geldart B group 

[4]. It should be noted that Eq. (19) is valid only at low gas velocities. At a higher gas 

velocity, the void fraction in the emulsion phase is larger than 𝜀𝑚𝑓 due to excessive bed 

expansion. 
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4 Model development and results 

With measurement of relevant bubble properties, the complete models for the bubble velocity, 

bubble frequency and bed expansion can be derived. The accuracies of these models against 

experimental data are evaluated based on the mean absolute error.  

4.1 Model for bubble rise velocity 

As the bed under this study is deep, visual observation and data analysis reveal that only a 

single bubble rises through the bed within the range of gas velocity investigated, thus ∅ = 0 

and from Eq. (1), 𝑢𝑏𝑟 = 𝑢𝑏. Using the measured bubble rise velocity 𝑢𝑏𝑟,𝑒𝑥𝑝, the model 

parameter 𝑘 in Eq. (13) can be determined from 

𝑘 =
0.9635(

𝑑𝑏
𝐷
)
0.52

𝐷

𝑢𝑏𝑟,𝑒𝑥𝑝
                 (20)              

Fig. 3 shows the variation of 𝑘 with excess gas velocity 𝑈0 − 𝑈𝑚𝑓 on the logarithmic scale. 

As shown in the figure, the model parameter decreases with increasing gas velocity. The line 

fitting the data in the figure is given by the equation 

𝑘 = 0.077(𝑈0 − 𝑈𝑚𝑓)
−0.362              (21)  

For the correlation in Eq. (21), the gas velocity 𝑈0 − 𝑈𝑚𝑓 is in m/s. Substituting Eq. (21) into 

Eq. (13) yields 

𝒖𝒃𝒓 = 𝟏𝟐. 𝟓𝟏(𝑼𝟎 − 𝑼𝒎𝒇)
𝟎.𝟑𝟔𝟐 (

𝒅𝒃

𝑫
)
𝟎.𝟓𝟐

𝑫                  (22) 
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Fig. 3. Correlation for the model parameter 𝑘 in Eq. (13). 

Equation (22) shows that bubble rise velocity increases approximately with the square root of 

the bubble diameter, which is in agreement with Eq. (2). The variation of 𝑢𝑏 with 𝐷0.48 in         

Eq. (22) also agrees quite well with 𝐷0.4 in the Werther [26] model and with 𝐷0.5 in the 

Hilligardt and Werther [6] model for Geldart B particles. With the term (𝑈0 − 𝑈𝑚𝑓)
0.362,   

Eq. (22) can also predict an increase in the slug rise velocity with increasing gas velocity 

when the bubble diameter approaches a constant value. Generally, the available models for 

slug rise velocity, 𝑢𝑠 are in the form 

𝑢𝑠 = 𝑘1(𝑈0 − 𝑈𝑚𝑓) + 𝑘2√𝑔𝐷                (23) 

where 𝑘1 = 1.0 is usually applied. The value of 𝑘2 depends on the type of slug. For an 

axisymmetric slug, 𝑘2 = 0.35 [27], and for a wall slug 𝑘2 = 0.35√2 [28]. Both types of slug 

can also be present in a given bed depending on the particle properties and gas velocity. The 

term (𝑈0 − 𝑈𝑚𝑓)
0.362 also suggests that Eq. (22) is continuous and therefore can be applied 

for all values of 𝑈0 − 𝑈𝑚𝑓. It should be noted that the superficial gas velocity, 𝑈0 has to be 

varied to achieve the same excess gas velocity, 𝑈0 − 𝑈𝑚𝑓 for different particles since 𝑈𝑚𝑓 can 
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vary from particles to particles. Moreover, since the model is continuous over the gas 

velocities, it can also be applied in the transition regime between bubbling and turbulent flow 

/slugging provided that the bubble diameters within these regimes are used. For example, 

bubble breaks to a lower size at the transition to turbulent flow regime, but grows towards the 

bed diameter as the bed transits into slugging regime. The maximum bubble diameter at the 

onset of transition into turbulent flow regime can be estimated as given in Bi [29] while the 

minimum bubble diameter at the transition into slugging regime can be estimated from Eq. 

(16).      

