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Abstract

Along with microsensors, microactuators are the most important components of
microelectromechanical systems. Many microactuators use piezoelectric coupling
mechanisms because they allow these actuators to generate high levels of force to
perform fast switching with low power consumption. Two different coupling are
typically used to drive microactuators: the d31-transversal and d33-longitudinal cou-
plings. In practice, a specific coupling is selected through the electrode configuration
used in the actuator design, where a top and bottom electrode (TBE) configuration
is used for the d31 coupling and an interdigitated electrode (IDE) configuration is
used for the d33 coupling.

Simple considerations indicate that the longitudinal piezoelectric effect is expected
to be twice as strong as the transverse effect because the piezoelectric coupling
constant d33 has a value that is approximately double that of the d31 constant for
most piezoceramics. However, because of the effects of inhomogeneous electric fields
and passive regions that cannot be actuated, the performance of IDE actuators can be
worse than that of the TBE type and is difficult to predict. In addition, publications
in the literature on the d33 coupling are relatively scarce when compared with those
on the d31 coupling. Therefore, there is a need for greater understanding of the
properties of IDE actuators. This thesis thus focuses on the modelling, simulation
and characterization of piezoelectric actuators using the IDE configuration. Both
beam- and plate-type microactuators are investigated.

Using the linear constitutive relationship of piezoelectricity as a starting point,
bending models of these actuators are first established, and a new governing equation
is derived for the bending of the beam-type actuator. This governing equation
leads to the establishment of a linear two-port model for the transducer. This
model of the two-port parameters helps us to understand the effects of the materials
electromechanical coupling factor on the transducer’s electrical properties, e.g., its
capacitance, and its mechanical properties, e.g., stiffness and flexural rigidity. The
most challenging aspect of modelling of the IDE transducer is the inhomogeneous
electric field. Unlike the case of a normal dielectric without piezoelectricity, the
Laplace equation cannot be applied directly to solve for the electric field in this
case because the mechanical stress has an additional effect on the electric field.
However, if the piezoelectric layer is thin, certain simplifications can be made. We
therefore establish suitable models of both the inhomogeneous electric field and the
free capacitance. These new models are then used to characterize a thin ferroelectric
material. When compared with the current state-of-art characterization methods,
more consistent curves are obtained for the ferroelectric material’s properties, such
as the CV and PV and the stress-field loops. Additionally, we found that while
the permittivity of the ferroelectric material is dependent on the electric field, the
permittivity distribution can be treated homogeneously.

Finally, circular plate actuators with different electrode configurations, including
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top and bottom, interdigitated, spiral, and radial electrodes, are investigated. A
comparison of the deflection properties of these different electrode configurations
is presented and the IDE and TBE actuators are shown to be the best in terms of
bending. In an equal-voltage comparison, the IDE actuators are deflected less than
the TBE actuators because of their inhomogeneous electric fields. However, in an
equal-field comparison, the IDE actuators can produce higher deflections than the
TBE actuators.
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Chapter 1

Introduction

1 Field of study

1.1 Microactuators

Microelectromechanical systems (MEMS), or microsystems, are miniature systems
that can perform sensing, signal processing, display, actuation, and control func-
tions [1]. The beginnings of MEMS development dates as far back as the 1950s
to the discovery of the piezoresistive effect in silicon and germanium [2]. Start-
ing with the development of strain gauges for use as pressure sensors [3], MEMS
technology now has a wide range of different uses, including aerospace, automotive,
telecommunications, healthcare and environmental applications. In the future, with
the development and associated requirements of the Internet of Things (IoT), the
demand for MEMS will continue to increase.

Microsensors and microactuators are the two most notable elements in MEMS.
They act as the interfaces between an engineering machine and the physical world.
Microsensors detect physical quantities such as thermal, mechanical, chemical, mag-
netic, and optical signals and convert them into readable signals such as electrical
signals. After the development of the first strain gauges for pressure sensing, in-
creasing numbers of commercial microsensors have appeared, such as accelerometers,
gyroscopes, microphones and microbolometers. Microactuators use an energy source
to create motion for control purposes. Early applications of microactuators required
either relatively large-scale movements or mechanical contact with another structure,
such as a microrelay [4] or a microrobot [5]. However, the requirements for large-scale
movement and/or mechanical contact usually led to reliability problems. Other ap-
plications for microactuators at this time were found in microfluidic systems such as
microvalves and micropumps [6, 7]. These pioneering applications of microactuators
thus faced problems with either their own reliability or use in working environments
which are hard to control such as fluidics. Therefore, there were fewer noteworthy
commercial events for microactuators when compared with those for microsensors.
The first remarkable commercialization of the microactuators was their use in the
thermal inkjet printer, which was introduced in 1985 by Hewlett Packard [8]. At
present, the optical, acoustic and radio-frequency MEMS are the most prominent
application fields for microactuators. Examples of devices in optical MEMS include
tunable lenses [9--13], scanning mirrors [14--17], and optical stabilizer systems [18,19].
Devices in the acoustic and radio-frequency MEMS fields include surface acoustic
wave (SAW) devices [20, 21], ultrasound devices [22, 23] and resonators [24--27].

1
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Figure 1.1: Different concepts for magnetically-based microactuators [28]. (a) The
magnetic field is generated by the current in the coil magnetizes and deforms beam.
(b) The current in the planar inductor generates a magnetic field and actuates the
permanent magnet. (c) The magnetic field from the permanent magnet generates
Lorentz force on a current-carrying wire. (d) A magnetostrictive core is displaced
due to a magnetic field generated by current-carrying coil.

Many of the applications mentioned above have been commercialized successfully.
For example, in Norway, the TLens from Polight AS is currently the world’s fastest
focusing actuated lens. Kongsberg Norspace is a world leading supplier of SAW
devices for use in satellite applications and GE Vingmed Ultrasound is a world leader
in the production of ultrasound systems for medical applications.

In this study, the types of microactuators that generate acoustic waves are not
studied. We focus on microactuators that can generate either a relative structural
movement or structural deformation. The operating principles of these microactuators
can be classified into the following categories.

Magnetic

In these devices, actuation is generated via interactions among different magnetic
elements. These elements can include magnetizable materials, permanent magnets,
external magnetic fields, magnetostrictive materials and current-carrying conductors.
The principle of the magnetically-based microactuator is dependent on the usage of
these magnetic elements. Figure 1.1 shows examples of the different concepts for
magnetically-based microactuators.

Thermal

In these devices, actuation is generated via thermal expansion processes. Thermal
sources can be generated either electrically by resistive heating or optically using
incident light. When heat is supplied, the environment around the heater, which
can be composed of solids, liquids or gases, will expand or contract and thus cause
the required deformation. Typical thermal actuator configurations for the solid
environment are shown in Fig.1.2.

Electrostatic

In these devices, actuation is caused by Coulomb attraction between two oppositely
charged bodies or plates. The actuation energy is dependent on the stored energy. If
the applied potential is fixed, the stored energy is then directly proportional to the
capacitance. Because the capacitance is dimensionally dependent, smaller distances
between the charged plates lead to higher capacitance values, and the resulting
actuation energy is thus also greater. For this reason, the electrostatic principle

2



C. H. Nguyen: Interdigital-Electrode Thin-Film Piezoelectric Microactuators

Heater
Material 1:

lower thermal
expansion

Material 2:
higher thermal
expansion

Anchors & padsHeater

Beams Shuttle Anchors & pads

Cold arm

Hot arm

Heater

(a) (b) (c)

Figure 1.2: Different configurations of the thermal microactuators, the arrows show
the motion direction. (a) The actuator includes two material with different thermal
expansion coefficients [29]. (b) The actuator have several angled beams that expand
when heated [30,31]. (c) The actuator has asymmetric arms to create flexural motion
when heated [32].
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Figure 1.3: Different configurations of the electrostatic microactuators, the arrows
show the motion direction. (a) and (b) are gap closing configurations [33--36], (c)
and (d) are constant gap configurations [24,37--40].

is most interesting for application to microscopic-scale devices. Different potential
configurations for these devices are shown in Fig.1.3.

Piezoelectric

In these devices, actuation is generated via the piezoelectric effect. Piezoelectricity,
which will be discussed more fully in the next section, is a bi-directional effect.
Piezoelectric actuation is based on a converse piezoelectric effect that involves the
induction of stress and strain under an applied electric field. While the electrostatic
principle is largely structurally dependent, piezoelectric actuation is dependent on the
piezoelectric material. Different materials can produce different actuation strengths.
However, even within the same material, the actuation is also dependent on the
direction of the electric field.

In most applications, we would expect a microactuator to offer low energy
consumption and reduced fabrication complexity. Additionally, the microactuator
must be able to provide high mechanical force, large mechanical displacements and
rapid adaptability. It is thus challenging to design a microactuator that can satisfy
all these requirements. The designers generally need to make some trade-offs and
these trade-offs are usually determined by the application requirements. For example,
from an energy consumption perspective, piezoelectric and electrostatic mechanisms
consume the least energy. The energy that is supplied to actuate piezoelectric and
electrostatic microactuators is stored inside each devices own capacitors. Ideally,
these capacitors do not consume energy. In addition, piezoelectric actuation offers
fast adaptability. However, the fabrication of piezoelectric microactuators is often a
complex process. This is not such a challenge with electrostatic actuators, which
are compatible with most conventional fabrication processes. However, electrostatic
actuation also provides challenges with its potential for nonlinear behavior and pull-in
effects. In addition, electrostatic actuators cannot provide high force output with
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low power dissipation [41]. Magnetically-based actuation has been found to provide
a more robust mechanism for microactuators when compared with electrostatic
actuators [42]. However, it is challenging to implement magnetic actuation at the
micro scale [28]. Some thermally-based microactuators such as shape memory alloy
(SMA) actuators, state change actuators, and solid or fluid expansion actuators can
provide the highest available mechanical force [43]. However, thermal actuators often
require high operating temperatures (ranging from 200◦C to 600◦C) that may be
undesirable for more temperature-sensitive applications [44]. A more comprehensive
survey of the performances of the different actuation mechanisms for different
purposes can be found in [43].

1.2 Piezoelectric microactuators

Piezoelectricity

Piezoelectricity, which is a bi-directional effect, appears in certain classes of crystal
symmetry. In one direction, if one of these crystals is mechanically stressed, an
electric polarization is produced. This is called the direct piezoelectric effect and was
discovered by the Curie brothers in 1880. In the other direction, if we apply an electric
field to the same crystal, mechanical stress or strain is created within the crystal.
This is called the converse piezoelectric effect. This converse effect was discovered
mathematically by Lippman in 1881 and was later experimentally confirmed by the
Curies. In other words, piezoelectricity acts as a coupling mechanism between the
mechanical domain, i.e., stress and strain, and the electrical domain, i.e., the electric
field and electric displacement. This coupling phenomenon can be expressed based
on the different forms of the constitutive equations when using matrix notation
together with Voigt’s notation [45]:

d-form:
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where S and T are 6 by 1 matrices of mechanical strain and stress, E and D are
3 by 1 matrices of electric field and electric displacement. Depend on the forms,
those matrices are the stimuli to or the responses of the crystal. Their relation is
determined by the crystal coefficients, i.e., s and c are 6 by 6 elastic matrices, d, e,
g and h are are 6 by 3 piezoelectric coupling matrices while dt, et, gt and ht are
their transpose, ε and β are 3 by 3 dielectric matrices. The superscript E,D ,T and S

denote the boundary condition of zero E,D,T or S respectively. For example, sE is
an elastic compliance matrix of the crystal at the zero electric field condition while
εT is the dielectric constant matrix at the zero stress condition.

Each of equations (1.1)-(1.4) is a set of nine equations. Under a given stimulus,
the material’s response can be known if all the piezoelectric material’s coefficient
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matrices are given. Not all of these 81 coefficients have independent values. Because
of the crystal symmetry, many of the coefficients are zero or are dependent on other
coefficients. For example, in a tetragonal crystal with 4mm symmetry, the six by
three piezoelectric coupling matrices contain only three independent components,
and the d-form expansion of this crystal symmetry is given by


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. (1.5)

Here, we follow the IEEE standard on piezoelectricity [45], where the 3-axis is the
poling axis of the material. Other crystallographic properties and their constitutive
equations can be found in [46]. Table 1.1 lists some of the properties of piezoelectric
materials from the literature.

Table 1.1: The tensor coefficients of some typical piezoelectric material

Notation sE11 sE12 sE13 sE33 d33 d31 εT33/ε0 References
Unit ((TPa)−1) (pm/V ) 1
AlN 3.53 -1.01 -0.76 3.0 5.53 -2.65 9.5 [47,48]
ZnO 7.86 -3.43 -2.21 6.94 11.67 -5.43 10.2 [49]
BaTiO3 8.05 -2.35 -5.24 15.7 85.6 -34.5 168 [49,50]
PZT 5H 16.5 -4.78 -8.45 20.7 593 -274 3400 [49]
PZT 53/47 13.8 -4.07 -5.8 17.1 224.2 -116.7 1180 [50--52]
PZN-PT 82 -28.5 -51.0 108 2000 -970 5200 [53]
PMN-PT 69 -11.1 -55.7 119.6 2820 1330 8200 [54]

A high coupling between the electrical and mechanical domains is important
for MEMS devices. Normally, piezoelectric materials with ferroelectricity provide
higher coupling than a material with purely piezoelectric properties [55]. Inside
the ferroelectric material, connected regions that all have the same polarization
are called the ferroelectric domain. If there are no applied fields, these domains
are arranged to ensure that the averaged piezoelectric coupling constants are zero.
Ferroelectricity enables switching of these electric polarizations using an electric
field. In Table.1.1, BaTiO3, lead zirconate titanate (including the varieties PZT-5H
and PZT-53/47), lead zinc niobate-lead titanate (PZN-PT) and lead magnesium
niobate-lead titanate (PMN-PT) are the ferroelectric materials. Ferroelectricity does
not appear in piezoelectric materials such as aluminium nitride (AlN) and zinc oxide
(ZnO) because the polarization cannot be re-aligned by application of an electric field
in these materials. The alignment should be considered during the manufacturing
process.

Single crystal materials such as PZN-PT and PMN-PT have the highest piezo-
electric coupling coefficients. These materials have been integrated into devices
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Figure 1.4: Three common coupling coefficients of PZT (a) d31 coupling, (b)d33
coupling and (c) d15 coupling . The axes on the left show the material coordinate.
The black layers are electrode, the gray layer are PZT. The black arrow inside PZT
material shows the polarization (P) direction.

such as ultrasound transducers to improve the sensitivity and the bandwidth of
these devices [56]. However, their major drawback is the significantly high cost
because of the manufacturing challenges involved. PZT can provide relatively high
coupling coefficients. In addition, manufacturing of the PZT material has much
simpler requirements than a single-crystal structure. Therefore, PZT materials are
investigated in this study.

Device configuration

In ferroelectric materials, the polarization directions of the ferroelectric domains can
be controlled using electric fields. Therefore, in addition to high coupling, devices
with ferroelectric materials can also offer flexible configurations.

Most common PZT materials have three independent coupling parameters, i.e.,
d31, d33 and d15 as shown in (1.5). Because the 3-axis is the poling axis of the
material, the first index denotes the direction of the electric field and the second
index denotes the stress/strain component. Figure 1.4 illustrates the directions of the
electrical and mechanical fields when the different piezoelectric coupling coefficients
are used. The two most commonly used structures in building MEMS devices are
beams and plates, and these structures are thus investigated in this study.

d31 coupling

The principle of a device with d31 coupling is illustrated in Fig.1.4a. The transducer
includes a piezoelectric layer that is stacked between top and bottom electrode layers.
During or before operation, the piezoelectric layer is poled in the vertical direction.
This is also the direction of the applied electric field that is used to induce normal
strain/stress along the horizontal direction. Therefore, this case is also referred to as
transverse coupling. The advantages of these structures are their simple designs and
their ability to induce homogeneous fields inside their active layers. During operation,
one disadvantage of the d31 coupling actuators is that they produce tensile stress
because the ceramic materials are prone to cracking under high tensile stress [57].

Because of the simple structures, many studies have used transverse coupling
in their designs. The resulting actuator can be configured using either a simple
unimorph configuration or a multimorph configuration. The unimorph structure
shown in Fig.1.5a can include multiple elastic layers and a single piezoelectric layer
stacked between top and bottom electrode (TBE) layers. The multimorph structure
shown in Fig.1.5b can include an arbitrary number of piezoelectric layers. If the
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Figure 1.5: Actuator configuration with d31 coupling (a) and (b), and with d33

coupling (c) and (d).

total thickness of the piezoelectric layers is fixed, the multimorph has the potential
advantage of maintaining actuator performance while reducing the applied voltage.

d33 coupling

The principle of device operation when using d33 coupling is shown in Fig.1.4b. Unlike
d31 coupling, the polarization, the electric field and the mechanical strain/stress with
d33 coupling are all oriented in the same direction. Therefore, this type of coupling
is also referred to as longitudinal coupling. Based on simple considerations, because
the value of the piezoelectric coupling constant d33 is approximately double the
d31 constant for most piezoceramics [50,58], devices with longitudinal piezoelectric
coupling are expected to be twice as strong as the corresponding devices with
transverse coupling. During actuation, the compressive stress that is generated by
d33 coupling can help to prevent cracking of the ceramic materials [57]. However,
this coupling requires a much higher actuation voltage than the d31 coupling.

The typical device with d33 coupling is the type with the interdigital electrode
(IDE) configuration shown in Fig.1.5c. Theoretically speaking, the device concept can
be configured using both unimorph and multimorph structures. However, multimorph
device structures do not appear in the literature because of the fabrication complexity
involved. The unimorph structure shown in Fig.1.5d is therefore the most commonly
used for these devices.

d15 coupling

The principle of device operation with the d15 coupling mode is shown in Fig.1.4c.
The electric field is applied in the perpendicular direction along with the polarization
and the shear strain/stress is generated. While the d15 mode has the largest coupling
value among the three, thin-film piezoelectric devices with d15 coupling are difficult
to realize in real structures.
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2 Motivation

Many pictures are taken every second worldwide. These pictures may depict the
happiest moment in one’s life or may show very important information. Many of these
moments occur in an instant, and camera users increasingly demand not only to be
able to capture the moment but also to be able to take the picture in high definition.
This demand can be resolved using electronic cameras with autofocus functions. In
optical systems, a tunable lens enables the autofocus function. The typical principles
that determine tunability are the relative movement and/or the ability of the optical
lens to change shape. The actuator assumes these mechanical roles in the system.
Different actuation principles are applied to construct the tunable lens. The voice coil
motor (VCM) [59,60], which was first patented by Alexander Graham Bell in 1874,
is considered to be one of the main approaches for tunable lens construction. The
magnetic force is used to change the relative position between the optical lens and
the objects of interest to adjust the focusing. However, magnetically-based tunable
lenses have disadvantages in terms of miniaturization, focusing speed and power
consumption. At present, piezoelectric and electrostatic device types are becoming
increasingly prominent as solutions to replace the traditional VCM. Many successful
prototypes have progressed from laboratory development to the marketplace, with
notable names that include Wavelens, Varioptic, Optotune, Apple and Polight.
A performance comparison of the piezoelectric, electrostatic and electromagnetic
tunable lenses is shown in Table.1.2. As the Table illustrates, the piezoelectric
tunable lens can provide the fastest response.

Table 1.2: Comparison between different tunable lens concepts [61] [62]

Piezoelectric Electrostatic VCM
Focusing time 1ms 10ms 5-15ms
Power 5mW 1mW 50-200mW
Size 6 × 6 mm 6.5 × 6.5 mm 8×8 mm
Magnetic Interference No No Yes

In Norway, Polight AS has patented the piezoelectric tunable lens that is shown
in Fig.1.6a. This lens consists of a polymer layer that is stacked between a glass
support and a glass membrane. A piezoelectric transducer is then deposited on top
of the glass membrane. This piezoelectric transducer consists of a thin piezoelectric
layer and top and bottom metal electrodes. The transducer must be configured
to create radial stress and strain fields when a voltage is applied. Because of the
position of the piezoelectric transducer relative to the neutral plane, a strain gradient
is created across the thickness of the composite membrane and thus causes the
membrane to bend. By controlling the membrane deformation, the tunable focusing
function of the lens is then enabled, as shown in Fig.1.6b.

