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Abstract. This paper presents a completely analytical method to build a lumped-model
for an electret-based energy harvester. The harvester consists of two patterned electrodes
facing movable electret patterns in a slot-effect electrical scheme. A Chebyshev expansion with
orthogonal functions to capture singularity effects and Galerkin’s method are used to determine
fundamental parameters of the equivalent circuit. All important fringing fields in the microscale
device are thereby taken into account. For a device example, the calculated parameters of the
model agree well with those obtained by finite element modelling. The dynamic behaviour is
reproduced by the established model. The advantage of the approach is to allow a fast and full
exploration of the design parameters for optimization of the device structure.

1. Introduction

Biasing of electrostatic vibration energy harvesters is an essential feature for their operation.
For a full MEMS integration, internal bias by an electret, which is a dielectric with trapped
charges [1], is favourable over external bias by circuitry. A number of recent investigations on
MEMS electret-based vibration energy harvesters consider devices configured as a set of metal-
strip electrodes and a patterned electret on two separate substrates [2, 3, 4, 5]. Such a device
concept has potential applications in car-tire pressure monitoring [6, 7, 8].

Modelling of electret-based harvesters is challenging when electrostatic fringing field effects
are significant. Several groups have developed models and guidelines for device optimization.
These models can be made either by using an ideal field approximation, which is inaccurate, or
by time-consuming finite element computations [9, 10, 11]. Conformal mapping techniques can
be a solution, but are limited by assumption on geometry and material [12]. An improved model
by [13] included closed-form parasitic capacitances using an effective permittivity to represent
the dielectric media surrounding the electrodes. The effect of the electret substrate was ignored
even when the gap between the two substrates was small.

In the present work, the aforementioned limitations are overcome by developing an accurate
and fully analytic method to build an equivalent lumped-model for the harvester. The method
used here is adapted from our previous work [14] that includes electrostatic nonlinearities and
fringing fields. The harvester parameters reported in [15] are used for example calculations that
illustrate the method.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1



PowerMEMS 2016 IOP Publishing
Journal of Physics: Conference Series 773 (2016) 012081 doi:10.1088/1742-6596/773/1/012081

Proof mass

d |-
O b bl e &1 . Daelectric .
”””” T s S =T !
Blectret “p p P P ¥ ¥+ F F++++ 7
Width: b Air gap ¢
Surface charge distribution Surface charge distribution
_g o I—l

Electrode 2
Width: a R

|||—

Dielectric substrate &

) 0 P2

Figure 1. Cross-section of a single period for an electret-based vibration energy harvester.

2. Transducer description

Figure 1 shows a simplified cross-section of one period p for the electret-based transducer.
The transducer consists of N pairs of metal electrodes 1 & 2 on a dielectric substrate with a
permittivity 9 that face electret patterns deposited on a dielectric layer with a permittivity e
and a thickness d. The dielectric layer 1 is supported by a conductive substrate functioning
as a proof mass m suspended by mechanical springs (not shown) with a total stiffness k. The
medium gap g between two substrates has a permittivity 9. The metal electrode and electret
patterns have a width of a and b respectively. Each pattern has a length L. The electret has
a total fixed charge Q. = %Ve, where V, is an equivalent average surface voltage over the
electret patterns.

There are several schemes for power extraction based on the arrangement of connections
between the three electrical terminals, i.e the two electrodes and the conductive proof mass.
A typical configuration is the slot-effect scheme [12, 15, 16] where a load, e.g. a resistor R, is
connected between the two electrodes 1 & 2 and one of them is grounded together with the
conductive proof mass as shown in figure 1. When the proof mass oscillates in the lateral
direction, the charged electret induces varying charges on the counter electrodes and then
generates an electrical current through the resistor R.