Fig. 4 compares the bubble rise velocity predicted with the proposed model, Eq. (22) against 

the experimental data within the bubbling regime. The results are obtained at the position ℎ =

15.7 cm above the distributor. The predictions obtained from some of the existing models are 

also shown including the slug rise velocity based on Eq. (23) for both values of 𝑘2. As can be 

seen in both figures, Eq. (22) predicts the experimental data with a good accuracy. Both the 

Werther [26] and Hilligardt and Werther [6] models predict the bubble rise velocity with 

larger errors but the accuracy is better using the Hilligardt and Werther model as shown in 

Fig. 4. The Davidson and Harrison [19] model over predicts the bubble rise velocity in both 

beds although the agreement is better for the 697 µm limestone particles. In addition, the results 

show that the Werther [26] model and the Davidson and Harrison [19] model do not predict 

the velocity of the rising slug when the bubble/slug diameter approaches a constant value. The 

Hilligardt and Werther model predicts the slug rise velocity in agreement with Eq. (23) when 

𝑘2 = 0.35 as can be seen in Fig. 4(b). However, in comparison with the proposed model, the 

Hilligardt and Werther model under predicts the slug velocity in both beds, although the 

model prediction is closer to the result from the 261 µm particle bed since the rising slug is of 

axisymmetric type. Comparing with Eq. (23), the results in Fig. 4 also show that the proposed 
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model predicts accurately the slug rise velocity in accordance with the two different types of 

slug.    

  

(a)                                                                                (b) 

Fig. 4. Variation of bubble rise velocity with excess gas velocity predicted based on Eq. (22) 

compared with experimental data and other models for two different beds (a) 261 µm glass particles 

(b) 697 µm limestone particles.  

4.2 Model for bubble velocity 

Although the model parameter given by Eq. (21) is obtained from a bed containing single 

bubbles, Eq. (22) can also be applied in a bed with more than one bubble rising across any 

plane in the bed. In this case, the rise velocity of each bubble can be obtained from Eq. (22), 

with 𝑑𝑏 the same as the average diameter of all the bubbles present in the bed position. The 

bubble velocity 𝑢𝑏 due to flow of these bubbles can then be determined by adding the flux 

term, ∅(𝑈0 − 𝑈𝑚𝑓) as described in Eq. (1). When the bubbles coalesce into a single bubble, 

this flux term can be neglected since a higher bubble diameter (equivalent to volume of all the 

bubbles) is then used in Eq. (22).  
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A comparison with published experimental data [6, 30] shows that the proposed model given 

by Eq. (22) for bubble rise velocity is sufficiently accurate for predicting the bubble velocity. 

For Geldart A particles, the experimental bubble velocity given by Hilligardt and Werther [6] 

at different bed diameters and gas velocities can be predicted with a good accuracy when Eq. 

(22) is substituted for 𝑢𝑏𝑟 in Eq. (1) for which ∅ = 1. The value of ∅ is unity in this group of 

particles since more than a bubble may be present due to low bubble coalescence [4]. For the 

data presented in [6] for Geldart B solids (𝑈𝑚𝑓 = 0.18 m/s), Eq. (22) predicts the bubble 

velocity accurately with ∅ = 0, which is similar to the case in this study for particles 

belonging to the same Geldart group. In a 1.2 m diameter bed of sand particles with a mean 

size of 1.0 mm, Glicksman et al. [30] presented data for bubble velocity at different 

superficial gas velocities. Comparing the predictions from Eq. (22) with these data when ∅ =

0, it can be observed that the model also accurately predicts the experimental data if 60% of 

the bed diameter in this current study is used. This reduced bed diameter also fits the model 

accurately to the data obtained in this study for the 2.17 mm molecular sieve particles. Based 

on these results, the following model is proposed for bubble velocity in a fluidized bed.  