The working principle of the tunable lens shown in Fig.1.6b can be linked with
that of the human eye shown in Fig.1.6c. The piezoelectric transducer plays the roles
of the ciliary muscles while the polymer acts as the crystalline lens. This ’machine
eye’ is relaxed to focus at infinity if no electric potential is applied; otherwise, the eye
is tensed to focus at a finite distance. A stronger actuator, which acts as the muscle,
leads to a larger bending curvature. The paraxial formula of the plano-convex thin
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Figure 1.6: The piezoelectric based tunable lens configuration [63]. (a) The lens
focuses at infinity at 0 voltage. (b) The lens focuses at a finite distance under an
applied voltage. (c) The focusing principle of the lens similar to human’s eye [64],
the actuator acts as the muscle while the polymer acts as the crystalline.

lens for its focal length is given by [65]:

1

f
= (ng − 1)ρ (1.6)

where ng is the refractive index of the glass and polymer and ρ is the bending curva-
ture, the reciprocal focal length is linearly dependent on the curvature. Therefore, a
stronger actuator causes higher lens curvature and thus enables shorter focal lengths.

To construct a stronger actuator, we can either increase the piezoelectric trans-
ducer thickness or configure the transducer using a multimorph configuration. The
latter solution can potentially help in reducing the applied voltage. However, both
solutions require more complex fabrication processes, which are always accompanied
by higher costs, and this is not always encouraged in consumer electronics applica-
tions. The other solution is to use different piezoelectric coupling coefficients because
the value of d31 is less than that of d33 or d15. For a piezoelectric transducer with
d15 coupling, the polarization is perpendicular to the electric field shown in Fig.1.4.
In a thin film piezoelectric actuator, the polarization can be switched using the
applied electric field. Therefore, thin film piezoelectric actuators with d15 coupling
are difficult to realize. An actuator with d33 coupling can be realized with the IDE
configuration. Because the piezoelectric coupling constant d33 has a value that is
approximately two times larger than that of the d31 for most PZTs, IDE thin film
piezoelectric actuators have been expected to be stronger than conventional TBE
actuators. Experimental results [66] have provided motivation for this expectation.
In [66], two samples of a single piezoelectric layer were configured with the IDE
and TBE layouts. The piezoelectric layer is 190.5µm thick in both samples. Under
the same applied electric field, the sample with the IDE configuration produced
higher strain than the sample with the TBE configuration. Additionally, the IDE
devices required only a single electrode layer on top of the piezoelectric transducer.
This configuration thus has the potential to reduce the number of the fabrication
processes required. Therefore, the IDE configuration can potentially help to reduce
the manufacturing costs. By realizing this potential, attention has been drawn to
IDE configurations not only for actuator applications but also for use in other MEMS
devices such as accelerometers [67], ultrasound devices [68], and energy harvesters [69].
However, a recent experimental study [57] on cantilever-type actuators concluded
that the IDE actuator is no better than the TBE actuator. This is somewhat contrary
to previous expectations and shows that further studies are necessary for a greater
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understanding of IDE actuators.
The objective of this study is to investigate piezoelectric microactuators based

on the interdigitated electrodes concept. The target is to understand and model
these IDE-type actuators. We would like to determine whether or not the thin
film piezoelectric actuator with the IDE configuration could be a stronger actuator
than the corresponding TBE-type actuator and establish if it is possible for this
configuration to be implemented as part of the next generation of tunable optical
lenses.

3 The IDE configuration

The IDE configuration was introduced by Tesla in 1891 [70]. By immersing a series
of rectangular plates in an insulating liquid, he found that the total capacitance of
the resulting structure is linearly proportional to the number of plates used. In 1965,
by depositing the IDE structure on the surface of a piezoelectric material, White and
Voltmer [71] successfully formed the first surface acoustic wave (SAW) devices. This
foundation initiated an explosion in the development of SAW technology over the next
few decades [72]. SAW technology has had a huge impact in military applications,
consumer electronics and telecommunications. The IDE concept was also applied
extensively in sensing applications. The most important and attractive reason for use
of this structure is its single-sided access feature [73]. This feature can be beneficial in
nondestructive sensing when using electric [74--76], magnetic [77--79] or acoustic [80]
fields to penetrate into the samples under test. In most of the cases mentioned
above, the IDE is deposited on a dielectric without any piezoelectric properties or
on a polar, nonferroelectric piezoelectric material such as quartz or, in the case
of thin films, polar, nonferroelectric compounds such as aluminum nitride (AlN)
and zinc oxide (ZnO). In these piezoelectric materials, because of the alternating
signs of the electric potential between the neighboring IDE fingers, the sign of
the piezoelectric stress also alternates and statically, the average stress can thus be
cancelled. However, ferroelectric materials are different. Because the polarization of a
ferroelectric material can be switched using an electric field, the same sign is installed
for the stress in the piezoelectric layer. This enables the use of IDE structures in
actuators [81]. In 1993, by applying IDE patterns to both sides of a single ferroelectric
layer, Hagood and co-authors [66] demonstrated that the structure could provide a
larger and more anisotropic strain than a conventional planar actuator with the TBE
configuration. Recently, the IDE configuration has been used in several different
cantilever [82] and plate-type [67] actuators. Additionally, because higher voltages
can be achieved when larger gap distances are used, the IDE is also suitable for
vibration energy harvesting applications [69,83].

This wide range of potential applications has motivated the modeling of the IDE
structure. Unlike conventional devices that use the TBE configuration, neither the
direction nor the intensity of the electric field is homogeneous within the dielectric
material when using the IDE configuration. This nonstandard distribution thus
creates many challenges in prediction of the exact performance of these devices. For
example, many efforts have previously been made to calculate the IDE capacitance.
Because calculations of the most basic parallel plate model overestimate the IDE
capacitance, more advanced calculation techniques are required. The first one to be
mentioned here is the continuum model [75,84,85]. In this approach, the capacitance
can be calculated by solving Laplace’s equation for the scalar potential and the
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electrical charge. Because the IDE structure is periodic, the electric potentials
on these fingers can be spatially transformed using an infinite Fourier series. By
inserting the transformation into Laplace’s equation and applying the conservation
of charge as a boundary condition, closed-form analytical solutions can be found for
the potential and the charge. The conformal mapping technique (CMT) [86--90] is
another analytical approach that can be used to calculate the IDE capacitance. The
CMT originated from the fact that both the real and imaginary parts of an analytical
function fulfill the Laplace equation in the complex plane. Using an analytic mapping
process, an analytical function can be mapped to another analytical function on
another complex plane. Laplace’s equation can then be solved in the new plane using
simpler standard geometries and boundary conditions. One computational approach
used to calculate the IDE capacitance is the finite element method (FEM) [91--95].
The FEM model is generally recognized as the most popular computational approach
in the literature.

In previous modelling researches, the complexity of the inhomogeneous field
distribution has been addressed comprehensively. Laplace’s equation is regarded as a
starting point from which other physical quantities, e.g., capacitance, electric charge,
electric field and potential, can be derived. Therefore, these models are only valid
if the electric displacement is an electric field-dependent quantity. In piezoelectric
materials, the electric displacement field is linearly related to both the electrical and
mechanical fields. This electromechanical coupling effect presents another challenge
when modelling the IDE structures. In fact, the electromechanical coupling not only
affects the electrical quantities but can also affect the mechanical quantities.

In actuators, the mechanical performance aspects, e.g., free deflection, the blocking
force and the electromechanical coupling factor, are important. To characterize the
mechanical performance, it is necessary to apply an electric potential difference across
the electrodes. The resulting electrical energy will then be coupled to generate an
actuated stress that deforms the device against its mechanical stiffness. For balance,
that mechanical deformation leads to the response of a mechanical stress. This
mechanical stress acts in opposition to the actuated stress. Because piezoelectricity is
a bi-directional effect, this mechanical stress also causes some electrical displacement
on the electrode. Therefore, both the mechanical quantity, i.e., the stiffness, and
the electrical quantity, i.e., the permittivity, can potentially be dependent on the
electromechanical coupling factor. While the dependence of the permittivity on the
piezoelectric electromechanical coupling factor has been formulated for both the IDE
and TBE structures [96], the dependence of the mechanical flexural rigidity on the
piezoelectric coupling factor has only previously been reported for TBE devices [97].
In IDE devices, the question of whether the mechanical flexural rigidity is dependent
on the electromechanical coupling factor remains open and thus must be solved.

If the IDE structure is deposited on a ferroelectric material, the inhomogeneous
electric field can then redistribute the permittivity inhomogeneously. This inho-
mogeneous permittivity then brings modelling of the IDE structure to the next
level of complexity. The problem has thus become too complex to approach using
an analytical model because the classical theory is only supported for solutions
in homogeneous media. Therefore, the solution to this complex problem requires
support from computational techniques.
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4 Choice of research area

As mentioned in Section 2 and Section 3, there are many gaps in the knowledge
and contradictions in the current understanding of piezoelectric actuators with IDE
configurations. One of the areas that must be explored will involve study of the ways
in which the materials electromechanical coupling factor affects both the electrical
and mechanical properties of IDE transducers. Another relevant topic will involve
establishing the governing equation for the electrostatic field inside the piezoelectric
material when using the IDE configuration. Perhaps the most challenging and
interesting topic will be to determine the inhomogeneous field inside the piezoelectric
material with an IDE structure on top. The contradictions in the comparisons
between the IDE and TBE actuators also represent an attractive topic. All the
topics mentioned will first be investigated for the most basic MEMS building block:
beam actuators. In detail, we will fill the knowledge gaps step by step by:

• Establishing a new general governing equation for bending of IDE beam actua-
tors. From the general governing equation, we will show that the mechanical
properties of cantilever and clamped-clamped beam actuators, without an
applied external force, are not dependent on the materials electromechanical
coupling factor.

• Establishing a general linear two-port model of IDE cantilevers. The two-port
model will be established on the basis of the new governing equation for bending
of IDE beam actuators. From the two-port parameters, we will then be able
to see the effects of the materials electromechanical coupling factor on the
electrical and mechanical properties of these cantilever transducers.

• Performing a deflection and electromechanical coupling factor comparison
between the TBE and IDE beam actuators. We will then determine whether
or not the IDE actuator represents a better choice than the TBE actuator.

• Establishing new governing equations to study the electrical properties, in-
cluding the capacitance, the electric displacement and the electric field, of the
piezoelectric material. For a non-piezoelectric material, Laplace’s equation
represents a starting point from which to derive the electrical properties inside
the dielectric material. We will then determine whether this equation is also
valid for piezoelectric materials.

• Determining the effects of the inhomogeneous electric field on the two-port
parameters of IDE cantilever transducers.

• Characterizing ferroelectric materials when using the IDE configuration. The
established theory will be used to characterize the properties of thin film
ferroelectric materials, e.g., the CV and PV and stress-field loops.

• Modelling the inhomogeneous permittivity distributions inside piezoelectric
materials.

Another interesting topic is modelling of a plate actuator when using the IDE
configuration, because the plate is relevant as the most likely structure to be
implemented in a tunable lens. In this topic, we will focus on:
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• Modelling of the actuation of a circular plate piezoelectric actuator with the
IDE electrode configuration.

• Making comparisons between TBE and IDE circular plate actuators. When
used together with the comparison of the beam actuators, the two comparison
studies will help to determine whether the IDE concept is suitable for use in
the next generation of tunable lenses.

• Determining the effects of the different electrode configurations on the bending
of circular plate actuators. In addition to the IDE and TBE actuators, other
electrode patterns will also be investigated.

By following the studies of the topics mentioned above, we expect to establish
suitable fundamental and practical knowledge for the design, modelling and char-
acterization of piezoelectric microactuators with the IDE configuration. However,
the scientific conclusions are not simply limited to microactuator-based applications
such as micropumps, switches, and tunable lenses. The established theory can also
be beneficial in sensor and generator-based applications.

5 Thesis outline

The thesis begins with a general introduction of the field of study, the motivation
for the study and the choice of research area. Two most common structures used
to construct MEMS devices, i.e., beams and plates, are then studied. Chapter 2
focuses on the beam actuators. The governing equations, the two-port models, the
inhomogeneous distribution and the ferroelectric material characterization are all
derived in this chapter. In Chapter 3, plate actuators are investigated. Circular
plate-type actuators using the IDE configuration are modelled. A comparison of the
deflection characteristics of plates with the TBE and IDE electrodes is given. The
effects of the different electrode configurations on the actuation of circular plates
are investigated. Finally, the conclusions and potential areas of further study are
presented in Chapter 4. The Appendix attaches all the manuscripts that set the
basis for the content of this thesis.

13





Chapter 2

Beam actuators

This chapter focuses on static responses of beam actuators. A new governing
equation for bending and a two-port model of IDE beam actuator are derived. An
inhomogeneous distribution of the electric field is investigated. The IDE actuator is
compared with the TBE ones. Finally, these new models are used to characterize
thin film ferroelectric material with the IDE configuration on top.

The chapter starts with an introduction on the general two-port representation of
the beam actuators section 1. This model helps us understand how the transducers
are responded to different kind of stimuli. To derive the two-port parameters,
governing equations for each beam actuator e.g., TBE or IDE need to be established.
Many studies have published the governing equations and the two-port model of
the TBE beams. However, only a few studies recognized the effect of the material
electromechanical coupling factor on the elastic property of the beam e.g., flexural
rigidity. In addition, no publication studies this effect on the IDE beams. Therefore,
starting from the piezoelectric constitutive relations, the new general governing
equations section 3.1 and two-port parameters section 4 of the IDE beam actuators
are established. The effects of the material electromechanical coupling factor on both
electrical and mechanical parameters of the two-port model are derived. In section 5,
the tip deflection of the IDE and TBE beams is chosen to compare. In section 6, the
non-uniform electric field is investigated. Its effects on the physical parameters such
as capacitance, deflection and transducer’s electromechanical coupling factor are
discussed. In section 7, the transducer electromechanical coupling factor of the IDE
and TBE actuators are compared. Finally, all derived models are used to characterize
the electrical and electromechanical properties of the thin film ferroelectric material
with the IDE configuration. The novel characterization method is presented in
section 8.

1 Modelling of the piezoelectric layered beam

1.1 The general form of two-port model

The constitutive equations (1.1-1.4) are used to model the piezoelectricity in the
material level. In the structural level, the electromechanical properties of the
transducer with piezoelectric material can also be modelled by other constitutive
equations. These equations are relating stimulus and response of the transducer. For
instance, with the piezoelectric cantilever beams Fig.2.1, the stimuli can for example
be efforts such as force F and voltage V . A potential difference V is applied across
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(a) TBE configuration (b) IDE configuration

Figure 2.1: Piezoelectric layered cantilever with d31 (a) and d33 (b) coupling. The
arrows inside the piezoelectric layer (plotted in grey) show the direction of the
polarization.

the electrodes and an external force F acts at the tip of the beam. The responses are
then a total charge Q on the metal electrode and a tip deflection δ. Here, x− y − z
coordinate-system axes are device oriented and are different from the crystallographic
axes 1− 2− 3 of the piezoelectric material which are determined by the polarization
direction (3-axis) and therefore may vary throughout the device. In general, the
layered beams can include arbitrary number of layers of different materials as shown
in Fig.2.2 i.e., an elastic structural material, a piezoelectric layer, some diffusion
barriers and/or seed layers, and the IDE or TBE metal electrodes.

Under ideal conditions, the device has no loss or leakage. The energy-conserving
transducer is assumed to work in the linear regime. Regardless of whether the
configuration is a TBE Fig.2.1a or an IDE Fig.2.1b in static equilibrium, the tip
deflection δ and electrical charge Q can be expressed as [98--100]

(
δ
Q

)
=

(
1
Ks

ζ

ζ C

)(
F
V

)
. (2.1)

The relation (2.1) is the two-port model of the transducer. The transformation
matrix is specified by three parameters: a beam short-circuit stiffness Ks, a free ca-
pacitance C and a transducer’s coupling constant ζ. These parameters are analogous
to the reciprocal Young’s modulus, dielectric constant and the material coupling
constant in the constitutive equations of the piezoelectric material. The transducer
electromechanical coupling factor κ is

κ2 =
ζ2Ks

C
, 0 ≤ κ2 ≤ 1. (2.2)

The squared electromechanical coupling factor is defined as the ratio of the output
energy to the maximum input energy during a conversion cycle [58,100]. Hence, it is
a figure of merit saying how effective the piezoelectric transducer is in converting
energy.

1.2 Governing equations

In approaching the governing equations, some assumptions are required [101]
1. Each layer is purely linear elastic or piezoelectric.
2. All parts of the structure are in static equilibrium.
3. There is no slip at interfaces between layers.
4. Beam thickness is always much smaller than the radius of bending curvature.
5. A narrow beam is defined as a beam with width much smaller than its length.
6. A wide beam is defined as a beam with width is much larger than its length.
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Figure 2.2: Cross section of layered beam structure. An example of the TBE device
with M layers.

We distinguish the two special cases of a narrow beam and a wide beam with
respectively plane stress and plane strain constitutive equations. Distinguishing
with respect to the width to length ratio is motivated by the Searle parameter [102]
being small and by Swanson’s result for homogeneous beams [103] that the wide-to-
narrow-beam transition is independent of the thickness. Intermediate cases do of
course occur, but would have to be treated by plate theory.

Different constraints of narrow or wide beam lead to different boundary conditions
of the beam in the width direction. For the narrow beam, the stress is zero and
for the wide beam, the strain is zero. Hence, the effective Young’s modulus Y ,
piezoelectric coupling constants d, and dielectric constant ε for d31 (2.3,2.4) [97] and
d33 (2.5,2.6) coupling are different in these cases and are defined as

Y =





1
sE11

narrow beam

1
sE11,eff

=
sE22

sE11s
E
22−(sE12)

2 wide beam,
(2.3)

d =

{
d31 narrow beam

d31,eff = d31 − d32
sE12
sE22

wide beam.
(2.4)

Y =





1
sE33

narrow beam

1
sE33,eff

=
sE22

sE22s
E
33−(sE32)

2 wide beam,
(2.5)

d =

{
d33 narrow beam

d33,eff = d33 − d32
sE32
sE22

wide beam.
(2.6)

ε =

{
εT33 narrow beam

εT33,eff = εT33 − d232
sE22

wide beam.
(2.7)

where sEij is the compliance at constant electric field, dij is the piezoelectric coupling
constant and εTij is the dielectric constant at constant stress. The Voigt notation [45]
is used. In our analysis, we assume that the piezoelectric material has zero shear-
tension coupling, i.e., sEij = 0 for i = 1, 2, 3 and j = 4, 5, 6. This assumption applies
to many materials such as those with orthorohombic, cubic, isotropic or hexagonal
symmetry [46].
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From the assumptions, the x-axis normal strain in the beam is

S(x, z) = u′(x)− zw′′(x) (2.8)

where u(x) and w(x) are the longitudinal displacement and the transversal deflection
of a point at position x along the beam axis.

Let zm denote the lowest coordinate the mth layer along the z-axis as shown in
Fig.2.2. Ym, dm, and εm are the effective material parameters of this layer. Starting
from the d-form of the piezoelectric constitutive equations (1.1) and using the effective
constants in (2.3-2.7), constitutive equations within a layer can be written

Tm(x, z) = Ym(S(x, z)− dmEm(x, z)) (2.9)

Dm(x, z) = εm(1− κ2
m)Em(x, z) + dmYmS(x, z) (2.10)

where κ2
m = Ymd

2
m/εm is an electromechanical coupling factor for the material.

To establish the governing equations, (2.8-2.10) are used to express the electric
displacement Dm(x, z), the stress resultants bending moment per unit width

M(x) =
M−1∑

m=0

∫ zm+1

zm

Tm(x, z)zdz, (2.11)

and axial force per unit width

P (x) =
M−1∑

m=0

∫ zm+1

zm

Tm(x, z)dz (2.12)

in terms of V , u′ and w′′ for a section of the beam. Together with beam equilibrium
equations, these results can be used to obtain expressions for the parameters of the
two-port model stated in (2.1).

2 Two-port model of the TBE transducer

Although two-port models of unimorph and bimorph transducers have been pub-
lished [98, 99, 104], however, these work were limited for two-layer structures. In
addition, effect of the material electromechanical coupling factor on the mechanical
property was not mentioned. This effect was later recognized in a few researches
e.g., [97]. They showed that the flexural rigidity of the structure is dependent on
the electromechanical coupling factor of the piezoelectric material.

In this section, a general governing equation for the bending of the unimorph
TBE actuator with arbitrary number of layers is reviewed [97]. Using this equation,
the two-port model of the TBE cantilever is derived. Then, the effect of the material
electromechanical coupling factor on both electrical and mechanical property of the
transducer is observed.

First, we choose the coordinate system that can decouple the bending moment
with the axial strain, and the axial force with the bending strain. One can show that
this decoupling is achieved when

∑

m

z̄mYmtm = 0 (2.13)
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where tm = zm+1 − zm the thickness of the mth layer and z̄m = (zm+1 + zm)/2. By∑
m, we mean

∑M−1
m=0 with M the number of layers and this notation is used hereafter.