3. Analysis and modelling

In the analysis, we assume that all electrode and electret patterns are sufficiently thin that they
can be treated as zero thickness. The number N of periods is large enough that end-effects
can be ignored. To capture fringing fields, the surface charges induced on the electrodes are
mathematically represented by an orthogonal expansion in Chebyshev polynomials multiplied
by a reciprocal square root form, i.e.
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Figure 3. Induced-charge coefficients as

function of proof mass displacement.

where N is a maximum Chebyshev index, T;,(u) are Chebyshev polynominals of degree n=0, 1,
N, {C1} and {C?} are expansion coefficients. The total charges on electrodes 1 & 2 are

p/2
Q2 = NL/ o12(u)du = NL C’ ) (2)
—p/2

From here, the analytical approach to establish parameters for the equivalent circuit model
can be briefly described as follows. First, Laplace’s equation V2p(u,v) = 0 is used to find the
potential distributions on two substrate surfaces ¢(u,0) and ¢(u, —g). The Galerkin method
with the reciprocal root form as a weight function in Eq. (1) is then employed to enforce
constant potential boundary on two electrodes V; = Vi and Vo = 0 V. Now, the expansion
coefficients {Cl} and {C2} can be found by solving the resulting set of equations. Further
details on procedure to determine the expansion coefficients can be found in [14]. As a result,
the total electrostatic energy is

1 st
We(z,Q) = 5 [Ql QQ] [ ] + NL/p o(u,0)oe(u)du (3)
where the last term in the above equation is the electret energy with o.(u) = b?VEL for

—b/2 <u—x < b/2. With the charge Q) = @1 as the generalized displacement in the electrical
domain, the energy W, can be written on the form

« 2 5( )
47T€0NLQ + 27r50NLQQe

( )

We(z,Q) = Qe (4)

where the coefficients «, B(z), and v(z) are dimensionless and dependent on the geometry, the
transducer materials and the proof mass displacement. The corresponding electrostatic force
acting on the proof mass and the voltage across the resistance R are

We(x,Q) _ P'(x) ( )

2
or  2meoNL TregNL e = =VoQ + Fi(x) (5)

Fe= QQe +
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where C = 72W63NL, Fy(x) = 47?5(()?\)7,;@3 and V;,(z) = QWBEE)QX[L e-

By including the inertial force Feyy = ma and mechanical damping b, the dynamics of the
harvester can be represented by the equivalent circuit as shown in figure 2.

4. Device example and simulation results

We use the parameters of the device in [15] as an example. The calculation gives aw = 0.2147 and
displacement-dependent functions 3(z) and y(z) as shown in figure 3. It can be seen that the
transducer has the maximum and minimum stored energy when the proof mass displacement are
at two extremes 4. The found parameters result in C' = 51.8 pF and Qo = —3.26 nC while the
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corresponding values obtained by finite elemement computation in [15] were C**M = 52.5 pF
and QOFEM = —3.2 nC, where Qg is the equilibrium charge of (). This agreement validates the
calculation approach that takes all effects of the fringing fields into account.

Figure 4 shows frequency responses of the harvester for different acceleration amplitudes at
Ve =160 V and R = 5.0 MQ). The behaviour reproduced by the model is in agreement with
experimental results, but the power obtained from the simulation is smaller by about 15% than
the measured power in [15]. Apart from the accuracy of the experimental model parameters,
the deviation can be explained by the measured device having a corrugated electret while the
analysis is based on a patterned flat electret.

The effect of the surface voltage V, on the output power is shown in figure 5. An optimal
voltage around V, = 400 V is found when increasing from 160 V while holding the acceleration
amplitude fixed. Further increase of V. reduces the power due to the stronger electrostatic
force that limits the proof mass displacement. In addition, the electrostatic nonlinearity caused
by increasing V. shifts center-frequency upwards. This can be explained by analysis of the
electrostatic force at short- and open-circuit conditions as shown in figure 6. There is almost
no stiffness contribution from the electrostatic force at shorted circuit. With open circuit, the
system stiffness is higher because of the additional force FgP*" ~ 14.1 N/m x z around the
equilibrium position. Thus, the nonlinearity moves the center frequency by Af. as shown in
figure 7 and can be used to adapt the harvester to the ambient vibration frequency.

5. Conclusion

A fully analytical method that provides induced-charge coefficients for electret-based energy
harvesters in the slot-effect configuration was presented. From this method, an equivalent
circuit model that takes into account effects of fringing fields and electrostatic transducer
nonlinearities followed. The key model parameters can be simply calculated from the induced-
charge coeflicients. Variations on the proposed approach for other configurations of electret-
based harvesters and further optimization on transducer geometry are left for future work.
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