𝒖𝒃 = 𝝋𝑵(𝑼𝟎 − 𝑼𝒎𝒇) + 𝟏𝟐. 𝟓𝟏𝝋𝑫(𝑼𝟎 −𝑼𝒎𝒇)
𝟎.𝟑𝟔𝟐𝒅𝒃

𝟎.𝟓𝟐
              (24) 

where 

 𝜑𝑁 = {
1              for Geldart A and A/B
0                    for Geldart B and D

                      (25) 

𝜑𝐷 = {
𝐷0.48                      for type A behaviour  (Geldart A and small Geldart B particles)

0.337                                              for type B behaviour (large Geldart  B particles)

0.26                                                                                                    for Geldart  D

  (26) 

As demonstrated in Fig. 4, Eq. (24) can also be used to predict the slug rising velocity in a 

fluidized bed. For example, in a cylindrical bed of diameter 76.2 mm, the slug velocity 



18 
 

reported in Wang et al. [14] for spherical iron oxide particles (mean particle size 1.5 mm) can 

be predicted with good accuracy using Eq. (24), where 𝜑𝑁 = 0 and 𝜑𝐷 = 0.26.   

For further demonstration, the predictions of the proposed model, Eq. (24) are compared with 

those of the existing models [6, 19, 26] in Fig. 5. The existing models given by Davidson and 

Harrison [19], Werther [26] and Hilligardt and Werther [6] are widely used in fluidized bed 

studies. The experimental data are based on those obtained in this study for Geldart B and D 

particles, those given in Hilligardt and Werther [6] for Geldart A and B particles, and on those 

given in Glicksman et al. [30] for D particles. Fig. 5(a) shows that the Werther model as well 

as the Hilligardt and Werther model have high accuracies in predicting the experimental data. 

The mean error associated with the model prediction for the Geldart A particle are 7.2 and 

8.5%, respectively. The prediction errors based on these two models increases with increase 

in the gas velocity and can be over 12.0% according to the data in Fig. 5(a). The Davidson 

and Harrison model under predicts the experimental data with a mean error of 54.3% while 

the proposed model under predicts the bubble velocity with error in the range of 17 – 50%. 

Although this range of error is too high for practical application, the accuracy of Eq. (24) for 

Geldart A particles increases with increase in the gas velocity or bed diameter. The 17% error 

in this range is obtained from those data associated with higher gas velocities and larger bed 

diameter while the 50% error is associated with data at lower gas velocity and smaller bed 

diameter. Since industrial operations based on Geldart A particles are at very high gas 

velocity compared to the particle minimum bubbling velocity, this shows that the proposed 

model will be suitable for large scale application.  

Moreover, for the Geldart B and D particles, the proposed model has a better accuracy 

compared to the other models. The mean prediction error using Eq. (24) is 15.5% for the 

group B particles. The Werther model predicts the data for the particles in the Geldart B 

group with an error of 28.1%. The errors for predicting the group B data using the Hilligardt 
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and Werther model as well as the Davidson and Harrison model are 18.6 and 36.6%, 

respectively. For the Geldart D particles, these last two models also have a wide prediction 

error compared to the proposed model, which shows 12% error in predicting the experimental 

data. However, due to small number of data used in Fig. 5(c), the model comparison cannot 

be concluded in this study, and the comparison for the group A powder is not also exhaustive 

for the same reason. Since a large number of data set is shown for the group B powders, it can 

be concluded that for this group of particles, the accuracy of the proposed model is better than 

those of the previous models.  

 

(a) 



20 
 

 

(b) 

 

(c) 

Fig. 5. Computed bubble velocity versus experimental data for different particle groups (a) Geldart A 

(b) Geldart B (c) Geldart D.   
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4.3 Model for bubble frequency 

Bubble frequency depends on the bubble growth rate in a given bed. With reference to the 

rising of single bubbles in a fluidized bed, bubble frequency is defined as the number of such 

bubbles crossing a fixed plane per unit time. The larger the number of these bubbles, the 

higher is the bubble frequency. When a bubble grows to the size that slugs begin to appear, 

the bubble frequency decreases with further increase in the bubble size. For a given bubble 

diameter, a lower bubble/slug frequency indicates that the idle period of the bed is longer.  

From analysis of the data given in Fig. 2, a correlation for the bed idle period 𝑇𝑖 is obtained as 

given in Eq. (27). 