This choice leads to

M(x) = −K̂ ∂2w

∂x2
+ Γ̂

V

tp
(2.14)

or
∂2w

∂x2
= −M(x)

K̂
+

Γ̂

K̂

V

tp
(2.15)

where the tp is the thickness of the piezoelectric layer and

K̂ =
∑

m

Ym

[
Im

1− κ2
m

+ tmz̄
2
m

]
, (2.16)

Γ̂ =
∑

m

z̄mYmtmdm. (2.17)

Here, Im = t3m/12 is the area moment of inertia per unit width of the mth layer.
As the force F acts at the tip of the beam,

M(x) = −F (L− x). (2.18)

The derivation of the tip deflection δ is as follows. First, we substitute (2.18)
into (2.15). Then, the new equation is integrated across the beam length. Finally,
boundary conditions, no deflection and no slope at the clamped end, are applied to
find all integral constants.

From Gauss’s law, the electric displacement within the piezoelectric layer at any
cross-section is constant. This value is found by integrating (2.10) along the z-axis:

Dz(x) =
1

tp

∫ zp+1

zp

Dz(x, z)dz. (2.19)

In the integral (2.19), the strain S(x, z) is given in (2.8) and the second derivative
of the deflection is given in (2.15). The total electric charge per unit width is

Q =

∫ L

0

Dz(x)dx. (2.20)

Neglecting the small contribution to charge from the axial strain, we arrive at a
TBE two-port-model with narrow-beam parameters

Ks =
3K̂

L3
, (2.21)

ζ =
z̄pd31

sE11K̂

L2

2
, (2.22)

C = εT33

[
1 + (α31 − 1)κ2

31

] L
tp
, (2.23)

and

κ2 =
3

4

α31κ
2
31

1 + (α31 − 1)κ2
31

(2.24)
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where α31 = tpz̄
2
p/(s

E
11K̂), κ2

31 = d2
31/(s

E
11ε

T
33). Note that tpz̄

2
p/s

E
11 is a contribution of

the piezoelectric layer to the flexural rigidity of the beam (2.16). The quantity α31

therefore quantifies the relative contribution of the piezoelectric layer to the flexural
rigidity. We will refer to it as a flexural rigidity ratio.

The formula (2.21) show that the stiffnessKs of the structure is not only dependent
on the elasticity and dimension of the layers but also the electromechanical coupling
factor of the piezoelectric material. The formulas (2.23) and (2.24) show that C and
κ2 are not only determined by the piezoelectric material. Moreover, these parameters
are also dependent on the other materials of the stack and their relative positions,
i.e., through the flexural rigidity ratio.

For the wide beam, the effective values (2.3), (2.4) and (2.7) should be used
instead to obtain its parameters by exactly the same route.

For the specific case of a unimorph beam, the two-port parameters were presented
in [98] and [104]. By neglecting the contribution of the electromechanical coupling
on the flexural rigidity in (2.16), our general results (2.21), (2.23) and (2.24) agree
with these previous results by setting M = 2.

3 Governing equation of d33 coupling beams

For the d31 coupling transducers, we observed that the material electromechanical
coupling factor modifies the flexural rigidity of the piezoelectric material with a term
1/(1− κ2

m) (2.16). This contribution can be substantial if the piezoelectric material
has high electromechanical coupling factor or if the piezoelectric layers dominate
the thickness in some multimorphs structure [97]. The concern turns out if the
material electromechanical coupling factor has some contributions on the d33 coupling
transducers or not. In this section, detail analyses are given for the clarification.

3.1 Governing equation

We assume that the electric displacement in the active region is constant along the
length. It is found by integrating (2.10) across the active region i.e., nT + b ≤ x ≤
(n+ 1)T , n is an integer, so that

Dm(x, z) = dmYmS̄(z)− εm(1− κ2
m)
V

a
(2.25)

where

S̄ (z) =
1

a

∫ (n+1)T

nT+b

S (x, z) dx =
u (Tn + a)− u (Tn)

a
− zw

′ (Tn + a)− w′ (Tn)

a
(2.26)

and Tn = nT + b.
Substituting (2.25) into (2.10) leads to

Em(x, z) = −V
a
− ξm
dm

(S(x, z)− S̄ (z)) (2.27)

where ξm = κ2m
1−κ2m .

Now substituting (2.27) into (2.9) the resultant stress is obtained as

Tm (x, z) = Ym

(
(1 + ξm)S (x, z)− ξmS̄ (z) + dm

V

a

)
. (2.28)
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Then, the bending moment (2.11) and stretching force (2.12) per unit width can be
found by integrating the stress (2.28) along the thickness. We choose the origin so
that

∑
m tmYmz̄m = 0 where z̄m = (zm + zm+1)/2. Then, the governing equations of

the layered beam structure with d33 coupling are

P (x) =
(
K̂P + K̂P,ξ

)
u′(x)− Γ̂ξw

′′(x) + P̂E

− K̂P,ξ
u (Tn + a)− u (Tn)

a
+ Γ̂ξ

w′ (Tn + a)− w′ (Tn)

a
, (2.29)

M (x) = Γ̂ξu
′(x)−

(
K̂2 + K̂2,ξ

)
w′′(x) + M̂E2

− Γ̂ξ
u (Tn + a)− u (Tn)

a
+ K̂2,ξ

w′ (Tn + a)− w′ (Tn)

a
(2.30)

where

P̂E =
∑

m

tmYmdm
V

a
, (2.31)

K̂P =
∑

m

tmYm, (2.32)

M̂E2 =
∑

m

tmYmz̄mdm
V

a
, (2.33)

K̂2 =
∑

m

tmYm

(
z̄2
m +

t2m
12

)
, (2.34)

and the remaining definitions are K̂P,ξ =
∑

m tmYmξm, Γ̂ξ =
∑

m tmYmz̄mξm and

K̂2,ξ =
∑

m tmYmξm

(
z2
m + t2m

12

)
.

Integrating (2.29) and (2.30) along the active region leads to

u (Tn + a)− u (Tn)

a
= − P̂E − Pn

K̂P

, (2.35)

w′ (Tn + a)− w′ (Tn)

a
=
M̂E2 −Mn

K̂2

(2.36)

where Pn = 1
a

∫ (n+1)T

nT+b
P (x)dx and Mn = 1

a

∫ (n+1)T

nT+b
M(x)dx are respectively the

average force and moment per unit width.
Finally, substituting (2.35) and (2.36) into (2.29) and (2.30), solving the new

equations with respect to u′ (x) and w′′ (x), we get

u′ (x) = − P̂E
K̂P

− Γ̂ξ (M(x)−Mn)

(K̂p + K̂p,ξ)(K̂2 + K̂2,ξ)− Γ̂2
ξ

+
Pn

K̂p

(
P (x)
Pn

K̂P + K̂p,ξ

)
(K̂2 + K̂2,ξ)− Γ̂2

ξ

(K̂p + K̂p,ξ)(K̂2 + K̂2,ξ)− Γ̂2
ξ

, (2.37)
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(a) d31 coupling actuator (b) d33 coupling actuator

Figure 2.3: The potential V is applied to kept electric field strength at E = 1MV/m
in both case of coupling mode and tb + tp = 40µm.

w′′ (x) =
M̂E2

K̂2

+
Γ̂ξ (P (x)− Pn)

(K̂p + K̂p,ξ)(K̂2 + K̂2,ξ)− Γ̂2
ξ

−Mn

K̂2

(
K̂P + K̂p,ξ

)(
M(x)
Mn

K̂2 + K̂2,ξ

)
− Γ̂2

ξ

(K̂p + K̂p,ξ)(K̂2 + K̂2,ξ)− Γ̂2
ξ

. (2.38)

If no external force is applied (F = 0), for the cantilever beam, M(x) = P (x) = 0
and then

u′ (x) = − P̂E
K̂P

, (2.39)

w′′ (x) =
M̂E2

K̂2

. (2.40)

For the clamped-clamped beam actuator, M(x) = Mn = const and P (x) = Pn =
0. Then

u′ (x) = − P̂E
K̂P

, (2.41)

w′′ (x) =
M̂E2 −Mn

K̂2

. (2.42)

Equations (2.39), (2.40), (2.41) and (2.42) show that no coupling correction term
appears in the flexural rigidity of the IDE-beam active regions.

3.2 Case studies

Two cantilever beams are investigated, both have length L of 1mm. In these case
studies, we limit the structures with two layers. A structural layer has the Young
modulus of 74 GPa and the Poisson’s ratio of 0.3. A piezoelectric layer has properties
as given in Table.2.1. The electrode layers are much thinner than other layers so
that their elastic effects can be neglected.

Beam with d31 coupling

Figure 2.3a is the beam actuator with d31 coupling. The electric field direction
is parallel to the polarization direction, the stress and strain fields are induced in
perpendicular to the polarization direction.

By integrating the bending curvature (2.15) along the x-direction, the free tip
deflection is

δTBE(L) = ρ31
L2

2
(2.43)
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Table 2.1: PbZr0.53Ti0.47O3 parameters calculated from [50--52]

Parameters and unit
Narrow beam Wide beam

Notation Value Notation Value
sE11 = sE22 13.8 sE11,eff 12.6

Compliance ((TPa)−1) sE12 -4.07
sE32 = sE31 -5.8
sE33 17.1 sE33,eff 14.7

Piezoelectric coupling (pm/V) d31 = d32 -116.7 d31,eff -151.1
d33 224.2 d33,eff 175.2

Permittivity εT11 1290ε0

εT33 1180ε0 εT33,eff 1067ε0

Material electromechanical κ2
31 0.09 κ2

31,eff 0.19
coupling factor κ2

33 0.28 κ2
33,eff 0.22

where ρ31 = (Γ̂V )/(K̂tp) is the free bending curvature (M(x) = 0) of the TBE beam.
In Fig.2.4a, two analytical model are validated by the FEM simulation. The

standard model is plotted when κ31 is excluded in the flexural rigidity K̂ (2.16).
This standard model of flexural rigidity is often found in literatures [98,104]. The
corrected model is plotted when κ31 is included in the flexural rigidity K̂ as given
in (2.16). Figure 2.4a shows that the corrected model with the modification in the
flexural rigidity is the best in reproducing the results calculated by the finite element
simulation. However, if the piezoelectric film is thin (α > 0.6), both analytical
model can reproduce the FEM results. This is because the flexural rigidity of the
whole structure is dominant by the structural layer. Therefore, a small correction
for a small flexural rigidity of the piezoelectric layer is not so important and can be
neglected.

Beam with d33 coupling

For actuators with the d33 coupling, the electric field, polarization and stress strain
fields are all in a horizontal direction. We simplify the actuator with one active region
as shown in Fig.2.3b. For thin piezoelectric film, this configuration seems unrealistic
since it requires a very high electric potential (≈ 104V ) for poling. However, the
configuration is a good example to understand the actuation with d33 coupling.

By integrating the bending curvature (2.40) along the x-direction, the free tip
deflection is

δIDE(L) = ρ33
L2

2
(2.44)

where ρ33 = M̂E2/K̂2 is the free bending curvature (M(x) = 0) of the IDE beam.
The FEM and analytical results in Fig.2.4b are perfectly agreed. No correction

term requires for the flexural rigidity as expected.

4 Two-port model of the IDE transducer

The IDE structure is shown in Fig.2.1b. We first assume that the electric field has
a homogeneous distribution within the active regions i.e., between the electrode
fingers and is zero in the passive regions i.e., beneath each finger as shown in Fig.2.5.
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Figure 2.4: Tip deflection of piezoelectric actuator at different thickness of the
substrate and piezoelectric material tb/(tp + tb) and tb + tp = 40µm.

Figure 2.5: Homogeneous field distribution assumption inside active regions.

We choose the origin as mentioned in section 3.1 i.e.,
∑

m tmYmz̄m = 0. Due to
the different stack layers between the active and passive regions i.e., orientation of
the piezoelectric polarization and the presence of a very thin metal-electrode film,
the origin are located differently. We choose the one in the active regions. With
this choice, there will be a small such coupling in the passive regions due to the
different stack layers, we neglect this tiny coupling. Hence, from (2.15) and (2.38)
the governing equation of the IDE beam is

∂2w

∂x2
=

{
−M(x)

K̂
Passive region

M̂E2

K̂2
− M(x)

K̃2
−Mn

(
1

K̂2
− 1

K̃2

)
Active region

(2.45)

where the passive and active regions which are respectively x ∈ [nT, nT+b) and
x ∈ [nT+b, (n+1)T ) for integer n. The flexural rigidities K̂ and K̂2 in the passive
and active regions respectively are given in (2.16) and (2.34). The flexural rigidity

K̃2 is

K̃2 = K̂2 + K̂2,ξ −
Γ̂2
ξ

K̂p + K̂p,ξ

, (2.46)

where all definitions are given in section 3.1. By inserting (2.18) into (2.45), integrat-
ing the resulting relation across the beam length, and applying boundary conditions,
the tip deflection δ of the beam is found. From (2.1), the short-circuit compliance
1/Ks is the ratio of this deflection to the force at zero voltage, i.e.,
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Figure 2.6: The total electric charge on an electrode is found by integrating the
normal component of the electric displacement vector around the contour.

1

Ks

=
L(N + 1)

K̂2

[
a2

2
− a

3 + 3a2b

6L
+
NTa

2
−N(N + 2)T 2a

6L

]
− (N + 1)a3

12

(
1

K̂2

− 1

K̃2

)

+
L(N + 1)

K̂

[
b2 + 2ab

2
− b3 + 3ab2

6L
+
NTb

2
− N(N + 2)T 2b

6L

]
(2.47)

where N is the number of active regions and L = (N + 1)T .
The coupling constant is the ratio of the deflection to the voltage for zero force,

and can be written

ζ =
z̄ptpd33

sE33K̂2

N2a

2

(
1 +

(
1 +

1

N

)
b

a
+

2

N

)
. (2.48)

The total electric charge per unit width on an electrode of the IDE cantilever
can be found by integrating the normal component of the electric displacement
vector around a contour as shown in Fig.2.6 and summing over all fingers of the
electrode. Neglecting the electric flux outside the piezoelectric material, the contour
integral reduces to two integrals across the piezoelectric layers on each side of the
finger. Choosing the contour to cross in the middle of the active regions, i.e., at
x = x̄n = (n + 1/2)T + b/2, ensures that the displacement field is x-directed and
aligned with or against the normal on those parts of the contour. Hence with N
active regions, the charge is

Q =
N−1∑

n=0

∫ zp+1

zp

Dx(x̄n, z)dz. (2.49)

In evaluating this charge, we assume that the electric field is a constant, i.e.,
E(x, z) = Ex = V/a. From the charge expression, we can then extract the free
capacitance C as the coefficient of voltage dependence when the force is equal to
zero. It is

C = ε33,eff
Ntp
a

(2.50)

where we defined an effective permittivity

ε33,eff = εT33

[
1 + (α33 − 1)κ2

33

]
. (2.51)

and α33 =
tpz̄2p

sE33K̂2
, κ2

33 =
d233

sE33ε
T
33

.

Since we know C, Ks, and ζ the coupling is conveniently quantified in terms of
the two-port electromechanical coupling factor (2.2) which becomes

κ2 =
3

4

α33κ
2
33

1 + (α33 − 1)κ2
33

N3a3

L3

[
1 +

(
1 +

1

N

)
b

a
+

2

N

]2

(2.52)
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where we made the simplification

K̂ ≈ K̃2 ≈ K̂2. (2.53)

Then

Ks =
3K̂2

L3
. (2.54)

When N is large enough, we can further simplify to

κ2 =
3

4

α33κ
2
33

1 + (α33 − 1)κ2
33

a

T
. (2.55)

Similarly to the TBE device, equations (2.50), (2.55) show that C and κ2 in the
IDE device are also dependent on the detailed layer structure through a flexural
rigidity ratio, here called α33. Equation (2.55) state that the electromechanical
coupling factor of the IDE device is also dependent on the gap to pitch ratio.

Note that all analysis apply for the narrow structure. For the wide beam, the
effective values (2.5, 2.6, 2.7) should be used.

5 Deflection of the piezoelectric layered beam

In this section, the free deflection of the IDE and TBE actuator are compared. In some
optical applications such as scanning micro-mirrors [16,105], optical switches [106],
optical image stabilizers [107] and tunable lenses [10,108] the tip deflection should
be as high as possible. Moreover, measured beam deflection is a standard method
to characterize thin piezoelectric films. This method has been commercialized with
the aixACCT systems [109] for the transversal coupling measurement with the TBE
beam [110]. An accurate model of the IDE beam can be applied for an accurate
measurement of the longitudinal coupling.

5.1 Comparison between piezoelectric beams with the TBE
and IDE configurations

The established models in section 2 and 4 are used to compare the free tip deflection
between the TBE and IDE beams. The comparison helps designers to determine
the actuation with higher deflection capability. This is important for some optical
applications as mentioned above.

The comparison is conducted both at equal voltage and at equal electric field.
In the first comparison the same potential difference V is applied across the TBE
as between the neighbouring electrodes of the IDE actuator. In the equal-field
comparison, the voltages are set such that the average electric field strength is the
same in the IDE and the TBE. The applied voltage between the neighbouring fingers
in the IDE actuator VIDE and the applied voltage between the top and the bottom
electrode in the TBE actuator VTBE are then related by

VIDE = VTBE ×
a

tp
. (2.56)

From paper 1 [111], the wide-beam actuator is the upper deflection limit for
the TBE beams and is the lower deflection limit for the IDE beam. This means
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Figure 2.7: IDE and TBE cantilever actuators comparison. For the IDE, the finger
spacings and finger widths are a = b = T/2. The thickness of the piezoelectric layer
is tp = 2um.

that if there exists a wide-beam IDE actuator that has larger deflection than the
corresponding TBE actuator, then the deflection is larger for any IDE actuator width.
Therefore, we only consider the wide-beam actuators which is the more conservative
choice with respect to IDE performance. We are not limit our comparison with only
the cantilever beam but the clamped-clamped beam are also compared.

Cantilever beams

If we substitute L = (N + 1)(a + b) into (2.22), the free tip deflection of the d31

mode actuator is

δTBE = ζTBEVTBE =
z̄p,TBEd31

sE11K̂

(Na)2

2

[
1 +

(
1 +

1

N

)
b

a
+

1

N

]2

VTBE. (2.57)

From (2.48) and (2.57), the tip deflection ratio between the two types of cantilever
actuators is

∣∣∣∣
δIDE

δTBE

∣∣∣∣ =

∣∣∣∣∣
z̄p,IDE

z̄p,TBE

VIDE

VTBE

K̂

K̂2

d33s
E
11

d31sE33

tp
a

∣∣∣∣∣

[
1 +

(
1 + 1

N

)
b
a

+ 2
N

]
[
1 +

(
1 + 1

N

)
b
a

+ 1
N

]2 . (2.58)

The comparison between the IDE and the TBE cantilever actuators is shown
in Fig. 2.7a for the same voltage. Analytical result predict that the IDE actuator
can have higher deflection than the TBE one if tp/T > 0.8. However, this is not the
case with the FEM results, the TBE actuator is always superior to the IDE actuator.
The analytical result and FEM results is only agree well when the thickness of the
piezoelectric much smaller than the gap. Otherwise, electric field is non-uniform and
reduce the performance of the IDE device.

Comparison at the same electric field strength is shown in Fig. 2.7b. The IDE
wide-beam actuator is preferred if the ratio between the gap and the pitch a/T
is larger than 0.8. This is confirmed by the FEM calculation when the pitch is
T = 40µm and a/T is around 0.8. The FEM results also report that the smaller the
pitch the smaller the deflection.
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(a) TBE (b) IDE

Figure 2.8: TBE (a) and IDE (b) clamped-clamped beam actuators.

Clamped-clamped beams

The clamped-clamped beams with TBE and IDE configurations are shown in Fig.2.8a
and Fig.2.8b respectively. From paper 1 [111], the deflection at the center of the
clamped-clamped beams are

δTBE

(
L

2

)
=
z̄p,TBEd31

sE11K̂

L2

8

X (1−X)

1 +
(
YbIb
K̂
− 1
)
X
VTBE (2.59)

and

δIDE

(
L

2

)
=
z̄p,IDEd33

sE33K̂2

tp
T

L2

8

X(1−X)

1 +
(
YbIb
K̂2

a
T

+ (1 + 1
N

)YbIb
K̂

b
T
− 1
)
X
VIDE (2.60)

where X = 2R/L. Yb, Ib = t3b/12 are respectively the Young’s modulus and the
moment of inertia per unit width of the structural layer with the thickness tb. The
optimum transducer length can be found from (2.59) and (2.60) are

Xopt
TBE =

(
1 +

√
YbIb

K̂

)−1

, (2.61)

and

Xopt
IDE =

(
1 +

√
YbIb

K̂2

a

T
+ (1 +

1

N
)
YbIb

K̂

b

T

)−1

. (2.62)

With the simplifications YbIb ≈ K̂2 ≈ K̂ and large N , the optimum values in
both cases equal one quarter of a beam length. This means that 50% of the beam
surface should be covered by the piezoelectric film.

