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Abstract

In the first part of the paper, the optimal estimator for normally nonmeasured primary outputs from a linear, time invari-
ant and stable dynamic system is developed. The optimal estimator is based on all available information in known inputs and
measured secondary outputs. Assuming sufficient experimental data, the optimal estimator can be identified by standard sys-
tem identification (SI) methods, utilizing an output error (OE) model. It is then shown that least squares estimation (LSE)
and multivariate calibration by means of principal component regression (PCR) or partial least squares regression (PLSR)
can be seen as special static cases of such a dynamic SI. Finally, it is shown that dynamic system PCR and PLSR solutions
can be developed as special cases of the general estimator for dynamic systems.
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1. Introduction

The first aim of the paper is to develop the theo-
retical basis for identification of the optimal estima-
tor for normally nonmeasured primary outputs y,
from a linear, time invariant and stable dynamic sys-
tem, utilizing all available information in known in-
puts u and measured secondary outputs y,. The basic
insight behind this is that the y, measurements may
carry valuable information about the process noise v,
which it should be possible to utilize when estimat-
ing y,, as illustrated in Fig. 1. The problem is then to
find a method for identification of the optimal esti-
mator model, and the practical use may be operator
support, failure detection and feedback control.

The second aim is to study the relations between
such methods for dynamic system identification (SI)
and methods for static regression and multivariate
calibration widely used in, e.g., chemometrics. In the
static case we would find a model for estimation of
primary dependent variables y, from independent
variables u and secondary dependent variables y,.
The final aim is to indicate how these relations can
be used to develop multivariate calibration methods
that can also handle time series data generated by
dynamic systems.

The paper is organized in the following way: Sec-
tion 2 gives some background and preliminaries. In
Section 3 the theory for use of secondary y, mea-
surements as inputs to SI procedures is established.
This results in the central relation in the paper, giv-
ing the optimal y, estimator (Eq. (19)) for linear, time
invariant and stable dynamic systems. An analysis of
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Fig. 1. Basic principle for estimation of primary system outputs Y,
from known inputs u and measured secondary outputs Y, in pres-
ence of process noise V.

the covariance of the Yy, estimate is also given. In
Section 4 it is shown that least squares estimation
(LSE), principal component regression (PCR) and
partial least squares regression (PLSR) can be seen as
special static cases of this dynamical solution. The
relations between these data based estimators and
theoretical estimators based on known or assumed
static models and noise properties are also presented,
and the relation between two different PLSR algo-
rithms falls out as a neat result. Extensions of the PCR
and PLSR methods to cover also dynamic systems
with collinear measurements are presented in Section
4. Section 5 gives some numerical examples and
Monte Carlo simulations, and concluding remarks are
given in Section 6.

2. Background and preliminaries

Linear regression and static calibration methods
have roots in the classical least squares technique
used by Gauss around 1800. When the number of es-
timator variables is large and the number of observa-
tions is limited, the ordinary solution to the least
squares problem may have very large variance due to
overfitting. This situation requires some form of reg-
ularization, e.g., PCR or PLSR [1,2]. In many cases
of great practical interest, the estimator variables far
outnumber the observations at hand. An example is
product quality characterization by use of near in-
frared spectroscopy, with several thousand estimator
variables (frequencies) and often less than 100 obser-
vations. In such cases, the estimator variables are of-
ten strongly collinear, and most of the information

can then be compressed into a few latent variables
within a subspace of the variable space. Basic tools
for this data compression are singular value decom-
position (SVD) and principal component analysis
(PCA), and the regression method directly based on
this is PCR, while PLSR combines data compression
and regression in an iterative approach. Such tools for
multivariate data analysis are used in many scientific
fields like biometrics, chemometrics, econometrics
and psychometrics.

Linear regression can also be used to identify the
parameters in dynamic system finite impulse re-
sponse (FIR) models or autoregressive models with
external inputs (ARX) [3]. Due to lack of noise mod-
eling, this will normally result in biased parameter
estimates, and the FIR truncation error comes in ad-
dition. Identification of FIR and ARX models by PCR
and PLSR have also been investigated, see, e.g., Refs.
[4,5].