𝑇𝑖 = 𝑚𝑢𝑏
𝑛𝑑𝑏                       (27) 

Bubbling regime,
𝑑𝑏
𝐷
≤ (

𝑑𝑏
𝐷
)
𝑓𝑚
: {
𝑚 = 0.05 ; 𝑛 = −3.475     for type A

𝑚 = 0.05 ; 𝑛 = −4.379    for type B 
 

Slugging regime,
𝑑𝑏
𝐷
> (

𝑑𝑏
𝐷
)
𝑓𝑚

∶

{
 
 

 
 𝑚 = 0.631 ; 𝑛 = −1.187     for type A, 

𝑑𝑏
𝐷
≤ 0.6

𝑚 = 3.382 ; 𝑛 = −0.122     for type A, 
𝑑𝑏
𝐷
> 0.6

𝑚 = 5.277 ; 𝑛 = −0.366     for type B

 

Combining Eq. (27) with Eq. (15), the model for bubble frequency is therefore given by 

𝒇𝒃 = (𝟎. 𝟓𝟐 (
𝒅𝒃

𝑫
)
𝟏.𝟒𝟖

+  𝒎𝒖𝒃
𝒏𝒅𝒃)

−𝟏

                       (28) 

The predictions from Eq. (28) at different gas velocities for two different powders are shown 

in Fig. 6. As can be seen, the model results agree very well with the experimental data 

obtained in the bed of 188 µm glass particles. For the bed of sand particles, there is also good 

agreement between the model predictions and the experimental data. The results in the figures 

show that the model also captures the trend of the bubble frequency with varying gas velocity. 

The local maximum frequency is well predicted in both beds. For the results presented in the 

previous studies [31, 32], Eq. (28) can also be used to predict the bed behaviour. Eq. (28) can 
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predict with good accuracy for example, the axial distribution of the bubble frequency 

including the local peak value as reported in Weber and Mei [31] for a bed of 185 µm glass 

particles. 

 

Fig. 6. Predicted bubble frequency using Eq. (28) compared with the experimental data at different gas 

velocities for the bed of 188 µm glass particles and 483 µm sand particles at ℎ = 15.7 cm. 

In addition, the overall prediction accuracy of Eq. (28) is shown in Fig. 7. The experimental 

data covers the range of powders used in this study. Similar to the results shown in Fig. 6, 

there is also a good agreement between the model predictions and the experimental data for 

the other powders. As shown in Fig. 7, the mean absolute error associated with the model 

prediction is 12.4%.     
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Fig. 7. Comparison of the computed results based on Eq. (28) with experimental results, showing the 

model accuracy based on the particles in Table 1.   

With these results, the proposed model for bubble frequency can be used to predict the 

fluidized bed behaviour in both bubbling and slugging regimes. Moreover, Eq. (28) shows 

that when the bubble diameter is constant, the bubble frequency increases with the gas 

velocity. However, such a stable bubble diameter may be difficult to attain. As observed in 

this study, a slug splits once it reaches a size closer to the bed diameter. When a slug splits, 

the smaller slug rises with a lower velocity, thereby decreasing the slug frequency. This 

shows that the slug frequency may increase, decrease or remain constant when the slug 

diameter approaches the bed diameter depending on the net effect of slug splitting and 

coalescence. Hence, for accurate prediction of slug frequency using Eq. (28), measured 

bubble/slug diameters should be used. As an alternative, Eq. (28) can be used to predict slug 

size (diameter) when the trend of the slug frequency is available.  
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4.4 Model for bed expansion – larger particles 

The bed expansion ∆𝑒 at a fluidized state is usually defined as 

∆𝑒 =
𝐻𝑓−𝐻𝑚𝑓

𝐻𝑚𝑓
               (29) 

where 𝐻𝑓 is the total bed height at the fluidized state and 𝐻𝑚𝑓 is the bed height at the 

minimum fluidization condition. By mass balance, 

(1 − 𝜀𝑓)𝐻𝑓 = (1 − 𝜀𝑚𝑓)𝐻𝑚𝑓             (30) 

Combining Eq. (29) and Eq. (30), 

∆𝑒 =
1−𝜀𝑚𝑓

1−𝜀𝑓
− 1                   (31) 

Applying the two-phase theory, Eq. (19) can be rearranged into 

1 − 𝜀𝑓 = (1 − 𝛿𝑏)(1 − 𝜀𝑚𝑓)              (32) 

Substituting Eq. (32) into Eq. (31), yields 

∆𝑒 =
1

1−𝛿𝑏
− 1                    (33)  