From (2.59) and (2.60), the maximum deflection ratio for a clamped-clamped
beam actuator is

∣∣∣∣
δIDE

δTBE

∣∣∣∣ =

∣∣∣∣∣
z̄p,IDE

z̄p,TBE

VIDE
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d33s
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11

d31sE33
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1 +

(
YbIb
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− 1
)
X
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(
YbIb
K̂2

a
T

+ (1 + 1
N

)YbIb
K̂

b
T
− 1
)
X
. (2.63)

For the equal-voltage comparison, the results in Fig.2.9a show a similar tendency
to the cantilever case. The deflection of the IDE actuator calculated by FEM model
is much smaller than the analytic and less than the TBE one. Meanwhile, for the
equal-field comparison, the analytical and FEM results in Fig.2.9b predict that the
IDE actuator will have larger deflection than the TBE actuator at a certain ratio of
finger width and spacing i.e., a/T = 0.9 and T = 40µm.
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Figure 2.9: IDE and TBE cantilever actuators comparison. For the IDE, the finger
spacings and finger widths are a = b = T/2. The transducer length is Ropt = 270um.
The thickness of the piezoelectric layer is tp = 2um.

5.2 Discussion

The ratios (2.58) and (2.63) can be further simplified if the number of active regions
N is large enough and the structure thickness is dominant by the substrate. The
second simplification leads to YbIb ≈ K̂ ≈ K̂2 and z̄p,IDE ≈ z̄p,TBE ≈ (tp+ tb)/2. With
both simplifications, we can show that the cantilever and the clamped-clamped beam
have identical ratios. We define these ratios as figures of merit (FOMs): FOMV for
the equal-voltage comparison and FOME for the equal-field comparison

FOMV ≈





∣∣∣ s
E
11

sE33
× d33

d31

∣∣∣× tp
T

Narrow beam,∣∣∣ s
E
11,eff

sE33,eff
× d33,eff

d31,eff

∣∣∣× tp
T

Wide beam,
(2.64)

and

FOME ≈





∣∣∣ s
E
11

sE33
× d33

d31

∣∣∣× a
T

Narrow beam,∣∣∣ s
E
11,eff

sE33,eff
× d33,eff

d31,eff

∣∣∣× a
T

Wide beam.
(2.65)

The FOMs in (2.64) and (2.65) are dependent on material properties and a few
mechanical dimensions. Using these one can determine which is the appropriate
actuator design, the TBE or the IDE actuator, for a specific application.

In the equal-voltage results in Figs. 2.7a and 2.9a show no parameter range where
the IDE is beneficial. This conclusion based on the numerical analysis can be further
substantiated by considering the figure of merit in (2.64). For very small tp/T the
FOM goes to zero, but we can estimate the value of tp/T that makes FOMV > 1
and hence the IDE beneficial. We find that tp/T ≥ |sE33d31|/|sE11d33| ≈ 0.65, where
we used the previously given parameters and, since it gives the lowest value, the
narrow-beam equations. However, in this range of value, performance of the IDE
beam receive detrimental effects. The reason is the inhomogeneous electric-field
distribution. This will be discuss more detail in the next section.

For the equal-field comparison, increasing the ratio between the finger spacing
and the pitch in the IDE actuator increases FOME. Depending on the properties of
the PZT materials, the TBE or the IDE design can be chosen. Using the material
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Table 2.2: The FOM’s pre-factor of different piezoelectric material

Material
∣∣∣ s
E
11

sE33
× d33

d31

∣∣∣
∣∣∣ s
E
11,eff

sE33,eff
× d33,eff

d31,eff

∣∣∣ References

PZT-5A 1.9 1.19 [49]
PZT-5H 1.73 1.18 [49]
PZT- 3203HD 1.57 1.07 [112]
PZT-45/55 2.06 1.35 [50,52]
PZT-53/47 1.55 0.99 [50--52]
PZT 60/40 2.26 1.57 [50,52]
PZN-PT 1.57 1.01 [53]
PMN-PT 1.22 1.02 [54]

Figure 2.10: Inhomogeneous field distribution inside piezoelectric sheet.

parameters in Table 2.1,
∣∣∣ s
E
11,eff

sE33,eff
× d33,eff

d31,eff

∣∣∣ ≈ 1 and
∣∣∣ s
E
11

sE33
× d33

d31

∣∣∣ ≈ 1.55 respectively for

wide and narrow beams. With thin piezoelectric films and the narrow beam, there
is always a value of a/T that make FOME (2.65) larger than 1 and hence the IDE
beneficial. For the wide beam, these material parameters do not favor the IDE
configuration. However, for our case in Fig. 2.7b and Fig. 2.9b, the IDE configuration
is preferable with an appropriate choice of a/T , i.e., 0.8 and 0.9 respectively for
the cantilever and the clamped-clamped wide-beam. These are both very close to
one. This can be understood from the thickness ratio between the piezoelectric
layer and the structural layer being 1:10. In this case, the thin-film simplification
YbIb ≈ K̂ ≈ K̂2 is not so good.

In the experimental study [57], comparison between TBE and IDE beam has
been conducted. An 500nm PZT-film deposited on a structural layer with the whole
wafer thickness (approximately 500um) satisfies well the thin-film simplification.
The comparable e coefficients, which are the ratios between the d and s coefficients,
of ±15C/m2 for the TBE and IDE actuators lead to FOME=a/T which is always
less than one. These figures of merit explain their conclusion that the IDE actuator
has no advantage in converse mode.

The piezoelectric material constants vary slightly in the literature as shown in

Table 2.2. The
∣∣∣ s
E
11,eff

sE33,eff
× d33,eff

d31,eff

∣∣∣ are varied from 1 to 1.57 which predicting a somewhat

higher deflection of the IDE structure relative to the TBE structure for the equal-field
comparison.

6 Effect of the non-uniform field on the IDE beam

In previous section, the analysis of IDE transducer assumes that the electric field has
an uniform distribution Fig.2.5. This assumption leads to the solution of the coupling
constant (2.48) and the capacitance (2.50). The assumption is applicable when the
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(a) Symmetric configuration (b) Asymmetric configuration

Figure 2.11: Two configurations of the IDE (a) without interconnection lines and
(b) with interconnection lines. The dark areas are metal electrodes.

thickness ratio of the piezoelectric layer to the pitch is small. For larger ratios, the
FEM results are not well reproduced by these analytic models e.g., Figs 2.7a and
2.9a. The explanation is the non-uniform distribution of the electric field [94] as
shown in Fig.2.10.

In this section, effects of the non-uniform field on the IDE beam are investigated.
A mathematical approach named conformal mapping technique (CMT) can help
to explore the physic. There are several studies using the CMT to solve the non-
uniform field problem. However, these works limit for either isotropic [88--90] or
anisotropic dielectric [86,87] material without the piezoelectric effect. Hence, section
6.1 focuses to adapt these available CMTs to anisotropic piezoelectric materials in a
parallel-strip structure. Section 6.2 discusses the non-uniform field and its effects on
the transducer coupling constant. Section 6.3 presents a new analytic approach to
handle the further complexity that arises for the IDE structure when both end-effects
and the anisotropy of piezoelectric material are taken into account.

6.1 Capacitance model in an anisotropic piezoelectric mate-
rial

In this section, the top surface of the IDE device Fig.2.1b has the symmetric
configuration without busbars as shown in Fig.2.11a. Starting from Gauss law
∇ · ~D = 0, the piezoelectric constitutive equations and thin beam simplification,
equation for the electric field in the active regions of the piezoelectric layer with
narrow-beam parameters is

εT33

∂Ex
∂x

+ εT11

∂Ez
∂z

+ d33
∂Tp(x, z)

∂x
= 0. (2.66)

If d33 equals zero or the stress is constant along the x direction, the last term in
(2.66) is zero. This simpler problem can be found in the literature [86], [87]. Without
this simplification, (2.66) is rewritten using (2.9) to yield

εT33(1− κ2
33)
∂Ex
∂x

+ εT11

∂Ez
∂z

+
d33

sE33

∂S(x, z)

∂x
= 0. (2.67)

Neglecting the contribution of the axial strain, the strain term in (2.67) can be
replaced by the second derivative using (2.8), i.e.,

S(x, z) ≈ −z∂
2w

∂x2
. (2.68)

Inserting (2.68) into (2.9) for the stress, the resultant moment (2.11) is the integral
of the stress. For the mechanically free boundary conditions, the resultant bending
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moment (2.11) is zero, we obtain an equation for the second derivative of the defection

∂2w

∂x2
= − 1

K̂2

∫ zp+1

zp

d33

sE33

zExdz. (2.69)

If we assume the electric field is uniform, the second derivative (2.69) is back to
what we have in (2.40). Otherwise, from (2.68) and (2.69), (2.67) is

εT33(1− κ2
33)
∂Ex
∂x

+ εT11

∂Ez
∂z

+
zd2

33

K̂2(sE33)2

∂

∂x

∫ zp+1

zp

zExdz = 0. (2.70)

We now treat the electric field component Ex as z-independent in the integral. This
approximation is valid when the thickness of the piezoelectric film is much smaller
than the active gap. Equation (2.70) then becomes

εT33

[
1 +

(
z
z̄ptp

K̂2sE33

− 1

)
κ2

33

]
∂Ex
∂x

+ εT11

∂Ez
∂z

= 0. (2.71)

This equation has the appearance of a two-dimensional Gauss law with spatially
varying permittivity. However, since the thickness of the piezoelectric layer is much
smaller than the supporting layer, this variation is negligible. We therefore make
the further approximation z = z̄p in the bracket and (2.71) becomes

ε33,eff
∂Ex
∂x

+ εT11

∂Ez
∂z

= 0. (2.72)

Note that the effective permittivity ε33,eff here is the same quantity (2.51) that
we encountered when analyzing the free capacitance (2.50) using a simpler field
assumption. With (2.72), the capacitance can now be calculated more accurately.

From the field-potential relation Ei = −∂ϕ/∂xi, (2.72) becomes

∂2ϕ

∂x2
+

εT11

ε33,eff

∂2ϕ

∂z2
= 0. (2.73)

We make a change of coordinates from (x, z) to (x, ẑ) such that ẑ = ẑm+
√
ε33,eff/εT11(z−

zm) within layer no. m and ẑm are constants that make the transformation continuous.
With ϕ(x, z) = ϕ̂(x, ẑ), (2.73) becomes

∂2ϕ̂

∂x2
+
∂2ϕ̂

∂ẑ2
= 0 (2.74)

within each layer.
The continuity condition on the normal electric displacement at the interfaces

between the piezoelectric and other layers should be valid before and after transfor-
mation. Hence,

εT11

∂ϕ

∂z
=
√
ε33,effεT11

∂ϕ̂

∂ẑ
(2.75)

must be continuous at zp (ẑp) and zp+1 (ẑp+1). The quantity εeq =
√
ε33,effεT11 is

treated as an equivalent relative permittivity inside the piezoelectric layer. This
means that the anisotropic dielectric material in the (x, z) coordinate systems can
be treated as an isotropic dielectric in the (x, ẑ) coordinate system. The equiv-
alent parameters are the relative permittivity εeq, and the dielectric thickness
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t̂p = tp
√
ε33,eff/εT11. Once this transformation is made, the capacitance can be

calculated by a CMT approach, e.g., Gevorgian’s models [89] or Igreja’s [90].
We now apply the CMT [90] to calculate the capacitance of the symmetric IDE

structure Fig.2.11a. The gap and pitch are a = 3T/4 = 30µm, the glass substrate
thickness is fixed at tp = 20µm. The Youngs modulus and Poissons ratio and
the relative permittivity of the glass are 74GPa, 0.3 and 4.2 respectively. The
piezoelectric material properties are given in Table 2.1. As mentioned in [90], the
capacitances of other layers i.e., glass and air, can be taken into account using the
partial capacitance method. With our numerical values, including the high relative
permittivity of the piezoelectric material, the total parasitic capacitance from the air
and glass layer is less than 10% of the piezoelectric contribution to capacitance if the
piezoelectric layer thickness is more than 2.5% (500nm) of the glass thickness. In
typical thin-film applications with piezoelectric layer thickness ranging from 1 to 4
µm, the total parasitic capacitance accounts for only 1.25% to 5% of the capacitance.
Hence, these parasitic capacitances can be neglected.

The capacitance of the piezoelectric film with the IDE configuration is

C =
N

2
εeq

K(kI)

K(k′I)
(2.76)

where N is the number of active regions, K(kI) is the complete elliptic integral of the
first kind and K(kI)/K(k′I) is the elliptic integral ratio as a function of the elliptic
modulus

kI =
√

1− k′2I =
sn
(
K(k) b

a+b
, k
)√

1− k2

√
1− k2sn2

(
K(k) b

a+b
, k
) (2.77)

where sn(u, k) is the sine amplitude Jacobi elliptic function [113].
The elliptic moduli k and k′ =

√
1− k2 are obtained from the relation

K(k′)

K(k)
=

2t̂p
a+ b

. (2.78)

Hence,

k =

(
ϑ2(0, q1)

ϑ3(0, q1)

)2

, (2.79)

where ϑ2(u, q) and ϑ3(u, q) is the Jacobi theta functions [113] with

q1 = exp(−πK(k′)/K(k)) = exp(−2πt̂p/(a+ b)). (2.80)

The elliptic moduli can also be found from (2.78) by using the Hilberg approxi-
mation [114]

K(k)

K(k′)
≈ 2

π
ln

(
2

√
1 + k

1− k

)
for 1 ≤ K(k)

K ′(k)
≤ ∞ or

1√
2
≤ k ≤ 1, (2.81)

K(k)

K(k′)
≈ π

2
/ln

(
2

√
1 + k′

1− k′

)
for 0 ≤ K(k)

K ′(k)
≤ 1 or 0 ≤ k ≤ 1√

2
. (2.82)

Hence,

k ≈ q2 − 4

q2 + 4
for 1 ≤ K(k)

K ′(k)
≤ ∞ or

1√
2
≤ k ≤ 1, (2.83)
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Figure 2.12: Capacitance per unit width of the symmetric IDE piezoelectric beam.
The finger spacings and finger widths are a = 3b = 3T/4=30um. The thickness of
the substrate layer is fixed tp = 20um.

k′ ≈ 1− 4q1

1 + 4q1

for 0 ≤ K(k)

K ′(k)
≤ 1 or 0 ≤ k ≤ 1√

2
. (2.84)

The two conditions for the value of the ratio K(k)/K ′(k) and the value of k are
similar. Here, we write K ′(k) = K(k′), q1 is given in (2.80) and

q2 = exp(πK(k)/K ′(k)) = exp(π(a+ b)/(2tp)). (2.85)

Figure 2.12a presents the capacitance of the symmetric IDE structure calculated
with different methods: the layered model (2.50), the CMT model, and a 2D FEM
model for the narrow- beam parameters. Here, all piezoelectric coupling constants dij
are artificially set to zero in order to first understand the electrostatics. In the CMT
model, the piezoelectric layer is treated as isotropic material with εeq =

√
ε33,effεT11

(2.76) and t̂p = tp
√
ε33,eff/εT11 (2.80, 2.85).

In Fig.2.12a, the layered model predicts a linear relationship between the ca-
pacitance and the dielectric thickness because of the assumption of a uniform field
distribution (Fig.2.5). The CMT and FEM results are almost identical. The two
models predict smaller capacitances than the layered model. The differences increase
with piezoelectric thickness and deviate from the simple linear relationship due to
non-uniform electrostatic field.

In Fig.2.12b, we reinstated the correct values of the piezoelectric coupling con-
stants dij. In Fig.2.12b, we observe smaller capacitances than in Fig.2.12a. The
effect is contained in ε33,eff (2.51) which also appears in (2.72). For nonzero coupling
it differs from εT33 and is dependent on the flexural-rigidity ratio.

6.2 Electric field and coupling constant for the symmetric
IDE configuration

Using the conformal mapping transformations as in [90] for our problem (2.74), the
electric field in a representative segment of the IDE structure Fig.2.13 is derived.
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Figure 2.13: A representative segment of IDE. The imaginary axis is at the centre
of the electrode fingers while the real axis is on the interface between piezoelectric
material and the electrodes.

Representing the two-dimensional electric field by a complex number, it becomes

E = − ∂ϕ̂
∂X

. (2.86)

The conformal transformations and the mapping functions are shown in Fig.2.14.
Using the chain rules for the derivative, we can write

E = −∂ϕ̂w
∂W

∂W

∂Y

∂Y

∂T

∂T

∂Z

∂Z

∂X
(2.87)

with X,Z, T, Y and W are complex variables respectively in the X,Z, T, Y and
W -plane in Fig 2.14. The derivative ∂ϕ̂w/∂W = −jV/(2K(k′I)) is the electric field
between the two parallel strip lines in the W − plane. Other derivatives are

∂W

∂Y
=

1√
(1− Y 2)(1− k2

IY
2)
, (2.88)

∂Y

∂T
=

T 2
4

√
T 2

4 − T 2
2

T2

√
(T 2

4 − T 2)3
, (2.89)

∂T

∂Z
= cn(Z, k)dn(Z, k), (2.90)

and
∂Z

∂X
=

2K(k)

a+ b
(2.91)

where T4 and T2 are given in Fig.2.14, cn(u, k) and dn(u, k) are cosine and delta
amplitude of the Jacobi elliptic function [113]. The elliptic moduli k and k′I are given
respectively in (2.79) and (2.77).

Substituting ∂ϕ̂w/∂W = −jV/(2K(k′I)) and (2.88, 2.89, 2.90, 2.91) into (2.87),

denoting q(X) = sn
(

2K(k)X
a+b

, k
)

and noting that cn2(Z, k) + sn2(Z, k) = 1 and

dn2(Z, k) + k2sn2(Z, k) = 1, the electric field is

E = j
V

a+ b

K(k)

K(k′I)

√
1− k2q(X2)2

√
q(X2)2 − q(X)2

. (2.92)

As the electric field inside the representative segment is known, the electric field
at other position of the piezoelectric layer can be found by symmetry.
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Figure 2.14: The conformal mapping series [90] to transform the representative
segment of the IDE to a parallel strip lines.

For the coupling constant ζ, (2.69) shows that only the x-component of the
electric field is of concern. In section 6.1, the effective permittivity was approximated
by the value at z = z̄p. Hence, the electric field at z = z̄p is of interest. In the
representative segment, this field is expressed as

Ex = Re{E
[
real(X) + jt̂p/2

]
}. (2.93)

A phenomenological quadratic model (PQ model) is fitted to Ex, i.e.,

Ex = γ

[
1− 4β

a2

(
x− (nT + b)− a

2

)2
]
× V

a

for nT + b ≤ x < (n+ 1)T

Ex = 0 elsewhere (2.94)

where n is a positive integer. The dimensionless quantity β parametrizes the flatness
while γ parametrizes the mid-gap electric field value. These quantities can be found
by fitting (2.94) at x = nT + b+ a/2 and x = nT + b with the CMT model (2.93) at
X = (a+ b)/2 + jt̂p/2 and X = b/2 + jt̂p/2. The result is

γ = Re

[
E

(
a+ b

2
+ j

t̂p
2

)]
× a

V
, (2.95)

β = 1− Re

[
E

(
b

2
+ j

t̂p
2

)]
/Re

[
E

(
a+ b

2
+ j

t̂p
2

)]
. (2.96)

Since the PQ model (2.94) is z-independent, taking this term out of the z-
integration (2.69), integrating twice along the x-direction and dividing the result by
the applied voltage V , the transducer’s coupling constant ζ is expressed as [111]

ζ = γ

(
1− β

3

)
z̄ptpd33

sE33K̂2

N2a

2

(
1 +

(
1 +

1

N

)
b

a
+

2

N

)
. (2.97)

The electromechanical coupling factor (2.2) can be calculated since the short-circuit
stiffness (2.54), the free capacitance (2.76) and ζ (2.97) are known.

For numerical study, the same parameters of the symmetry IDE structure
Fig.2.11a in section 6.1 is investigated. The x-component of the electric field is
shown in Fig.2.15. The FEM and CMT results show that the electric field decreases
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Figure 2.15: Different models of the electric field along the insets dotted line at the
middle of the piezoelectric layer
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Figure 2.16: Fitting parameters of the phenomenological quadratic model electric
field model (PQ model) with 2D-FEM and CMT model (a) and the comparison
between PQ models and CMT (b).

if the piezoelectric layer thickness increase. The electric field calculated by the
uniform field model is higher than the CMT and the FEM results.