In parallel with the development of the PCR and
PLSR methods, the field of general dynamic SI has
been developed into a sophisticated set of methods
and practical tools. Classical SI methods are summa-
rized in comprehensive books, e.g., Refs. [3,6]. At
present, subspace identification methods attract a
great deal if interest, see, e.g., Ref. [7] with further
references. In all forms of SI, one finds that LSE is
used as a basic tool. It is, however, refined and in
some cases replaced by, e.g., prediction optimization
methods in order to account for the noise influence
in a proper way.

SI is also closely linked to the Kalman filtering
theory [8]. This is done by use of innovation models,
where the different process and measurement noise
sources are replaced by the white noise innovations
in an underlying Kalman filter.

From a SI and Kalman filtering point of view, it
is intuitively evident that the classical linear regres-
sion and the modern multivariate calibration methods
may be seen as special static cases of the more gen-
eral parametric SI methods for dynamic systems. An
early attempt to look into these similarities was made
in Ref. [9], and the present paper includes a further
and more detailed attempt to do so. When these simi-
larities are to be investigated, three basic facts have
to be acknowledged.

(1) Methods of multivariate calibration are used to
find models for estimation of unknown output vari-



ables y from both independent and dependent known
variables X. In SI terminology, this means methods
for estimation of unknown system outputs y, from
both independent system inputs U and dependent sys-
tem outputs y,. The basic observation here is that also
dependent outputs Y, have to be used as inputs in the
SI procedure.

(2) When the multivariate calibration models are
used for estimation, the y, outputs are not known, and
this will also be the case for the corresponding dy-
namical models found by SI. We are, therefore, lead
to consider output error (OE) models and not the
qualitatively different ARMAX (autoregressive mov-
ing average with external inputs) type of models used
for, e.g., control design based on known Yy, outputs.

(3) In order to find the optimal y, estimate, the
underlying Kalman filter must be of the predictor—
corrector form, which is normally not the case when
innovation models are used in SI.

These basic facts must be reflected in the theoreti-
cal analysis of the relations between SI and LSE, PCR
and PLSR, and this is quite independent of the spe-
cific SI methods considered. The use of both inde-
pendent inputs U and dependent y, measurements as
inputs in a SI procedure raises questions about iden-
tifiability and applications on deterministic and per-
fect measurement systems. A preliminary discussion
of this is given in Ref. [10]. A detailed comparison
of ARMAX and OE models for prediction of y, based
on U and Yy, is given in Ref. [11].

3. Secondary measurements as inputs in system
identification

3.1. Satement of problem

Consider the discrete system model

Xes1 = AXx, + Bu, + Gy,
Yik = Cix+Dyug +w (1)
Yok = CuX+Dyu+w,y,,

where X is the state vector, while v and w = [w] w, ]
are white and independent process and measurement
noise vectors. Also assume a stable system with (A,
G‘/R_V ) reachable, where R, is given by the expecta-
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tion R, = Ev,v). Note that some or all of the sec-
ondary y, measurements may be collinear with some
or all of the primary y, measurements.

Further assume that input—output data are avail-
able from an informative experiment [12], i.e., that
data records for uy, y,, andy,, for k=12,...,N
are at hand, with u, persistently exciting of appro-
priate order and N sufficiently high. The problem is
now to identify the optimal one-step-ahead y, \ pre-
dictor based on past and present U, and past Y, val-
ues, and the optimal y, | current estimator based also
on present Y,  values.

Note that it is a part of the problem that y, | is not
available as a basis for the prediction estimate ¥,
or the current estimate Y, y . This is a common situa-
tion in industrial applications, e.g., in polymer ex-
truding, where product quality measurements involve
costly laboratory analyses. Product samples are then
collected at a rather low sampling rate, and product
quality estimates at a higher rate may thus be valu-
able.

3.2. Optimal one-step-ahead predictor when vy, is
available

The model (Eq. (1)) can be expressed in the ordi-
nary innovation form [6] given by the following
equations, where AK = A[K ,K,] is the gain in a
predictor type Kalman filter formulation with white
innovations €, and e,:

€
e |,

C Xy +Du,+e
C,X+D,u, + € k-

X1 = AX, +Bug+A[KK,]

Yik = (2)

Yok T

The optimal one-step-ahead Yy, predictor with all
measurements available and a known u, will then be

X1 =A(l —K,C, —K,C,)%,
+(B—AK,D, — AK,D,)u,
+AKL Y, HAKL Y, ¢
Yix=C X +Du,. (3)

This will be the best linear one-step-ahead predic-
tor if X,, v, and w, have arbitrary statistics, and the
optimal predictor assuming that X,, v, and w, are



normally distributed [8]. This is also the predictor
normally used in prediction error identification meth-
ods [3,6].