From Eq. (17), 

𝛿𝑏 = 𝐺/𝑢𝑏                 (34) 

Combining Eq. (12) and Eq. (18), 

𝐺 = 1.285 (
𝑑𝑏

𝐷
)
1.52

𝐷                (35) 

Substituting Eq. (22) and Eq. (35) into Eq. (34)   

 𝛿𝑏 = 0.103(𝑈0 − 𝑈𝑚𝑓)
−0.362

(
𝑑̅𝑏

𝐷
)                (36)  
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Note that the bed expansion is over the entire bed. Hence, the bubble diameter 𝑑̅𝑏 in Eq. (36) 

is the average value over the bed height. Substituting Eq. (36) into Eq. (33), then 

∆𝒆 = [𝟏 − 𝟎. 𝟏𝟎𝟑(𝑼𝟎 − 𝑼𝒎𝒇)
−𝟎.𝟑𝟔𝟐

(
𝒅̅𝒃

𝑫
)]
−𝟏

− 𝟏            (37) 

The explicit model given by Eq. (37) for bed expansion depends on the average bubble 

diameter over a bed, which is the only variable that can be linked to particle properties. The 

model is also applicable only in the bubbling regime, i.e. when 𝑈0 < 𝑈𝑚𝑠. To be able to 

predict a correct value for the bed expansion due to bubble flow, the average bubble diameter 

used must be dependent on the bed material properties. Most bubble diameter models 

available in the literature depend only on 𝑈0 − 𝑈𝑚𝑓 value, and thus provide the same results 

independent of the bed material. However, in Agu et al. [8], a model for average bubble 

diameter is proposed as described below. 

𝑑̅𝑏/𝐷 = 0.848 (
𝑈0

𝐷
)
0.66

(1 − 𝛾 (
𝑈0

𝑈𝑚𝑓
)
𝛽−1

)

0.66

 ;          𝐴𝑟 > 400                (38) 

The model parameters 𝛽 and 𝛾 depend on the particle Archimedes number 𝐴𝑟 and on the 

regime of flow. In addition, the expression for 𝛽 depends on the particle sphericity 𝜑. Using 

this bubble diameter model, a particle-dependent bed expansion model can be obtained.  

Substituting Eq. (38) into Eq. (37) gives 

∆𝒆 = [𝟏 − 𝟎. 𝟎𝟖𝟕𝟑(𝑼𝟎 − 𝑼𝒎𝒇)
−𝟎.𝟑𝟔𝟐

(
𝑼𝟎

𝑫
)
𝟎.𝟔𝟔

(𝟏 − 𝛾 (
𝑼𝟎

𝑼𝒎𝒇
)
𝛽−𝟏

)

𝟎.𝟔𝟔

 ]

−𝟏

− 𝟏      (39) 

The parameters, 𝛽 and 𝛾 in Eq. (39) are given by 

𝛽 = 𝜑1.5(0.329 − 1.156 · 103𝐴𝑟−0.9)             (40a) 

𝛾 = (1.321 + 8.161 · 104𝐴𝑟−1.04)0.083             (40b) 
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The result of the proposed bed expansion model, Eq. (39) is presented in Fig. 8 for sand 

particles with a mean diameter in the range 180 – 500 µm. The figure compares the bed 

expansion computed by using different models with the experimental data reported in Geldart 

[11]. The computations are done at the conditions used in the experiment, where 𝑈0 − 𝑈𝑚𝑓 =

0.06 m/s, and the bed diameter and settled bed height are 0.3 m and 0.2 m, respectively. The 

minimum fluidization velocity is obtained here based on the combination of the Ergun [33] 

model and the Wen and Yu [34] model. Computation of minimum slugging velocity [8] 

shows that each particle bed is in the bubbling regime at the given gas velocity. As can be 

seen in Fig. 8, all the models predict the same trend as given by the experiment: the bed 

expansion decreases with increasing particle size. Quantitatively, the results from the model 

proposed in this paper agree very well with the experimental data. The slightly higher value of 

the bed expansion predicted by Eq. (39) is due to a higher average bubble diameter predicted 

from Eq. (38). The model for the average bubble diameter is developed from a deep bed 

where a bubble reaches its fully-grown size at a given gas velocity. It should be noted that the 

bed reported in [11] is shallow (ℎ0/𝐷 = 0.67). In such a shallow bed, bubble size may be 

smaller than in a deep bed where ℎ0/𝐷 > 2. The deviation using the Singh et al. [10] model is 

very high compared to other models. While the Hepbasli [9] model over predicts the 

experimental data, the Geldart [11] protocol under predicts the data, although the magnitude 

of the deviation is almost the same for both models.  
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Fig. 8. Predicted bed expansion based on different models compared with the experimental data for 

different sand particle sizes.  