The parameters γ and β for the phenomenological quadratic model (PQ model)
(2.94) can be extracted from the CMT or FEM curves in Fig.2.15 using field values
at the center and boundary of the active region as previously described for the CMT
in (2.95) and (2.96). The results are shown in Fig.2.16a for different piezoelectric
thicknesses. The coefficient γ parametrizing the field at the center of the active regions
is always less than one and decreases with the piezoelectric layer thickness. Hence,
the uniform field model always overestimates the electric field. The overestimation
increases with the thickness of the piezoelectric layer. The coefficient β parametrizing
the flatness increases with the piezoelectric layer thickness. Hence, the quadratic
term becomes more important for the thick piezoelectric layer.

The comparison between the PQ model (2.94) and the CMT is shown in Fig.2.16b.
For both cases, especially with the thinner piezoelectric layer, the electric field curve
is flat in most of the active region and there is a sharp drop around the edges of the
electrode. Hence, the quadratic form does not fit well. We observed that the PQ
model (2.94) without the quadratic term, or β = 0, fits better with the CMT results.
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Figure 2.17: The coupling constant of the symmetric IDE piezoelectric narrow beam
with different electric field model.

Figure 2.17 shows how the electric field affects the coupling constant ζ. The
phenomenological model (2.97) (both with β equal to or different from zero) is closest
to the FEM results. In the most interesting thickness range, i.e., tp ≤ 0.2tb = 4µm,
(2.97) with β = 0 is closest to the FEM results. Because the uniform field model
always overestimates the electric field, it also overestimates the coupling constant ζ.
However, in the thickness range tp ≤ 0.1tb = 2µm, since γ is approximately one in
Fig.2.16a, the results of the uniform field and the fitted model (2.97) with β = 0 are
both good approximations.

6.3 Capacitance model for the the asymmetric IDE config-
uration

Typically, the IDE devices are asymmetric due to interconnection lines as shown
in Fig.2.11b. The electrostatic field is complicated around the tip regions of the
electrode fingers. The parasitic capacitances contributed from these regions are
very different from the values calculated by the parallel plate model. An accurate
capacitance calculation should include both field distributions on the IDE surface
and inside into the dielectric material. This three dimensional (3D) problem is out of
reach of the CMT because the mapping theory only applies to the two dimensional
(2D) problems. Therefore, for simplicity, a uniform electrostatic field distribution
across the dielectric thickness is assumed. The assumption is suitable for a structure
with dielectric thickness much smaller than the IDE pitch. Then the 3D problem is
simplified to a 2D problem, which can be solved by the CMT.

From Fig.2.11b, if we know the capacitance Cn of the small part shown in the
inset, the positive integer n indicates the nth active region, the total capacitance C
of the IDE device with N active regions is

C = 2NCntp. (2.98)

To transform the complicated polygonal shape around a corner to a simple rectangle,
we apply the conformal transformation in Fig.2.18 transforming the small part to a
parallel plate capacitor. Then, Cn can be calculated by applying the parallel-plate
formula to the rectangle.
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Figure 2.18: Conformal mapping flow to transform a polygon into parallel strip lines.

The transformation flow in Fig.2.18 requires two transform steps. First, the
polygon in z-plane is mapped to the upper half-plane in θ-plane via the Schwartz-
Christoffel (SC) [115] derivative

dz

dθ
= c0

√
θ − 1

θ
√
θ + p

(2.99)

where the origin z = 0 is chosen at the corner of the IDE finger and is mapped to
θ = 1. The constants c0 = g/π and p = g2/a2 are found by mapping relations given
in equations (27.17) and (27.22) of [115]. The integral of (2.99) is

z = c0


2 sinh−1

√
θ − 1

p+ 1
−

2 tan−1
√

p(θ−1)
θ+p√

p


 . (2.100)

In the second step, the upper-half θ-plane is mapped to a strip between two
parallel lines in the η-plane via a mapping function η = ln(θ). Hence, the capacitance
is

Cn =
εrε0(η1′ − η3′′)

π
=
εrε0

π
ln
θ1′

θ3′′
(2.101)

where θ1′ , θ3′′ respectively are images of z1′ , z3′′ in the θ-plane. These values can be
found in (2.100). εr is the relative permittivity of the dielectric layer while ε0 is the
vacuum permittivity.

Equation (2.101) only applies directly to an isotropic material. For an anisotropic
material that is homogeneous and has the principal directions of the permittivity
orthogonal or parallel to the polygonal faces, we can first use the transformation in
section 6.1, introducing an effective permittivity and effective dimensions, to make
the problem isotropic.

For the IDE, the polarization direction (3-axis) changes around the corner of a
finger as indicated in Fig.2.19a. The orientation of the permittivity tensor follows the
direction of polarization. In order to apply the transformation we therefore split the
problem of calculating the capacitance Cn into two simpler capacitance problems as
indicated in the figure. That is, we approximate Cn ≈ Cn1 +Cn2 where Cn1 and Cn2

are the contributions to Cn related to charges on the thick black lines in Fig.2.19b
and Fig.2.19c respectively.

When calculating each of the partial capacitances Cn1 and Cn2, we treat the
polarization as uniform as shown in the figure. The largest deviations in assumed
permittivity from the stated problem are then found in the regions of the corner with
the smallest electric flux density. By this, we expect to have included the dominant
contributions to the capacitance and some of the fringing-field effects.
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Figure 2.19: Capacitance Cn is split into two different partial capacitances Cn1 and
Cn2. Each of these has uniform polarization direction as it is shown.
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Figure 2.20: Capacitance per overlap width B of the symmetric - asymmetric IDE
device at g = 5µm.

To summarize: each of the partial capacitances is calculated by a transformation
to an isotropic problem as in section 6.1 followed by the mapping flow in Fig.2.18.
The capacitances Cn1 and Cn2 correspond to the two parallel capacitances on the
left and the right half-plane of the η-plane separated by the imaginary axis. These
capacitances can be calculated using (2.101)

Cn1 =
εn1

π
ln

1

θn1,3′′
; Cn2 =

εn2

π
ln θn2,1′ (2.102)

where θn1,3′′ is the image of z3′′ in the θ-plane of Cn1, θn2,1′ is the image of z1′ in the
θ-plane of Cn2. The permittivity εn1, εn2 correspond to the different polarization
orientations for Cn1 and Cn2 respectively.

For numerical study, IDE beam studied in this section has an asymmetric
electrode structure due to the interconnect lines shown in Fig.2.11b. As discussed,
the CMT is applicable if the electrostatic field is uniformly distributed across the
piezoelectric layer thickness. We observed in section 6.2 that the field distribution
can be assumed uniform if the piezoelectric layer thickness is in the range tp ≤ 0.1tb.
We choose the beam with dimensions tp = tb/10 = 2µm and keep the gap and the
pitch values, i.e., a = 3T/4 = 30µm.

For the CMT model, the partial capacitances Cn1 and Cn2 in Fig.2.19 are
calculated with the equivalent permittivity εn1 and εn2 and effective dimensions â
and ĝ as given in Table 2.3. These formulas are derived in the same way as in section
6.1.

Figure 2.20 compares the capacitance per overlap width B of the layered model
to the FEM result for the IDE beams with and without interconnect lines. For the
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Figure 2.21: Capacitance per overlap width B of the asymmetric IDE device with
different end gaps g.

symmetric IDE beam, the two layered-model capacitances with narrow and wide
beam parameters set respectively the upper and lower limits of the FEM results.
The capacitance of the FEM model decreases asymptotically towards the wide-beam
limit as the beam width is increased. This is because the effective dielectric constant
decreases from εT33 to εT33,eff as shown in Table 2.1.

For the asymmetric IDE beam, additional capacitance around the end gap of
the IDE fingers contributes. This explains why the capacitance per overlap width is
higher with the asymmetric than with the symmetric IDE.

In order to improve the layered model, we add the capacitance between the end
of each electrode finger and the interconnect line. The model of this capacitance is
analogous to the inter-electrode capacitance. These models are given in the Table
2.3. The result is compared to CMT and FEM in Fig.2.21. The layered model with
narrow-beam parameters is not shown because it is visually indistinguishable from
the wide-beam result. The total capacitance per overlap width is still smaller than
the FEM results especially if W/L < 1. This means there are additional contributions
caused by the fringing effects at the corners of the IDE fingers. By applying the
CMT technique, these fringing capacitances are taken into account. The CMT model
is in a better agreement with the FEM results. Therefore, the CMT model is more
accurate than the layered model.

7 Electromechanical coupling factor of the TBE

and the IDE transducers

In section 5, the comparison of the beam deflection has been conducted. In this
section, we focus on the transducer electromechanical coupling factor. First, nu-
merical calculation of the electromechanical coupling factors of the piezoelectric
cantilever with TBE and IDE configurations Fig.2.1 is presented. Then, these
values are compared. The electromechanical coupling factor gives information on
the conversion efficiency between the electrical and mechanical energy. Normally,
the higher conversion efficiency is beneficial in applications such as microsensors,
microgenerators.

For the TBE beam, the model of the electromechanical coupling factor is pre-
sented in section 2. For the IDE beam, three different analytical models of the
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Figure 2.22: Electromechanical coupling factor of the TBE device

electromechanical coupling factor are presented. In the first model, the electrome-
chanical coupling factor is calculated using the layered model for the capacitance
and the uniform electric field model for the transducer coupling constant as pre-
sented in section 4. Secondly, the electromechanical coupling factor is calculated
using the CMT model for the capacitance and the PQ model for the transducer
coupling constant as presented in section 6.1 and 6.2. Both of these electromechani-
cal coupling factor models are for the symmetric configuration Fig.2.11a. The last
electromechanical coupling factor model relates to the thin film piezoelectric beam
with the asymmetric configuration Fig.2.11b. The capacitance is calculated using the
CMT model in section 6.3 and the coupling constant is calculated using the uniform
model in section 4. The necessary formulas to calculate the two-port parameters for
different configurations are summarized in Table. 2.3.

We choose a length L = 1mm for all the numerical calculations. The cross section
of the beam include a structural elastic layer, a piezoelectric sheet and electrode
layers. For the structural layer, similar to section 6, we choose tb = 20µm thick glass
with Young’s modulus and Poisson’s ratio 74GPa and 0.3 respectively. Glass can
be interesting for optical applications. The electrode is 200nm thick platinum with
Young’s modulus and Poisson’s ratio 169GPa and 0.38 respectively. The properties
of the piezoelectric material is listed in Table. 2.1.

7.1 TBE beam

Figure 2.22a compares the electromechanical coupling factor of the TBE transducer
calculated by 2D FEM simulation and (2.24). Analytical and FEM results are nearly
equal. The wide beam transducer has larger electromechanical coupling factor than
the narrow one. This is because the y-deformation restriction from narrow to wide
beam increases the effective electromechanical coupling factor of the material κ2

31 as
shown in Table 2.1.

In Fig.2.22b, we consider a finite beam width using a 3D FEM simulation.
The numerical electromechanical coupling factor increases monotonically with W
from a value near the analytical narrow-beam result and approaches the analytical
wide-beam result.
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Figure 2.23: Electromechanical coupling factor of the IDE device

7.2 IDE beam

In Fig.2.23, the electromechanical coupling factor calculated by the layered model
with the uniform field assumption is always larger than the FEM and CMT results.
The reason is the overestimation of the uniform field model in Fig.2.15. For the
thin piezoelectric layer i.e., tp ≤ 0.1tb = 2µm, the overestimate is very small so
the results of the two analytic (layered model and CMT with β = 0) and the
FEM models are almost equal. For the thicker piezoelectric layer, even with an
undesired compensation made by the capacitance overestimation Fig.2.12b, the
electromechanical coupling factor calculated by the layered model is still higher than
the FEM and the CMT results.

The electromechanical coupling factor of the symmetric and asymmetric IDE
beams are shown in Fig.2.23b. The asymmetric IDE beam has smaller electromechan-
ical coupling factor than the symmetric one. The reason is the parasitic capacitance
around the end gaps of the asymmetric IDE configuration. For the symmetric IDE
beam, the FEM results is bracketed between the narrow- and wide-beam results.
The situation is more complex for the asymmetric IDE beam. For this configuration,
if W is small, i.e., W < L, the FEM results increase significantly with the width W .
The dramatic change comes from the change in the capacitance. The CMT model
(darker solid and dashed line) is capable of capturing this feature. We note that the
CMT result with wide-beam parameters is significantly closer to the FEM result
than the CMT with narrow-beam parameters, also for rather small W/L.

7.3 Comparison between TBE and IDE

The ratio between the electromechanical coupling factor of the IDE beam Fig.2.23
and the TBE beam in Fig.2.22 is shown in Fig.2.24. Figure 2.24a shows the coupling
ratio at different piezoelectric layer thickness. The area between the two curves with
the narrow and wide beam parameters is the possible ratio values for the devices
with a finite width. When the thickness ratio is less than 0.1, the electromechanical
coupling factor ratio can be varied from 1 up to 2.5.

Figure 2.24b shows the coupling ratio when tp/tb = 0.1. We first consider the
symmetric configuration. In this case, the layered model without end-gap effects,
brackets the ratio from the FEM calculation. The wide-beam parameters give a
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Figure 2.24: Electromechanical coupling factor ratio between the IDE and the TBE
transducers

lower bound and the narrow-beam parameters give an upper bound. This is similar
to the observation for the electromechanical coupling factor of the IDE beam in
Fig.2.23b and the TBE beam in Fig.2.22b.

In Fig.2.24b, the lower limit of the coupling ratio is approximately one. Hence,
the IDE beam always has higher electromechanical coupling factor than the TBE
counterpart. The conclusion is confirmed by FEM results. The symmetric IDE beam
always has larger electromechanical coupling factor than the TBE beam.

The same conclusion is arrived at for the asymmetric IDE beam with W/L > 0.15.
The maximum ratio of electromechanical coupling factors is found for W/L ≈ 0.4,
i.e., L = 1000µm and W = 400µm, which gives a ratio of 1.5.

8 Characterization of the thin PZT film with IDE

In previous sections, we showed that the anisotropic piezoelectric material can be
treated as an isotropic ones. In these analyses, we assumed that the permittivity is
distributed homogeneously inside piezoelectric layer.

In this section, by using the assumption of a homogeneous distribution of the
permittivity, a number of corrections are derived for the electric field and the
capacitance. These new simplified models are helped to obtain the properties of the
piezoelectric material with the IDE configuration e.g., PV, CV and the stress-field
loops from experiment results. Details of device description and measurement set up
are presented in the paper 3 [116].

In reality, the permittivity of the piezoelectric material is dependent on the applied
electric field. In the TBE configuration, since the electric field is homogeneous, the
permittivity will distribute homogeneously inside the piezoelectric layer. However,
in the IDE configuration, the electric field inside the piezoelectric layer is spatial
dependent. Therefore, the permittivity will distribute inhomogeneously. By using the
finite element method, this inhomogeneous distribution is investigated. We observed
that the inhomogeneous distribution could be treated as an effective homogeneous
one.
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Figure 2.25: The geometry of the IDE transducer.

8.1 Analysis of the IDE devices with homogeneous dielec-
tric distribution

Finite element simulation

A finite element model of the IDE structure presented in Fig.2.25 has been imple-
mented. For the purpose of model comparisons, the piezoelectric material is treated
as a homogeneous and isotropic dielectric material with a relative permittivity of 1000.
The thickness of the piezoelectric layer is 580nm and the thickness of SiO2 layer is
2µm. The relative permittivity of the SiO2 layer is 4.2. On each sides, corresponding
to the middle of the electrode finger, periodic boundary condition is applied. The
condition means that the representative segment is repeated indefinitely, which is
appropriate for the IDE configuration with many electrode pairs. Because the SiO2

layer is on a conducting Si substrate, its bottom interface is treated as a floating
electrode [81]. There is a potential difference V between two neighbouring electrode
fingers. The Pt electrodes on the top have a thickness of 100nm and fixed width of
b =6µm.

The capacitance is the ratio between the total charge collected on the electrodes
and the applied voltage. However, because of the singularities at the edges of the
electrode fingers, numerical error occurs in the total charge integral. To avoid
the error, the capacitance is calculated by integrating the energy density D ·E/2
(omitting the spontaneous polarization) over the whole volume V of the dielectric
material as follows

C =

∫
D ·E dV
V 2

. (2.103)

Total capacitance model

In section 6.1, we have discussed that the anisotropic dielectric material can be
treated as an isotropic dielectric one. To obtain the permittivity of the material,
we will first measure capacitance as a function of the applied voltage. Then, the
permittivity is calculated from a capacitance model which needs to be accurate. For
instance, the capacitance per unit width between the two neighbouring electrode
fingers with the homogeneous permittivity is

CIDE =
εrε0

2

K(kI)

K(k′I)
(2.104)

where εr is an equivalent relative permittivity of the ferroelectric material, ε0 is the
permittivity of vacuum, (2.104) follow the Igreja model [90], kI, k

′
I, K(kI) and K(k′I)
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Figure 2.26: Comparison between different capacitance models in case of only a
piezoelectric layer (a) and the effect of the SiO2 layer and the floating electrode on
the total capacitance (b).

are given in section 6.1. Other models can be used for calculation such as Gevorian
model [89] or the simple parallel plate model

CIDE = εrε0
tp
a

(2.105)

Three analytical models: parallel plate model, Igreja model and Gevorian model,
are used to calculate CIDE. First, we analyze the simplest structure with the
piezoelectric layer and IDE on top. The comparison helps to choose the most accurate
analytical model for further investigation. The analytical results are validated by the
FEM results. The comparison is shown in Fig.2.26a. For a consistency comparison,
the FEM model is not taken the SiO2 layer and the floating electrode into account
as shown in the inset of the figure. The parallel plate model overestimates the
capacitance. The Igreja model is more accurate than the Gevorgian model. This
is the same observation as mentioned in [90]. In [90], the authors stated that
transformation sequence could be the reason for the difference.

Next, we add the contribution of the SiO2 layer and the floating electrode
in the FEM model. In the FEM model, the ferroelectric layer capacitance and
the total capacitance are calculated by different volume integrals (2.103). The
results in Fig.2.26b show that the Igreja model can reproduce the capacitance of the
piezoelectric layer. This capacitance is smaller than the total one. The differences
are increasing for larger gaps a.

During a measurement, only the total capacitance is obtained. Therefore, to
extract the properties of the ferroelectric material, we need to separate the CIDE

from the total value. We refers all contributions but CIDE to the total capacitance
as parasitic capacitances.

Figure 2.27 shows the electrostatic electric field inside the dielectric stack. In
the ferroelectric layer, the electric field is very strong in the regions between the
fingers. In the SiO2 layer, the electric field is distributed in both regions between
and beneath the electrode fingers.

Figure 2.28a illustrates equivalent circuit for the dielectric stack. The capacitance
CIDE is that of the ferroelectric material. The capacitance corresponds to the electric
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Figure 2.27: The electrostatic field inside the dielectric stack is presented. The
contour show the equipotential lines. The length and direction of the arrows indicate
the strength and direction of the electric field. The simulation is of the FEM model
in Fig.2.25 with a = 4µm and b = 6µm.

field in the regions between the two neighbouring fingers. There are two kinds of
capacitances in the SiO2 layer. The first one, C ′p, connects the IDE fingers together.
It corresponds to the electric field lines that start and end on the IDE fingers as shown
in Fig.2.27. The capacitances C ′p can be calculated using the partial capacitance
method [90]. However, we observe that this capacitance is very small in comparison
with CIDE and can be neglected. The other one, Cp, connects the IDE fingers to
the floating electrode. Because of the Pt top electrodes and the floating bottom
electrode, the regions below the fingers can be regarded as two serial capacitors i.e.,
CPPE and Cp. Since CPPE and Cp have similar area but the piezoelectric material
has much larger dielectric constant and smaller thickness than SiO2, CPPE can be
neglected compared with Cp. However, the Cp capacitor has an area larger than the
CIDE by a factor b/tp, and their small thickness compensates for the low dielectric
constant of SiO2, so this parasitic contribution can become comparable to CIDE for
large gaps. Therefore, Cp is the largest contribution to the parasitic capacitance
within the interdigitating zone.

To estimate Cp, an artificial thin electrode at the interface of the ferroelectric and
SiO2 layers is introduced. The phenomenological model to obtain the electrode width
is given in (2.106). We draw a line from the two end points of the Pt electrodes
to the two points on the bottom of the SiO2 layer at the center of the gaps. The
two lines cut the PZT-SiO2 interface at two points and define the effective electrode
width as shown in Fig.2.28b. The idea emerges from the observation that the
parasitic capacitance is gap and thickness dependent. Hence, the effective width of
the equivalent electrode (2.106) is dependent on the Pt electrode width b, the active
gap a and the thickness of the dielectric layers.

beff = b+ a
tp

tp + tSiO2

(2.106)

where tSiO2 is the SiO2 layer’s thickness. Then, the capacitance of a trapezoid inside
the SiO2 layer Fig.2.28b is calculated. The capacitance formula [117] is

Cp = 2εSiO2ε0
K(kC)

K(k′C)
(2.107)

where the elliptic modulus is

kC =
√

1− k′2C = k1sn

(
K(k1)

beff

a+ b
, k1

)
. (2.108)
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(a) The equivalent circuit.