3.3. Optimal one-step-ahead predictor when 'y, is not
available

When the Y, measurements are not available as a
basis for prediction, the ARMAX predictor (Eq. (3))
is no longer optimal [11]. The obvious reason for this
is that Eq. (3) is based on an underlying Kalman fil-
ter driven by Yy, in addition to U and Yy,, and the in-
formation in the y, measurements will then not be
utilized in an optimal way when Y, is not available.

In a prediction error identification method, we
must instead base the prediction on an underlying
Kalman filter driven by u and only the y, measure-
ments. With the assumption that (C,, A) is de-
tectable, the following innovation form can then be
derived from Eq. (1):

RO = AROF 4 Bu, + AK e, ,

Yor = CoX*P +Dyu + ey . )
The y, output is then given by
Y= C X"+ Dyuy + 90, (%)
where
AP =C (X = XKET) + wy (6)

is colored noise.

The underlying Kalman filter is governed by the
well known Kalman filter equations [8]. The Kalman
gain is determined by
K OF = POEPCT(C POEPCT 4 Rzz) 1’ (7)
where the prediction state estimation covariance
POEP = E(x, — XPEP)(x, — XLFP)T is given by the
Riccati equation

POE? — APOEPAT 4+ GR,GT — AK 9EC, POFAT,

(8)

and where R, = Ev,v; and R,, = Ew, W .
Theoretically, it is possible to identify the system
determined by Egs. (4) and (5) using y, and y, as
outputs, i.e., to identify Eq. (2) with a simplified noise
model employing K, = 0. With many secondary Y,
measurements it is, however, a simpler task to use Y,

)
as an input signal, and identify the OE prediction
model (OEP model)
XOEF = A(I —K9EC ) X OEP
+ (B —AK9ED )u + AK?EyZ,k
Y= Ci X+ Dyuy + 90 (9)
The corresponding input—output model is then

yix=C,[al —A+AKSEC,]
[(B— AKSED, )u, + AK 2Py, |
+D,u, + 9

=¥ ko1 T AT, (10)

where ¥, . is the optimal prediction estimate.
This model can also be expressed as

Yik G(q )U +Gz(q )y2k+{)OEPs (11)

where q~' is the unit delay operator. The transfer

functions are here

G,(q7')=C,(al —A) ' (B—AKZD,) +D,
(12)

and

G,(q" ") =Cy(al —A)  AKZE, (13)

with A = A — AK9FC,.

In order to identify the deterministic part of the
system (10), i.e., G, and G,, we model ¥ FF by
some unknown white noise sequence and use the
prediction

91=Gi(a " :0)u+Gy(a!

The prediction error is then

50)Ya k- (14)

€= Yik— Yk
[G.(a") = &,(a":0)]u,

+[Gy(a") = 6,(q"50)]y, + IO
(15)
When evaluating the result of minimizing a criterion
function Vy(6) = tr((1/N)L}_ &, €] ,), we must

now consider the fact that y, , and 9% are not in-
dependent. We then note that the predictor (Eq. (14))



has the form of an observer driven by u and the y,
measurements, and that the criterion function deter-
mined by the prediction error (Eq. (15)) under the as-
sumption of Gaussian noise therefore is minimized
when and only when both

- the deterministic model is correct, and

- the observer gain is a Kalman gain, i.c., K , =

K OF,

Minimization will therefore asymptotically (N —
%) result in G, =G, and G, = G,, with G, and G,
given by Egs. (12) and (13). The prediction estimate
Y1.kk—1 Will thus be asymptotically unbiased.