Since shallow beds may contain more than one rising bubble due to lower degree of 

coalescence, the results in Fig. 8 show that the proposed model can also be applied for beds of 

multiple bubbles though a single bubble was assumed for simplicity in the development of 

Eq. (39). In addition to the prediction accuracy, Eq. (39) can be used at elevated temperature 

and pressure due to the 𝑈0/𝑈𝑚𝑓 term, and its dependence on the particle Archimedes number 

through Eq. (40). Eq. (39) also shows that the bed expansion depends on the bed diameter. 

Increasing the bed diameter at the same gas velocity decreases the bed expansion, which 

agrees with the findings in Mohanty et al. [35].   

5 Conclusion 

This paper presents a set of new models for predicting local bubble velocity, local bubble 

frequency and overall bed expansion ratio. The three models were analytically approached by 

considering an isolated single bubble rising in a fluidized bed. The analysis shows that bubble 

rise velocity is proportional to the rate of change of bubble-projected area as it passes through 

a fixed plane in the bed, where the proportionality constant depends on the bed diameter and 
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gas velocity in excess of the minimum fluidization velocity. The bed expansion model is valid 

in the bubbling regime and for larger particles where the particle Archimedes number is 

greater than 400. 

The three models have been validated with experimental data obtained in this study and with 

some data available in the literature. The results show that the models can predict the 

fluidized bed properties at different gas velocities and bed diameters with good accuracy. The 

model for bubble velocity can predict the rise velocity of the two different types of slugs: 

axisymmetric and wall slugs or their mixture, accordingly. The bubble frequency model can 

also predict the local maximum frequency reached along the bed height or at a certain gas 

velocity for a given position in the bed. The dependence of the bed expansion model on the 

bed diameter, the fluid properties and the particle properties increases its applicability for 

different operating conditions, including high temperature and pressure. 
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Nomenclature 

𝐴 = cross-sectional area, m2 

𝐴𝑟 = dimensionless particle Archimedes number 

𝑎 = instantaneous cross-sectional area, m2 

𝐷 = bed diameter, m 

𝑑 = diameter, m 

𝑑̅ = average diameter, m 

∆𝑒 = dimensionless bed expansion 

𝑓 = frequency, s-1 

𝐺 = volumetric bubble flux, m/s 

𝑔 = acceleration due to gravity, m/s2 

ℎ = vertical position in the bed from distributor, m 

𝐻 = total bed height, m 

𝑘 = dimensionless model coefficient 

𝑘1 = dimensionless slug flux correction coefficient 

𝑘2 = dimensionless wall coefficient on slug rise 

𝑚 = dimensionless model coefficient 

 𝑛 = model parameter 

𝑟 = radial position, m 

𝑡 = time, s 
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𝑇 = period, s 

𝑈 = superficial gas velocity, m/s 

𝑢𝑏 = bubble velocity, m/s 

𝑢𝑏𝑟 = single bubble rise velocity, m/s 

𝑣 = volume, m3 

𝑧 = axial position, m 

Greek symbols 

𝛼 = dimensionless wall coefficient on bubble 

𝛽 = dimensionless model parameter 

𝛿𝑏 = dimensionless bubble volume fraction 

𝜀 = dimensionless void fraction 

∅ = dimensionless bubble flux correction coefficient 

𝜑 = dimensionless particle sphericity 

𝜑𝐷, 𝜑𝑁 = model coefficients 

𝛾 = dimensionless model parameter 

Subscripts 

b = bubble 

ba = active bubble 

f = fluidized 

fm = maximum frequency 

i = idle 

mf = minimum fluidization 

ms = minimum slugging 
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p = solid particle 

0 = initial/inlet position 