(b) The simplified version.

Figure 2.28: The equivalent circuit (a) and its simplified version (b) of the IDE
representative segments. For clarity, in (b), we only show the equivalent electrode
for one finger.

The modulus k1 is found from

K(k′1)

K(k1)
=

2tSiO2

a+ b
. (2.109)

Finally, if N is the number of the gaps, the total capacitance per unit width is

C = N

(
CIDE +

Cp
4

)
. (2.110)

In (2.110), we assumed that the number of the gaps is large enough so that the
contribution of the exterior electrode capacitances as mentioned in [90] can be
assumed to be equal to that of the inner electrodes.

The results of the total capacitance is shown in Fig.2.29a and we see that the
FEM and the analytical results are in a good agreement. Hence, capacitances of the
piezoelectric and the SiO2 layer can be distinguished. In Fig.2.29a, a few variations
of the effective electrode beff are also presented. The smallest width beff = b, which
is independent of the gap and thickness, underestimates the FEM results. And
the largest beff = a + b, which is independent of the thickness, overestimates the
capacitance.

The accuracy of the total capacitance model (2.110) is validated for the piezoelec-
tric layer thickness up to 4µm. This thickness limit is common for thin piezoelectric
film deposited with the sol-gel process. The thickness of the SiO2 is fixed at 2µm.
The ratio of the analytical (2.110) to the FEM results is presented in Fig.2.29b. The
maximum difference between the two models in the whole range of the gap and the
film thickness is found to be less than 4%.

We note that in measurement, there are additional parasitic capacitances of
the SiO2 layer beneath the contact pads and the IDE bus-bars. For our samples,
these capacitance have been characterized in [118] and should be distinguished from
(2.107).
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Figure 2.29: The comparison between the analytic (2.110) and FEM model of the
total capacitance. (a) Both are normalized with (2.105), (b) Capacitance ratio of
(2.110) with the effective electrode width (2.106) to the FEM results

Effective electric field model

Since the ferroelectric material coefficients are dependent on the electric field strength,
it is nessesary to know how much potential difference should be applied across the
electrodes. For IDE devices, although not so accurate, to estimate the electric field
by the voltage over gap ratio is often used in literature due to its conveniency.
Recently, some efforts have been made to improve the accuracy of the IDE’s electric
field model while keeping the formula in a simple form. For instance, the Gevorgian
capacitance model is simplified [81,118] to

CIDE = εrε0
tp

a+ ∆a1

(2.111)

where ∆a1 is only thickness dependent

∆a1 =
4ln(2

√
2)

π
tp. (2.112)

Then, by comparing equations (2.111) and (2.105), we see that the gap a is extended
to an effective value (a+ ∆a1). Therefore, the electric field is analogous to

E =
V

a+ ∆a1

. (2.113)

The correction value ∆a1 enable a simple but more accurate estimation of the electric
field than the traditional uniform field model [81]. However, as observed in Fig.2.26a,
the Igreja model is more accurate than the Gevorgian model. Therefore, it is worth
figuring out if the Igreja model can be simplified with a similar approximation.
In thin film approximation, (a + b)/2tp is much larger than one, using (2.83), the
elliptic modulus is expressed as

k = 1− 8

q2

(2.114)

where q2 = e
π(a+b)

2tp is given in (2.85). This value approaches infinity if the pitch
to thickness ratio is very large. In our study, q2 is at least exp(10π/(2× 0.58)) ≈
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5.77 × 1011 for the smallest gap so k is asymptomatically close to 1 for all gaps.
When k ≈ 1, using two simplifications sn(z, k) ≈ tanh z and K(k) = ln( 4√

1−k2 ) [119],
then

sn(K(k)
b

a+ b
, k) ≈ tanh(

b

a+ b
K(k)) = 1− 2

(√
1− k2

4

) 2b
a+b

(2.115)

Substituting (2.115) and (2.114) into (2.77), we get

kI ≈
1√

1 + q
a
a+b

2 /4

. (2.116)

As q2 is going to infinity, the elliptic modulus kI approximates zero so k′I approximates
one. Then, 1 + k′I ≈ 2 and 1− k′I = 1−

√
1− k2

I ≈ k2
I /2, the elliptic integral ratio

using (2.82) is simplified to

K(k′I)

K(kI)
≈ 2

π
ln

4

kI

≈ a

2tp
+

2 ln 2

π
(2.117)

where the second approximation is found by replacing (2.116) into the first approxi-
mation. Finally, replacing (2.117) into (2.104), ones obtains the capacitance in the
form

CIDE = εrε0
Wtp

a+ ∆a2

(2.118)

where ∆a2 is

∆a2 =
4ln(2)

π
tp =

2

3
∆a1. (2.119)

We observe that the new correction value is around 67% of the previous correction
value. The simplification gives a numerical explanation why the Igreja model gives
higher capacitance than the Gevorgian model. Moreover, when a becomes large, the
correction values ∆a1 and ∆a2 are negligible, the two models are asymptotical as
shown in Fig.2.26a.
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The new electric field formula based on the new correction term is

E =
V

a+ ∆a2

=
V

a

a

a+ ∆a2

(2.120)

The fraction a/(a + ∆a2) is analogous to the γ value in the PQ model of the
electric field (2.95) with thin film approximation. Figure 2.30 compare the accuracy
of different electric field model at the center of the gap. In this figure, the structural
dimensions and permittivity are a = 30µm, T = a+ b = 40µm tp = 20µm, εr = 1000
and εSiO2 = 4.2. The floating electrode is not taken into account. The figure shows
that the ratio (a/a + ∆a2) is a good approximation of γ especially if tp < 0.3tb or
tp < 0.15T .

In our samples, the smallest pitch is T = 10µm, the piezoelectric thickness is
tp = 580nm. Hence tp is always less than 0.15T . When the floating electrode condition
is taken into account as shown in Fig.2.25, the electric field in the longitudinal
direction is presented in Fig.2.31. Three different electric field models are verified by
the finite element results. The figure showed that the simplification model with the
correction quantity ∆a2 is best match with the FEM results.

8.2 Results

CV and PV curves

First, the simplest model of uniform field V/a and parallel plate capacitance (2.105)
is used to characterize the CV and PV curves for different IDE samples. The
results are shown in the figures Fig.2.32a and Fig.2.32b. We subtracted the parasitic
capacitance and the parasitic charges of the contact pads and bus-bar regions from
the measured results for CV and PV loops respectively. These parasitic capacitances
were characterized in [118].

As previously observed in Fig.2.26b, FE simulation shows that the total nor-
malized capacitance increases with increasing gap due to the parasitic capacitance
of the SiO2 layer beneath the IDE fingers. This parasitic contribution was not
subtracted from the measured result, therefore (2.105) overestimates the relative
permittivity, especially at large gap. This overestimation leads to the spread of the
data in Fig.2.32a and, because of the inaccurate estimation of the electric field value,
to the gap dependent coercive field seen in Fig.2.32b.

A state-of-art characterization method for the CV and PV loops is presented
in [81]. The simplified Gevorgian models (2.111) and (2.113) are used to calculate
the capacitance and the electric field. The parasitic capacitance beneath the IDE
fingers is subtracted by a fitted model. Using these models, the raw data in Fig.2.32a
and Fig.2.32b are re-analyzed. The results are shown in Fig.2.32c and Fig.2.32d
respectively for the CV and PV loops. These figures are corresponding to the Fig.15c
and Fig.15d in [81]. The coercive fields for different gaps are almost equal as shown
in the PV loops Fig.2.32d. The coincidence of the CV curves Fig.2.32c are improved
in comparison with the Fig.2.32a.

Then, we re-analysed the raw data in Fig.2.32a and Fig.2.32b using our new
models. First, CIDE is extracted from the total capacitance (2.110) by using the
parasitic capacitance model Cp (2.107). Then, the permittivity is recalculated using
simplified Igreja capacitance model (2.118). The electric field is rescaled with the
factor a/(a + ∆a2). The results from the analysis are shown in Fig.2.32e. The
coincidence of the CV curves for different gaps is much improved. For instance, if
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Figure 2.32: Characteristic curves of the PZT film with the IDE on tops. The raw
data is measured and reported in [118]. The arrow direction indicates the increasing
gap. In (a) and (b), the curves are with the parallel plate capacitance model (2.105)
and E = V/a. The parasitic capacitance Cp is not subtracted yet. In (c) and (d),
the permittivity are with the simplified Gevorgian model (2.111), the electric field is
rescaled to E = V/(a+ ∆a1), the parasitic capacitance is subtracted by using the
fitting method. The Figure (c) and (d) correspond to Fig.15c and Fig.15d in [81]. In
(e) and (f), the permittivity are with the simplified Igreja model (2.118), the electric
field is rescaled to E = V/(a+ ∆a2), the parasitic capacitance model Cp (2.107) is
used to subtract parasitic contributions.
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Figure 2.33: Characteristic curves of the PZT film with the IDE on tops. The curves
are with the simplified Igreja model (2.118) and E = V/(a + ∆a2). The parasitic
capacitance Cp is subtracted. The arrow direction indicates the increasing gap.

we calculate the relative spread of the permittivity at the peak of the curve εpeak
r

around the average value

% spread = 100
max(εpeak

r )−min(εpeak
r )

max(εpeak
r ) + min(εpeak

r )
. (2.121)

The relative spread from around 9% or 6% between the largest and smallest permit-
tivity respectively in Fig.2.32a and Fig.2.32c is reduced to about 2% in Fig.2.32e.
For the PV loops, the gap dependent coercive field as seen in Fig.2.32b seems to
disappear in Fig.2.32f.

The improvement has motivated for a new measurement, where the new maximum
voltage is calculated using the simplified Igreja electric field model (2.113) such as
the maximum field is 150kV/cm for all gaps. The results in Fig.2.33 shows the very
good coincident for both CV and PV curves. In the CV curves, the relative spread of
εpeak
r is around 2%. Especially, the spread is less than 0.4% for all the gaps smaller

than 15.3µm.

Piezoelectric response in converse mode

In the converse mode, we configure the IDE samples as cantilever actuators. The
beam is actuated when an electric potential is applied. First, we assume that these
actuators have the same curvature in the transduction regions both under and
between the IDE. The deflection formula of the beam is then

δ(x2) = ρ33
x1(2x2 − x1)

2
(2.122)

where ρ33 is the bending curvature as given in (2.44), δ(x) is the deflection of the
cantilever at position x, x2 is the laser’s reflection position and x1 = N(a+ b), these
positions are shown in the Fig.3 in paper 3 [116]. Since the substrate is much thicker
than the ferroelectric film, the curvature can be simplified to

ρ33 =
6tp
YSit2Si

e33,ifEcf (2.123)
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(a) The engineering value (2.124).

−150 −100 −50 0 50 100 150
−20

−10

0

10

20

E = V
a+∆a2

[kV/cm]

S
m
al
l
si
gn

al
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(b) The effective value (2.129).

Figure 2.34: The small signal coupling constant.

where YSi is the Young modulus of the Si substrate, e33,if is the engineering piezo-
electric coupling constant [57] and cf is the transducer coverage factor which is the
ratio of the IDE width to the total cantilever width. The simplified curvature is
similar to the Stoney formula [120]. Replacing the effective electric field formula
(2.120) into (2.123), the engineering coupling constant is analogous to equation (16)
in [57] but with the new model of the effective electric field

e33,if =
1

cf

δ(x2)

x1(2x2 − x1)

YSit
2
Si

3tp

a+ ∆a2

V
. (2.124)

The results of the engineering e33,if is shown in Fig.2.34a, showing a gap-dependent
value for different samples. The reason for this spread is the average of the bending
curvature which originates from the same curvature ρ33 distribution assumption in
the ferroelectric film both at active and passive regions (2.122). By this assumption,
the curvature in the passive regions is overestimated while the curvature in the
active regions is underestimated. Actually, the electric field is very small in the
passive regions, the curvature distribution can be

d2δ

dx2
=

{
ρ̂33 active regions,
0 passive regions,

(2.125)

where the active region curvature is

ρ̂33 =
6tp
YSit2Si

ê33,fEcf , (2.126)

with ê33,f is the effective coupling constant in the active regions.
Then, the deflection is [57,111]

δ(x2) = ρ̂33
(Na)2

2

(
1 +

(
1− 1

N

)
b

a

)
+Nρ̂33a(x2 − x1). (2.127)

If the number of active regions N is large enough, (2.127) is simplified to

δ(x2) = ρ̂33
x2

1

2

a

a+ b
+Nρ̂33a(x2 − x1). (2.128)
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Figure 2.35: The relation between the permittivity and the electric field.

From (2.128), (2.126), (2.120) and x1 = N(a+ b) the effective coupling constant is

ê33,f =
1

cf

δ(x2)

x1(2x2 − x1)

YSit
2
Si

3tp

a+ ∆a2

V

a+ b

a
. (2.129)

From (2.129) and (2.124), we get

ê33,f = e33,if
a+ b

a
. (2.130)

Equation (2.130) can provide an analytical expression for a phenomenological
correction factor introduced in equation (18) in [57]. This correction factor, the
ratio of the approximate electric field (V/a) and nominal field, is a constant in [57].
However, by comparing that result to (2.130), we see that the factor is (a+ ∆a2)/a
which is a gap and thickness-dependent.

The results of the ê33,f coefficient (2.129) are shown in Fig.2.34b. At the saturation,
the relative spread, calculated by using (2.121) for the ê33,f coefficient at the maximum
electric field, of more than 20% in Fig.2.34a is reduced to less than 7% in Fig.2.34b.

8.3 Inhomogeneous distribution of dielectric

In section 8.1, we assumed that the permittivity was homogeneously distributed
inside the ferroelectric material. This assumption allows the formulation of some
material properties such as the relative permittivity, polarization and the coupling
constant. These models are verified by both FEM and measurement results at
different gaps and electric field strength (2.120). However, in the IDE device,
the electric field is inhomogeneous in the piezoelectric film. Hence, the dielectric
constant distribution is also inhomogeneous because the relative permittivity is
a field dependent parameter. To observe the inhomogeneity, the FEM model of
section.8.1 is modified. The field dependent permittivity is taken into account. An
iterative process in the finite element simulation program (Comsol) updates the
inhomogeneous dielectric distribution with respect to the inhomogeneous electric
field distribution until convergence.

The relationship between the relative permittivity and the electric field strength
is shown in Fig.2.35. The experiment data is taken from the lower branch of the
CV curve of the sample with a = 3.5µm. The gap a = 3.5µm is chosen because the
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Figure 2.36: The distribution of the dielectric inside the ferroelectric material for
a = 4µm. The color bar indicates the relative permittivity value.

smaller gap can provide the most uniform electric field (as will be clear from Fig.2.37).
The field uniformity leads to a homogeneous permittivity distribution. We will see
later that for large gaps the electric field is no longer uniform. A phenomenological
model is fitted with the experimental data as follows:

εr =
A

E + E0

+B (2.131)

where A = 6.28× 109(V /m), B = 129.6 and E0 = 6.8× 106(V/m). The permittivity-
field relation (2.131) is then used as an input for further FEM simulation.

Figure 2.36 presents the dielectric constant distribution inside the piezoelectric
material. The permittivity is a field- and spatial-dependent parameter. The bottom
layer is the SiO2 layer with a homogeneous relative permittivity of 4.2.

The relative permittivity along the cut line as in the inset of Fig.2.31 is shown
in Fig.2.37a and in Fig.2.37c respectively for a = 4µm and a = 20µm. The
corresponding electric field distributions are shown in Fig.2.37b and in Fig.2.37d.
Beneath the electrode, the relative permittivity is larger than in the case of the
homogeneous distribution. This is due to the small electric field as shown in Fig.2.37b
and Fig.2.37d. Around the boundary between the active and passive regions, there
is a transition region where the permittivity is decreasing because of the increasing
electric field. In the active regions, for the smaller gaps, the relative permittivity and
the electric field are almost the same as for the homogeneous distribution. However,
for larger gaps, the relative permittivity and the electric field are very different from
the homogeneous distribution. The difference disappears if the floating electrode
condition is removed in the FEM model as shown in Fig.2.38. This difference
between the two is caused by the fact that the electric field distribution is more
inhomogeneous for large gaps than for small gaps, even in the homogeneous dielectric
constant case, as can be seen in Figures 2.37b and 2.37d. By construction, the
FE model introduces a positive feedback between the local dielectric constant and
electric field strength because of equation (2.131) : In regions with a large electric
field, the dielectric constant is diminished in the next iteration, which occasions a
larger local voltage drop (similarly to two capacitors in series, where the smaller
one experiences the larger voltage drop) and, hence, an enlarged electric field, and
so forth. Because of this, a greater proportion of the bias between the electrodes
is dropping near the electrodes edge. Thus, less is dropping in the middle of the
gap, which experiences a lower electric field strength, yielding an increased dielectric
constant in this region because of equation (2.131). If the floating electrode is absent,
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Figure 2.37: The relative permittivity and electric field in Fig.2.36 at the material’s
cut-line as in Fig.2.31 for two different gaps: a = 4µm (a),(b) and a = 20µm (c),(d).

the electric field is very uniform within the PZT layer for all gaps (see Figure 2.38
and [81]) and therefore this effect is not observed.

The capacitance value in both cases of the permittivity distributions for the
580 nm-thick ferroelectric layer thickness is shown in Fig.2.39a. Despite the different
in the permittivity distribution, the capacitances are almost equal. If we further
vary the ferroelectric film’s thickness as shown in Fig.2.39b, the capacitances are also
mostly equal. The reason can be the reciprocal relationship between the electric field
and the permittivity. These quantities compensate each other since they appear as a
product in the formula for the capacitance. The same capacitance means that the
inhomogeneous distribution can be treated as the homogeneous distribution by an
equivalent permittivity given in (2.131) where electric field E is defined in (2.120).

The results of the electric field Fig.2.37d reveal that the electric field at the
mid-gap and center position of the piezoelectric layers due to the effect of the floating
electrode does not equal the value calculated by (2.120). It is smaller especially
when the gap is large for both cases of the permittivity distributions. This suggests
another correction for the electric field. Because an inhomogeneous distribution of
the permittivity can be treated as a homogeneous distribution, the electric field
correction in the case of homogeneous permittivity distribution is investigated.

Different finite element simulations with the homogeneous permittivity distribu-
tion are required. We vary the gaps and the applied voltage on the electrodes. For
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Figure 2.38: The electric field with a = 20µm in both cases of homogeneous and
inhomogeneous dielectric distribution when the floating electrode is not taken into
account.
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Figure 2.39: The capacitance in both cases of homogeneous and inhomogeneous
distribution.

each simulation, one electric field correction factor ϑ is found by dividing the electric
field value at the center and mid-gap of the piezoelectric material by (2.120). A map
of all the correction factors with respect to different applied voltages and gaps is
found. These data are shown as the black dots in Fig.2.40. By fitting all the data
point with a second order polynomial, we can interpolate the correction factor for
all variations of gaps and voltages within the investigated range. The second order
polynomial expressing the correction factor is

ϑ = ϑ00 + ϑ10
V

a+ ∆a2

+ ϑ20

(
V

a+ ∆a2

)2

+ ϑ01a+ ϑ02a
2 + ϑ11

V a

a+ ∆a2

(2.132)

where ϑ00 = 0.9956, ϑ10 = 4.904×10−10 m/V, ϑ20 = 4.481×10−17 m2/V2, ϑ01 = 1261
1/m, ϑ02 = −2.114× 108 1/m2, ϑ11 = −2.988× 10−4 1/V.

The fitted surface is also presented in the Fig.2.40. For the small values of the
gaps and the applied potential, the correction factor is very close to 1. The electric
field is well approximated by (2.120). For larger gap or higher applied electric
potential, the correction factor is decrease and becomes important.
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Figure 2.40: The correction factor ϑ for the electric field. The second order polynomial
(2.132) (faces) is fitted with the FEM results (black dots).
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Figure 2.41: The CV and PV loops of the PZT film with IDE on tops.

The CV and PV curves in Fig.2.33 are re-plotted respectively in Fig.2.41a and
Fig.2.41b with a rescaled electric field axes. In the CV curves, around the coercive
field (peak points), the permittivity are almost equal for different samples. However,
at the lower or higher fields, the permittivity appear gap dependent.

A possible explanation for the lower dielectric constant for large gaps is as follows.
The electric field lines can be split into two parts: the longest part with the length
a and two curved lines with the length of ∆a2/2 near the electrode fingers [81].
In the longest part, the electric field is directed along the x (horizontal) direction
(i .e. Ez = 0). Hence, we would expect it responds more with ε‖ than with ε⊥,
where ε‖ is the dielectric constant along the polarization direction and ε⊥ is the
dielectric constant orthogonal to the polarization direction. In the curved electric
field regions, we expect that the misalignment between the polarization vector and
the field is larger on average, because the domain pattern must accommodate a
large field gradient. Hence, in this region, we expect more contribution from ε⊥. In
PZT, ε⊥ > ε‖, and if the typical spatial extent of the curved electric field region
is ∆a2 (the same for all gaps), then the size of the contribution of ε⊥ to the total
capacitance will be proportional to ∆a2/a, and so it will be bigger for small gaps.
Therefore, the larger dielectric constant is apparent for small gaps.
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Figure 2.42: The FEM model of the IDE device with piezoelectric coupling coefficient
taken into account. The arrow show the direction of the polar axis.

Another observation is seen by introducing the piezoelectric coupling into the
FEM model of section 8.1. The model is shown in Fig.2.42. The direction of the
polar axis is chosen to follow the electric field direction in a simplified way as shown
in Fig.2.42. Since the films is deposited on a wafer of full thickness, the substrate’s
stiffness prevent the film from expansion. Hence, we set the fixed constraint boundary
condition at the interface of the SiO2-Si. The model requires a full tensor description
of the piezoelectric material which is not all available for our samples. We use another
piezoelectric tensor for a similar thin film [51] as given in Table 2.1. However, both
dielectric constant εT33 and εT11 are kept equal 1000. To understand the effect of
the coupling, two simulation were performed: one simulation with all piezoelectric
coupling coefficients artificially set to zero and the other one with the piezoelectric
coupling coefficients set to the values in [51]. By using a literature data, we only
expect to obtain a qualitative agreement.

The capacitance of the piezoelectric layer in both simulation cases are shown
in Fig.2.43. To eliminate the effect of the gap distance in the capacitance formula,
the capacitance of each curve is multiplied with the effective gap (a + ∆a2). The
capacitance CPPL

IDE is calculated by the parallel plate model (2.105), while CCMT
IDE is

calculated by the conformal mapping technique with the simplified Igreja model
(2.118). We have a factor 2 to account for the two-gap region of the FEM geometry.
The two capacitances CFEM

IDE are the output of the finite element simulation in the
two cases of zero and non-zero coupling. Similar to the results observed in Fig.2.26a,
the parallel plate model CPPL

IDE overestimates the capacitance. The results calculated
by simplified Igreja model CCMT

IDE and the finite element simulation with zero coupling
coefficients are similar. However, in the FEM model with the non-zero piezoelectric
coupling coefficients, we observe that the capacitances are 20-30% less than the
CCMT

IDE or the FEM results with zero-coupling. For the larger gaps, these relative
differences are asymptotical to a constant value. For the smaller gap, the relative
differences are lower.

There are good reasons to think that there is a lowering of the dielectric constant
when the piezoelectric effect is added to the model, because mechanical constraints
imposed by the elastic system lead to a partial clamping similar to a thin film clamped
on a rigid substrate as discussed in both cases of TBE (2.23) and IDE (2.51, 2.71).
The resulting dielectric constant is then between a minimal value corresponding
to complete clamping εS and a maximal value of εT corresponding to a dielectric
constant of the free body.

For the CV curves in Fig.2.41a, around the coercive field, the piezoelectric
has zero polarization, the unpoled piezoelectric is equivalent to a normal dielectric
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Figure 2.43: The capacitance per unit width multiplied by the effective gap distance
(a+∆a2) of the piezoelectric layer in both cases of zero and non-zero piezoelectric cou-
pling coefficients. The piezoelectric material is treated as homogeneous distribution
with the permittivity of εrε0 = εT33 = εT11 = 1000ε0.

material. Therefore, the dielectric constant for different gaps are equal. Away from
the coercive field, the ferroelectric layer is poled, the piezoelectric effect is non-zero.
The smaller capacitance is expected for the larger gap as observed in Fig.2.43 lead
to the smaller dielectric constant.

Since the relative permittivity of the piezoelectric material appear gap depen-
dent, the PV curves Fig.2.41b are not all coincident. For larger gaps, the relative
permittivity is smaller; hence the charges are also smaller as shown in the figure.
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Chapter 3

Plate actuators

In this chapter, circular plate actuators with different electrode configurations are
investigated. Section 1 provides the structural description of the actuators. Section
2 presents the analyzes of the circular plate actuators with the TBE and the IDE
configurations. Prior to the IDE configuration analysis, a circular plate actuator
with an uniform d33 coupling is studied. Although poling of this structure seems
impractical, analysis of this actuator is an important step in modelling the IDE
actuator. Then, the deflection comparison between the TBE and IDE is presented in
Section 3. Finally, the actuators with different configurations e.g interdigital, spiral,
radial electrodes are investigated and compared in Section 4.

1 Structural description

A geometry of axisymmetric plate actuator is shown in Fig.3.1. Similar to the beam
actuators, the cross section of the plate can include arbitrary number of layers of
different materials i.e., an elastic structural material, a piezoelectric layer, some
diffusion barriers and/or seed layers and the metal electrodes. The actuators are
clamped at the perimeter. Motivated by the tunable lens application, the elastic
substrate is made of a transparent material and there is a center opening letting
the light through. Analogous to the clamped-clamped beam actuators, if the plates
are fully covered, for both of the d33 and the d31 coupling, we can show that the
deflection is zero.

For numerical study, a 1-mm and a 3-mm diameter circular plate-actuators
are investigated. The thickness of the platinum electrodes (Young’s modulus =
168GPa, Poison’s ratio= 0.38) is fixed at te = 200nm, the thickness of the glass
substrate (Young’s modulus = 74GPa, Poison’s ratio = 0.3) is tb =20µm. These
dimensions are chosen similar to a prototype of the tunable lens from Polight AS. The
piezoelectric material are the same as the beam actuators chapter. The properties of
the piezoelectric material are given in Table 2.1.

2 Actuation of the piezoelectric layered plate

2.1 Governing equations

A general model of a multilayer (M-layer) axisymmetric circular plate actuator
Fig.3.2a is investigated. The analysis is based on the classical laminated plate
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Figure 3.1: A circular plate piezoelectric actuator with an IDE electrode configu-
ration. Different color correspond to different material i.e., black: electrodes, grey:
piezoelectric layer, blue: diffusion layer and white: elastic substrate.

theory [121,122]. The theory is governed by the static equilibrium equations [123,124]
of the axisymmetric plates

dNr

dr
+
Nr −Nθ

r
= 0, (3.1)

Qr =
dMr

dr
+
Mr −Mθ

r
, (3.2)

dQr

dr
+ P +

Qr

r
= 0 (3.3)

where P is a uniform pressure load on the structure. Qr is the vertical shear force per
unit length, N = {Nr, Nθ} and M = {Mr,Mθ} are the force and moment resultants
per unit length in the radial and circumferential directions as indicated in Fig.3.2b.
If the actuator has only electrical load, P = 0, equations (3.2) and (3.3) can be
combined to

dMr

dr
+
Mr −Mθ

r
= 0. (3.4)

With the mth layer located between zm+1 and zm as shown in Fig.3.2c and
assuming an electric field Em

3 in the poling direction within the layer, the linear
elastic strain in this layer is

{
εmr
εmθ

}
=

{
εr
εθ

}
+ z

{
ρr
ρθ

}
− Em

3

{
dm3i
dm3j

}
(3.5)

where i, j are determined based on piezoelectric coupling. The quantities {εr, εθ} and
{ρr, ρθ} are the strains and curvatures in the reference plane and can be expressed
in terms of the radial u and vertical w deflection in that plane as

{
εr
εθ

}
=

{
∂u(r)
∂r
u(r)
r

}
, (3.6)

{
ρr
ρθ

}
=

{
−∂2w(r)

∂r2

−∂w(r)
r∂r

}
. (3.7)
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Figure 3.2: The circular multi-layered plate with conventional direction in the polar
coordinate system

The linear constitutive relations between the stress and strain in the mth layer
via a stiffness matrix [Qm] is

{
σmr
σmθ

}
= [Qm]

{
εmr
εmθ

}
. (3.8)

These built in stresses cause the force N and moment M resultants pr. unit
length of the plate

N =

{
Nr

Nθ

}
=

M−1∑

m=0

∫ zm+1

zm

{
σmr
σmθ

}
dz = A

{
εr
εθ

}
+ B

{
ρr
ρθ

}
−
{
Np
r

Np
θ

}
, (3.9)

M =

{
Mr

Mθ

}
=

M−1∑

m=0

∫ zm+1

zm

{
σmr
σmθ

}
zdz = B

{
εr
εθ

}
+ D

{
ρr
ρθ

}
−
{
Mp

r

Mp
θ

}

(3.10)
where A =

∑M−1
m=0

∫ zm+1

zm
[Qm] dz, B =

∑M−1
m=0

∫ zm+1

zm
[Qk] zdz and D =

∑M−1
m=0

∫ zm+1

zm

[Qk] z
2dz are 2×2 matrices representing respectively the extensional stiffness, bending-

extensional coupling and bending stiffness of the layered plates. {Np
r , N

p
θ } and

{Mp
r ,M

p
θ } expressed in (3.11), (3.12) are the force and moment resultants generated

by the coupling from the piezoelectric layer.

{
Np
r

Np
θ

}
=

M−1∑

m=0

∫ zm+1

zm

[Qm]Em
3

{
dm3i
dm3j

}
dz, (3.11)

{
Mp

r

Mp
θ

}
=

M−1∑

m=0

∫ zm+1

zm

[Qm]Em
3

{
dm3i
dm3j

}
zdz. (3.12)

The governing equations of the layered plate are obtained by inserting (3.9) and
(3.10) into (3.1) and (3.4).

2.2 Plate with TBE configuration

The circular plate actuators with the TBE configuration have been studied in
literature. For instance, Prasad et al. [125, 126] have applied the classical laminated

65



C. H. Nguyen: Interdigital-Electrode Thin-Film Piezoelectric Microactuators

Figure 3.3: Circular plate actuator with the TBE configuration, the voltage difference
between the electrodes is VTBE.

plate theory to derive the linear static deflection of a circular piezoelectric unimorph
actuator. Mo et al. [127] have adopted the technique to analyze the deflection of
the unimorph-laminated plate under different boundary conditions and piezoelectric
covered radius. However, these analyses limit for a two-layer structure with an
elastic and a piezoelectric layer. Later, a closed-form analytical expression for static
deflections of a circular axisymmetric plate with an arbitrary number of layers has
been developed by Deshpande and Saggere [122]. Actuators with a center cover of
piezoelectric material are considered in the above-mentioned works. In this Section,
we investigate the actuation of the plate with a transparent region in the center of
the disk.

For the TBE configuration Fig.3.3, the coupling matrix of the piezoelectric layer
{dm3i, dm3j} becomes {dm31, d

m
31}. Assuming plane stress conditions, the stress-strain

stiffness matrix is expressed as

[Qm] =
Ym

1− ν2
m

[
1 νm
νm 1

]
(3.13)

where Ym, νm respectively are the Young modulus and Poison ratio of the mth elastic
layer. The Young modulus and the Poison ratio of the piezoelectric layer are Yp = 1

s11
,

νp = − s12
s11

.
By introducing dimensionless radius r̂ = r

Ro
, radial extension û = u

Ro
and vertical

deflection ŵ = w
Ro

, and combining equations (3.1), (3.4), (3.9), (3.10), the governing
equations of the layered plate are expressed as

A11

Ro

(
∂2û

∂r̂2
+

1

r̂

∂û

∂r̂
− û

r̂2

)
− B11

R2
o

(
∂3ŵ

∂r̂3
+

1

r̂

∂2ŵ

∂r̂2
− 1

r̂2

∂ŵ

∂r̂

)
= 0, (3.14)

B11

Ro

(
∂2û

∂r̂2
+

1

r̂

∂û

∂r̂
− û

r̂2

)
− D11

R2
o

(
∂3ŵ

∂r̂3
+

1

r̂

∂2ŵ

∂r̂2
− 1

r̂2

∂ŵ

∂r̂

)
= 0. (3.15)

The terms A11, B11, D11 are elements of the A, B, D matrices in (3.9), (3.10). The
solutions satisfying (3.14) and (3.15) are

ŵ = c1r̂
2 + c2 ln r̂ + c3, (3.16)

û = c4r̂ +
c5

r̂
(3.17)

for some integration constants c1, · · · , c5. In case of the partially covered plate
actuator as shown in the Fig.3.3, the expression of the vertical deflection and radial
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extension of the exterior annulus (denoted ’ext’, Ri ≤ r ≤ Ro) and interior opening
(denoted ’int’, 0 ≤ r ≤ Ri) regions are

ŵext(r̂) = C31
1 r̂

2 + C31
2 ln r̂ + C31

3 ; ûext = C31
4 r̂ +

C31
5

r̂
(3.18)

ŵint = C31
6 r̂

2 + C31
7 ; ûint = C31

8 r̂ (3.19)

where we introduced new constants for each domain and set two constants to zero
in order to ensure that the logarithmic and 1/r̂ terms do not appear in ŵint and
ûint. The deformations are then regular at r̂ = 0. The solutions for the remaining
constants C31

i are obtained by applying clamped boundary conditions around the
perimeter as well as continuity conditions at the interface between the exterior and
the interior regions. The resulting linear system of equations is


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.

(3.20)
Np
r ,M

p
r are given by the equations (3.11), (3.12) and are independent of r because

the electric field inside the piezoelectric layer of the d31 actuator is. The field is

Ep
3 =

VTBE

tp
. (3.21)

From the first five equations in (3.20) the following relations can be extracted

C31
2 = −2C31

1 ; C31
3 = −C31

1 ; C31
6 =

R2
i −R2

o

R2
i

C31
1 ; C31

7 = 2 ln
Ro

Ri

C31
1 (3.22)

C31
5 = −C31

4 ; C31
8 =

R2
i −R2

o

R2
i

C31
4 . (3.23)

Inserting these relations into the two last equations of (3.20) and defining

A = (Aext
11 + Aext

12 )31 − (Aint
11 + Aint

12 ) +
R2
o

R2
i

[
(Aext

11 − Aext
12 )31 + (Aint

11 + Aint
12 )
]
, (3.24)

B = (Bext
11 +Bext

12 )31 − (Bint
11 +Bint

12 ) +
R2
o

R2
i

[
(Bext

11 −Bext
12 )31 + (Bint

11 +Bint
12 )
]
, (3.25)
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and

D = (Dext
11 +Dext

12 )31 − (Dint
11 +Dint

12 ) +
R2
o

R2
i

[
(Dext

11 −Dext
12 )31 + (Dint

11 +Dint
12 )
]

(3.26)

leads to the solutions

C31
1 =

Ro

2

BNp
r − AMp

r

AD −B2
, (3.27)

C31
4 =

DNp
r −BMp

r

AD −B2
. (3.28)

Finally, the maximum deflection of the plate is

(ŵ31
0 )max = ŵint

0 (r̂ = 0) = C31
7 = Ro ln

(
Ro

Ri

)
BNp

r − AMp
r

AD −B2
. (3.29)

For a thin film, the extensional stiffness, bending-extensional coupling and bending
stiffness can be approximated as equal in the exterior annulus and interior opening
regions, i.e. we set Aext

xy,31 ≈ Aint
xy , Bext

xy,31 ≈ Bint
xy , Dext

xy,31 ≈ Dint
xy . This approximation

gives

D ≈ R2
o

R2
i

(Dext
11,31 +Dint

11 ); B ≈ R2
o

R2
i

(Bext
11,31 +Bint

11 ); A ≈ R2
o

R2
i

(Aext
11,31 + Aint

11 ) (3.30)

and by choosing the reference plane such that Bint
11 = 0 , we also have Bext

11,31 ≈ 0 and

(ŵ31)max ≈
R2
i

Ro

ln

(
Ro

Ri

)
Mp

r

Dext
11,31 +Dint

11

=
Ro

tp

ᾱ

Dext
11,31 +Dint

11

X2 lnX (3.31)

where X = Ri/Ro and

ᾱ =
(1 + νp)Ypd31

2(1− νp2)
(z2
p+1 − z2

p)VTBE. (3.32)

From (3.31), if the actuator is fully covered (X = 0), the center deflection is zero.

For a fixed value of the plate radius Ro, the optimum radius of the interior
opening is found by forcing the first derivative of equation (3.31) with respect to X
to zero and results in

X =
Ri

Ro

=
1√
e
. (3.33)

The result shows that the optimal structural design of the thin film piezoelectric
actuator operated in d31 mode is independent of the material choice.

Fig.3.4a compares results obtained by the finite element calculation and the pre-
dictions of the analytical models (3.20) and (3.31) at different values of piezoelectric
thickness and opening radius. The potential difference applied across the electrodes
is chosen to set the electric field strength of the piezoelectric layer to a fixed value of
1MV/m. Analytical results agree with the FEM simulation. The simplified thin-film
model predicts the plate deflection well. Thicker piezoelectric layer results in larger
deflection. The optimum radius around 300 µm agrees with the calculated ratio
(3.33). The cross section of the deflection shape of the plate is shown in Fig.3.4b.
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Figure 3.4: (a) Deflection of the TBE actuator at different piezoelectric layer
thicknesses = 1 - 4µm and opening radius Ro= 500 µm. (b) The deflection shapes
of the TBE actuator at Ri=220µm, the piezoelectric thickness tp=2µm, the applied
potential is VTBE = 2V.

2.3 Plate with d33 coupling

The structure shown in Fig.3.5 is investigated in this section. The electrodes are not
patterned on the surface but on the two edges of the piezoelectric layer. We refer to
this transducer as a non-patterned electrode (NPE) actuator. If an in-plane radial
polarization can be established, the d33 coupling is employed.

For the NPE configuration, the coupling matrix of the piezoelectric layer {dm3i, dm3j}
becomes {dm33, d

m
31}, the stress-strain stiffness matrices in others elastic layer are similar

as (3.13) but inside the piezoelectric layer

[Qp] =
1

1− ν11ν33

[
Y33 ν33Y11

ν11Y33 Y11

]
(3.34)

where Y33 = 1/s33, Y11 = 1/s11, ν33 = −s13/s33 and ν11 = −s13/s11.
Different from the d31 case, the electric field distribution in the d33 coupling

actuator is dependent on radial distance:

Ep
3(r) =

VNPE

r ln
(
Ro
Ri

) . (3.35)

Following the same procedure as in the d31 case, the equations for the layered plate
with d33 actuation are
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∂ŵ
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, (3.36)
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+

1
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∂û
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û

r̂2

)
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(
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+

1
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∂2ŵ

∂r̂2
− D22

D11

∂ŵ
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)
=
−Mp

θ

r
. (3.37)

The terms A11, B11, D11, A22, B22, D22 are elements of the A, B, D matrices in (3.9),
(3.10). Np

θ , Mp
θ are given by (3.11), (3.12). These parameters are calculated from

the stiffness matrices of (3.13), (3.34) and the electric field (3.35).
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Figure 3.5: Circular plate actuator with the NPE configuration. The electrodes are
patterned on two edges of the piezoelectric layer. The voltage difference VNPE is
applied between these electrodes.

For a thin piezoelectric film A11 ≈ A22, B11 ≈ B22, D11 ≈ D22, the left hand side
of (3.36, 3.37) and (3.14, 3.15) will share the similar expressions. Hence, the general
solutions of (3.36) and (3.37) are the superposition of the homogeneous solutions of
(3.16), (3.17) and the particular solutions and can be written as

ŵ = c1r̂
2 + c2 ln r̂ + c3 − k2r̂, (3.38)

û = c4r̂ +
c5

r̂
− k1 (3.39)

where k1 = r
Ro

−D11N
p
θ+B11M

p
θ

A11D11−B2
11

, k2 = r
−B11N

p
θ+A11M

p
θ

A11D11−B2
11

. Notice that these parameters are

independent of r due to the factor 1/r in the electric field formula (3.35) inside Mp
θ

and Np
θ .

For the partially covered elastic substrate Fig.3.5, the expressions for the vertical
deflection and radial extension of the exterior annulus and interior opening regions
are

ŵext = C33
1 r̂

2 + C33
2 ln r̂ + C33

3 −K2r̂; ûext = C33
4 r̂ +

C33
5

r̂
−K1, (3.40)

ŵint = C33
6 r̂

2 + C33
7 ; ûint = C33

8 r̂ (3.41)

where the index ’33’ refers to the d33 coupling and K1, K2 are obtained by the
formulas for k1, k2 by substituting A11, B11, D11 with Aext

11,33, B
ext
11,33, D

ext
11,33. The same

boundary conditions as before now lead to equations for the unknown constants on
the form
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(3.42)
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Figure 3.6: Deflection of the NPE actuator at different piezoelectric layer thicknesses
tp=1-4 µm and opening radius Ro= 500 µm.

where Mp
r=Ri

, Np
r=Ri

follow from equations (3.11), (3.12) by using (3.13), (3.34), and
(3.35) at r = Ri. It is noticed that Mp

r , N
p
r in the d33 mode are dependent on radial

distance. Here, we do not distinguish the interior stiffness constants (Aint
xy , B

int
xy , D

int
xy )

for the d33 and the d31 mode because they are identical.
We again apply the thin-film simplification which removes the extensional-bending

coupling and treats the interior stiffness constants equal the exterior ones as in the
d31 case. The formula for the maximum deflection of the plate is

(ŵ33)max ≈
γ̄

2Dext
11,33

(
X − 1

lnX
−X

(
β̄

γ̄

2Dext
11,33

Dext
11,33 +Dint

11

+
2Dint

11

Dext
11,33 +Dint

11

))
(3.43)

where β̄ = Y33d33+ν33Y11d31
2(1−ν11ν33)

(z2
p+1 − z2

p)VNPE and γ̄ = Y11d31+ν11Y33d33
2(1−ν11ν33)

(z2
p+1 − z2

p)VNPE.

From (3.43), if the actuator is fully covered (X = 0), the center deflection is also
zero.

Different from the d31 coupling, the optimum radius of the d33 actuator with
thin-film simplification (found by forcing the first derivative of (3.43) with respect
to X to zero) is dependent on material choice. For our case, the optimum value is
X = Ri/Ro = 0.44.

Fig. 3.6 compares the FEM and the analytical model for the d33 plate actuator at
different piezoelectric layer thickness. The analytical results agree well with the FEM
simulation. This conclusion also applies to the simplified thin film approximation as
seen from the results on the deflection of the plate. The maximum deflection at a
radius of about 220µm is consistent with the ratio of 0.44 calculated above.

2.4 Plate with IDE configuration

The NPE is an ideal case of the d33 coupling actuator. However, since the distance
between the two electrodes is large, it requires a very large voltage (≈10kV) to
pole the piezoelectric material. Hence, poling of this thin piezoelectric layer seems
impractical. As a typical implementation of the d33 coupling, the interdigital electrode
(IDE) actuator shown in Fig.3.7a is investigated. Some plate actuators with the IDE
configuration have been fabricated [128--130]. Nevertheless, the IDE actuators is
mostly modelled by using the finite element method [131,132]. In this Section, an
analytical model of the IDE actuator is presented.
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(a) (b)

Figure 3.7: a) Circular plate actuator with the IDE configuration, the voltage
difference between the neighbouring electrodes is VIDE. (b) The definition of Rn, Rn

is the distance from the center of the plate to the start of the nth gap.

The IDE actuator is poled in different directions in the piezoelectric material
when the same electrodes are used for the poling. Our model assumes a radial
uniform polarization in regions between the neighbouring IDE fingers (active regions)
while the polarization in regions beneath the fingers (passive regions) are vertically
orientated as illustrated in Fig.3.7a. By assuming homogeneous electric field in the
active regions, this field is found as

Ep
3(r) =

VIDE

r ln
(
Rn+a
Rn

) (3.44)

where Rn is defined in Fig.3.7b.
To calculate the deflection of the IDE actuator, we use a recursive method.
By chosing the reference plane at z = tb/2 and with a thin piezoelectric film

assumption, the solution for the deflection ŵ in the active regions is given as (3.40).
Then, at position Rn

w(Rn) =





ŵ(Rn)
ŵ′(Rn)
û(Rn)
Nr(Rn)
Mr(Rn)





(3.45)

can be derived using (3.9), (3.10) and (3.40), which is

w(Rn) =
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(3.46)
Denoting the four matrices on the right side of (3.46) by R33(Rn), Cn

33, K33(Rn) and
Mp(Rn), we can rewrite (3.46)

w(Rn) = R33(Rn)Cn
33 + K33(Rn) + Mp(Rn). (3.47)
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The coefficient matrix Cn
33 is

Cn
33 = R−1

33 (Rn) [w(Rn)−K33(Rn)−Mp(Rn)] . (3.48)

Similar to (3.47), we can formulate w(Rn + a), which is

w(Rn + a) = R33(Rn + a)Cn
33 + K33(Rn + a) + Mp(Rn + a). (3.49)

Substituting (3.48) to (3.49) and denoting R33,act(Rn) = R33(Rn + a)R−1
33 (Rn), we

get

w(Rn+a) = R33,act(Rn) [w(Rn)−K33(Rn)−Mp(Rn)]+K33(Rn+a)+Mp(Rn+a).
(3.50)

In the passive regions, by using the solution for the deflection as given (3.18), together
with (3.9) and (3.10), w(Rn + a) is

w(Rn + a) =


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(3.51)
By using the similar notation convention as in (3.47), we rewrite (3.51) as

w(Rn + a) = R31(Rn + a)Cn
31. (3.52)

Then
Cn

31 = R−1
31 (Rn + a)w(Rn + a). (3.53)

Similar to (3.52), w(Rn+1) is

w(Rn+1) = R31(Rn+1)Cn
31. (3.54)

Substituting (3.53) into (3.54) and denoting R31,pass(Rn+a) = R31(Rn+1)R−1
31 (Rn+a),

then
w(Rn+1) = R31,pass(Rn + a)w(Rn + a). (3.55)

Finally, substituting (3.50) to (3.55) and denoting R(Rn) = R31,pass(Rn + a)R33,act(
Rn), the recursive relation between w(Rn+1) and w(Rn) is

w(Rn+1) = R(Rn) [w(Rn)−K33(Rn)−Mp(Rn)] + R31,pass [K33(Rn + a) + Mp(Rn + a)] .

(3.56)
In the opening region, the deflection are given in (3.19) or (3.41), then w(Ri) is

w(Ri) =


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
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6
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7

CIDE
8



 . (3.57)

Similar to (3.55), we can get

w(R1) = w(Ri + b) = R31(Ri + b)R−1
31 (Ri)w(Ri), (3.58)
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Figure 3.8: Deflection of the IDE actuator. The piezoelectric layer thickness is
tp=2µm and the pitch is T= 20µm.

the matrices R31(Ri + b) or R31(Ri) are defined in a similar way with the matrix
R31(Rn + a) in (3.52) and w(Ri) is given in (3.57).

Using (3.58) and the recursive relation (3.56), we can find w(Ro) . Applying
the clamped boundary condition i.e., w(Ro) = w′(Ro) = u(Ro) = 0, the values of
CIDE

6 , CIDE
7 , CIDE

8 , Nr and Mr can be found. Therefore, the maximum deflection of
the circular plate actuator is

(ŵIDE)max = CIDE
7 . (3.59)

Figure 3.8 presents maximum deflection of the IDE plate actuator with different
gaps calculated by the FEM and the analytical model. The analytical and FEM
results are qualitatively agreed. Both models predict the optimal opening radius
around 180µm, larger gaps give higher deflection.

3 Deflection comparison between plate actuators

The comparison between actuators with different electrode configurations is demon-
strated at the same electric field strength. The potential difference applied across
the electrodes is chosen to set the electric field strength in the piezoelectric layers
to a fixed value of 1MV/m. The applied electric potential in the different cases (as
indicated by subscripts) are related by

VIDE

a
=

VNPE

Ro −Ri

=
VTBE

tp
. (3.60)

For the thin-film simplification, from the equations (3.31) and (3.43), the maxi-
mum deflection ratio between the NPE and the TBE actuators is found. The results
shown in Fig.3.9a demonstrate that the ratio is always larger than 1. Hence, the
d33 actuator gives more deflection than the d31 counterpart if the same electric field
strength is applied. The ratio is decreased when the opening radius is increased.
Actually, designing the actuator with very large opening radius ratio (Ri ≈ Ro) is
not interesting because such a design gives very small deflection as shown in Fig.3.4a,
Fig.3.6, Fig.3.8 and equations (3.31), (3.43).
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Figure 3.9: Comparison between actuators with different electrode configurations:
(a) ratio of maximum deflections between NPE and TBE actuator, the piezoelectric
layer thickness is tp= 2 µm. (b) IDE plate actuator deflection at different gap a=10-
18 µm. The pitch and piezoelectric thickness are fixed at T=20µm and tp= 2µmm.
The IDE deflection has a tendency to approach the NPE deflection when the gap is
increased.

Fig.3.9b compares different actuator deflections at the same electric field strength
(3.60). By increasing the gap to pitch ratio, the maximum deflection of the IDE
actuator is increased and asymptotically approaches the NPE curve. It means that
the IDE actuator can be designed to have larger deflection than the TBE actuator.

The comparison between the IDE and the TBE actuator at the same opening
radius Ri/Ro = 0.44 is presented in Fig.3.10a. For both cases of the pitch length,
the IDE actuator gives larger deflection than the TBE actuator when a/T is higher
than 0.5. The higher gap to pitch ratio enables larger deflection. The deflection is
smaller if the pitch is small. This can be attributed to the non-uniform electric field
penetration inside the piezoelectric layer.

Fig.3.10b compares the plate actuators at different values of the piezoelectric
layer thickness. In the TBE actuator case, the maximum plate deflection increases
almost linearly as the piezoelectric thickness is increased. The IDE actuator at a
fixed gap to pitch ratio a/T = 0.8 is analysed, the maximum deflection increase if
the piezoelectric layer thickness is increased. However, the slope of the curve observe
a reduction when piezoelectric layer thickness is increased. The slope has smaller
value if the pitch is small. This phenomenon can be attributed to the non-uniform
field inside the piezoelectric layer with IDE on top. For the whole range of the
investigated piezoelectric layer thickness, the IDE actuator has higher deflection
than the TBE actuator. For instance, if the piezoelectric thickness is 2 µm, IDE can
be designed to have 20 - 50% larger deflection than the TBE actuator.

4 Electrode configurations for microactuators

4.1 The electrode configurations

Both longitudinal and transversal coupling causes the actuator to bend as observed
in Section 2. With the same electric field strength, the actuators deflect differently
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Figure 3.10: Comparison of the maximum deflection between the IDE and TBE
actuators at (a) tp= 2 µm and (b) 0 < tp ≤ 4µm.
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Figure 3.11: (a) Four electrode configurations, (b) The polarization direction inside
the spiral configuration, d33 coupling, is oriented differently in a same piezoelectric
sheet.

for different coupling. Therefore, it is a motivation for further investigation on the
effects of other coupling to the actuation.

In this section, different types of electrode configurations, see Fig.3.11a, are
investigated. The spirals (constant pitch and angle), which are motivated by the
design of piezoelectric torsion actuators [133], and the radial electrodes are expected
to produce a mix of longitudinal and transversal direction coupling. No electrical
interconnect lines are included in the micro-actuator models because of our focus on
conceptual matters in this study.

In polar coordinates (r, θ), the spiral constant-angle and the spiral constant-pitch
curves are by respectively

θr,n =
ln r − lnRi

tanα
+

2πn

N
, Ri < r < Ro (3.61)

and

θr,n =

√
r2 −R2

i

Ri

− cos−1 Ri

r
+

2πn

N
,Ri < r < Ro. (3.62)

where Ri and Ro are the inner and outer radii of the transducer, and the index
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Figure 3.12: Four different polarization regions have uniform poling assumption.

n = {0, 1, ..., N − 1} is denotes the nth spiral electrode. The spiral angle α is defined
in Fig.3.11b. In the spiral constant-angle configuration, we set α to 45o, which is
recommended to gain the maximum shear strain [133]. In the spiral constant-pitch
configuration, α is a radius-dependent parameter

α = sin−1 Ri

r
. (3.63)

The pitch T of these spiral curves is

T =
2πr sinα

N
(3.64)

From (3.61)-(3.64), the radial configuration is a special case of the spiral constant-
angle configuration with α = 90o. The pitch T of the spiral constant-pitch configura-
tion equals 2πRi/N .

In this study, we neglected elastic properties of the thin electrode films. The
piezoelectric is 2µm thick and their properties are given in Table 2.1. The electrode
width b is 20µm and the actuator diameter is 3mm for all devices. The IDE device
has 50% metallization or the pitch is T = 2b = 40µm. It is should be noticed that if
we increase the gap to pitch ratio, the deflection and curvature of the IDE device
will be further increased as shown in Fig.3.9b. The number of 50% is chosen as a
conservative choice for the IDE actuator when compared with the other alternatives.

4.2 Electromechanical performance

In operation, a potential difference is then applied across neighbouring electrode
fingers to create an electric field. The polarization direction follows the electric field.
Hence, different electrode configurations lead to different polarization. And even
within the same configuration, the polarisation vector may vary throughout the
material.

The finite element method using Comsol Multiphysics is used to analyse the
electromechanical properties of the device concepts. We assume that the polarization
is uniform across the thickness of the piezoelectric layer as shown in Fig.3.12. The
polarization direction is always perpendicular to the electrode since it is aligned with
the electric field during poling.

The piezoelectric film of all the concepts can be divided into four different
polarization regions. We use cylindrical coordinates (r, θ, z) as shown in Fig.3.11b.
In the IDE configuration, the polarization direction is in the positive or negative
z direction under respectively the negative and positive electrodes. In the regions
between two neighbouring electrodes, which we refer to as active regions, the
polarization is along the radial direction. Neighbouring active regions have oppositely
directed polarization that is always towards the negative electrode as shown in
Fig.3.12. In the spiral and radial configurations, the normal and the tangential
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Figure 3.13: Centre deflection and curvature at sag vertex for the actuators with
different values of the active region N at 1MV/m

directions with respect to the electrode are rotated an angle α as illustrated in
Fig.3.11b and have unit vectors

~i⊥ = cos(θ − α)~ix + sin(θ − α)~iy, (3.65)

~i‖ = − sin(θ − α)~ix + cos(θ − α)~iy. (3.66)

Hence, the four regions have polarization directions that are in the positive or
negative z or normal directions.

We compare different actuators with equal average field-strengths in the piezo-
electric layers between the electrodes. For the configurations with variable electrode
distances or gaps, we use the smallest gap. The average electric field is

Ē =
V

T − b. (3.67)

We consider spiral and radial configurations with the same number N of active
regions. Figure 3.13 presents the absolute value of the center deflection δ and
curvature ρ of the bending with respect to the number of the active regions at
an equal field-strength of 1MV/m. For spiral configurations, both deflection and
curvature increase if N is increased. When N is large, the deflection and curvature
become saturated. For the radial configuration, these quantities are slightly decreased
as N is increased. Therefore, if we chose N to maximize the performance of the radial
configuration, then the spiral ones will perform worse and vice versa. In our study,
we choose N = 30 as a trade off. Then the spiral and radial configurations achieve
more than 90% of their maximum displacement and curvature. We could have chosen
N larger, resulting in slightly reduced performance of the radial configuration. The
maximum possible value of N is limited by the available space at the inner radius Ri.
A smaller N would reduce performance of the spiral configuration. Moreover, very
small values of N can lead to an impractical poling process due to very large gaps.

Comparisons of performance parameters are shown in Fig.3.14a. They show that
the IDE actuator produces larger deflection and curvature than the other alternatives.
It is followed by the radial electrode. The spiral electrodes give the smallest vertical
bending because a part of the work is made in torsional actuation.

If the actuator is configured as a micro-pump, the volume change

∆Vol =

∫

y

∫

x

δ(x, y)dxdy (3.68)
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Figure 3.14: Comparison between the actuators with different electrode configuration
at different opening radius Ri at 1MV/m. (a) The centre deflection and curvature
at sag vertex, (b) The volume change.

is of interest.
Figure 3.14b shows that the IDE configuration has the largest volume change. It

is followed by the radial and the spiral configurations. The radial configuration has
opposite diection of deflection from the other alternatives, which is designated by
the sign of the volume change.
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Chapter 4

Conclusion

In this thesis, the modelling, simulation and characterization of piezoelectric actuators
with the interdigitated electrode (IDE) configuration has been presented. Beginning
with the constitutive equation for piezoelectricity, we have derived and validated
models of the IDE piezoelectric actuators. The beam and plate structures have been
investigated.

First, a new governing equation was derived for bending of a beam actuator with
the IDE configuration. Many researchers have published the governing equation for
a TBE beam. For the TBE beam structure, the material electromechanical coupling
factor adds a correction term to the flexural rigidity of the entire structure. For
IDE beams, we discovered that there is no need for such a correction term for either
cantilever or clamped-clamped actuators if they are mechanically unloaded.

Next, the new governing equation led to the establishment of a deflection formula
for the beam actuators. Under the same applied electric potential, and with the
assumption of a uniform electric field, the deflection was found to be proportional to
the number of the electrodes. However, if the electric field remains the same, the
deflection is then proportional to the gap-to-pitch ratio. For clamped-clamped beam
actuators, a model of the optimal transducer length is presented. If the piezoelectric
layer is thin, then the optimal transducer lengths are equal half of the beam length
for both the TBE and the IDE actuators.

Then, a general two-port model of the IDE cantilever was established. The effects
of the piezoelectricity on the mechanical properties, e.g., the flexural rigidity and
stiffness, and the electrical properties, e.g., the capacitance, of the IDE transducer
under different stimuli were investigated. As mentioned above, when the beam is
mechanically unloaded and electrically stimulated, we proved that no correction
terms were needed for the flexural rigidity. However, when the beam is loaded
mechanically, i.e., by a tip force, the mechanical stiffness is then affected by the
electromechanical coupling factor of the piezoelectric material. However, if the
piezoelectric layer is thin, this contribution is then negligible. The free capacitance
and the transducer’s electromechanical coupling factor are not only dependent on
the dimensions and the properties of the piezoelectric layer but are also dependent
on the detailed layer structure on the basis of the flexural rigidity ratio.

This thesis is then followed by an investigation of the nonuniform electric field.
Normally, Laplace’s equation represents the starting point for derivation of formulas
for the capacitance and the electric field. However, in piezoelectric transducers, the
electromechanical coupling property adds a mechanically-dependent term to the
equation. For a transducer with a thin piezoelectric film, this new equation can be
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simplified and transformed into Laplace’s equation. The transformation shows that
we can treat the piezoelectric material as an isotropic material with an equivalent
permittivity and thickness.

The simplest models that can be used for the IDE configuration are the uniform-
field models. The capacitance and the electric field are reciprocally proportional
to the gap size. This simple estimation process always overestimates both the
electric field and the capacitance. More accurate models can be produced using the
conformal mapping technique. If the piezoelectric layer is thin, these models can
then be simplified. The simplified models show that the capacitance and the electric
field are reciprocally proportional to the sum of the gap and a correction term. This
correction term is solely dependent on the piezoelectric layer thickness.

In practice, these new models of e.g., the electric field, the capacitance, and the
coupling constant can be used to characterize thin film ferroelectric materials. All
parasitic contributions must be subtracted from the measurement results. To do this,
we introduced a phenomenological model of the parasitic capacitance. Then, the
CV and PV and the stress-field loops of the material were calculated. At the peaks
of the CV loops, the data spread of 9% around the average value produced when
using the uniform models was reduced to less than 1% when using the new models.
Almost zero coercive field spreading was observed in the PV loops. Additionally, the
data spread of more than 20% for the piezoelectric coupling coefficient was reduced
to less than 7%. In ferroelectric materials, we observed that the inhomogeneous
permittivity distribution can be treated as an homogeneous distribution with an
equivalent relative permittivity.

Bending models of the microactuators were also established for the plate-type
actuators. We derived explicit formulas for the center deflections of the d31 and
d33 coupling plates. From these formulas, the optimal opening radius ratios were
also derived. For the d31 coupling plate with the TBE configuration, the optimal
opening radius ratio was found to be 1/

√
e and was independent of the material

choice. For the d33 coupling plate, the optimal ratio was dependent on the material
choice. An analytical model was also introduced to calculate the deflection of the
IDE circular plate actuator. Different electrode configurations, including interdigital,
spiral, and radial configurations, were investigated for the plate actuators. Under an
equal-field comparison, the IDE configuration was found to be the best for bending
characteristics.

Finally, with regard to the possibility of use of the IDE concept to replace TBEs
in piezoelectric tunable lenses, we compared the deflection properties of the IDE
and TBE actuators with both beam and plate structures. Under equal-voltage
comparison, the IDE actuators showed worse performance than the TBE devices.
Under equal-electric field comparisons, however, the IDE actuators could produce
higher deflections than the TBE devices. Additionally, the actuators with the IDE
configuration could provide higher electromechanical coupling factors than the TBE
devices. This serves as a motivation for use in a variety of different applications,
including optical image stabilization, microsensors and microgenerators.
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