3.4. Optimal current estimator when vy, is not avail-
able

Utilizing also current y, values, the optimal esti-
mator considering that y, is not available will be
found by identifying the following OE model based
on an underlying predictor—corrector Kalman filter
[8] utilizing also current data (OEC model):

yix=C (1 -K9C,)[ql —A+AKSC,]
-[(B = AKSED, )u, + AK 2Py, |
+ ClKgE(Yz,k_ D,u,) +Dyu, + 9 EC
(16)
Here we introduce the colored noise
B =C (X = X)) + Wy s (17)
based on
XEC= (1 = K9FC, )XY + KOF(y, = Dyuy).
(18)

From Eq. (16), we find the asymptotically unbi-
ased and optimal y, current estimator

Viwk=Ci(1 —KSC,)[al — A +AKSEC,]
-[(B—AKSED, )u, + AK Py, ]
+C1K§)E(y2,k_D2uk) +Duy. (19)

This is the central relation in the paper, showing how
past and present U and y, values can be utilized in an
optimal way to find the current estimate Y, y . It is
straightforward to show, however, that identification
of Eq. (19) by use of a prediction error method will
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result in a correct result only when w,  and w,  are
uncorrelated [11].

The optimal estimator (Eq. (19)) is also the basis
for Section 4, where LSE, PCR and PLSR are found
as special static cases, and for the dynamic PCR and
PLS solutions presented in Section 5.

3.5. Theoretical y; current estimation covariance

When the OEC model (Eq. (16)) is identified us-
ing a large data set, i.e., N— o, the estimate ¥,
will be asymptotically unbiased when we use either
only u or both u and y, as input signals. The asymp-
totic covariance will, however, depend on the model
and the quality of the data. In the following we as-
sume perfect model and noise information, and de-
rive theoretical asymptotic expressions for the Yy,
current estimation covariance.

The underlying Kalman filter driven by u and the
y, measurements is governed by Egs. (7) and (8). The
current state estimate is given by Eq. (18), and the
current state estimation covariance PF¢ = E(x, —
XEONX, — XPEO)T is thus

POEC = (1 — KQ5C, )POP(1 — K 9 C,)"
+ KPR ,(KQF)". (20)

As the current estimate Y, ,, is directly based on
XQEC, the theoretical asymptotic Y, current estima-
tion covariance becomes

E(yl,k - yl,k|k)(y1,k - 371,l<|k)T
= CPUCCT+R,,,

COV(yl,lqk)

(21)

with POFC€ given by Eq. (20) and R, = Ew, W/ ,.
Assume now for convenience a scalar y, mea-

surement. When the model is identified and validated

by use of independent data sets with N — oo, we will

then find the theoretical root mean square error
(RMSE)

1 N _ 5
RMSE|y y, = N > (yl,k_yl,k\k)
k=1

—/C,POCCT +R,, . (22)



4. Multivariate calibration as special cases

4.1. Assumptions according experimental setup and
data

Consider again the system (Eq. (1)) with the opti-
mal y, current estimator (Eq. (19)), and expand the
input U with a vector d of unknown offsets or distur-
bances, i.e., use U =[d"u’ ]*, where u_, is the known
vector of manipulated or measured inputs. Let the in-
put U, be piecewise constant over periods that are
much longer than both the time constants in the un-
derlying continuous system and the discretization
sampling time, and assume possibly collinear obser-
vations Y, ; and Y, ; at the of each such period. Also
assume that d i is a white noise sequence, i.e., that the
unknown offsets and disturbances are independent
from one observation to the next. With a piecewise
static input vector U, and enough time for settle-
ment, it follows from (Eq. (1)) that the observations
will be given by

v, =[c(1-A)"'B+D,] [udm]j

i
+ X Vidy kT Wy (23a)
k= — o

y,;=[Co(1 —A) 'B+D,] [Uﬂj
j
+ X VilQy -kt Wy i, (23b)
k= —

where g, and g, stand for the impulse responses from
Vv to y, and Yy,. All measurements are thus linear
combinations of d and u,, plus noise, and since we
assume a stable system with piecewise constant in-
puts and a settling time shorter than the data sam-
pling time, this noise will be approximately white.
Note, however, that since the noise terms in Egs.
(23a) and (23b) are partly determined by the com-
mon process noise V,, they will not be independent,
as required for the optimal current estimator (Eq.
(19)). For calibration purposes it is also a normal
procedure to use mean values of the measurements
over a certain period of time in order to reduce the
noise, but this does not affect the theoretical analy-
sis.

4.2. Least squares estimation

If both d and u,, are completely known, there is
no need to utilize the information in the y, measure-
ments, we can simply solve Eq. (23a) as an ordinary
least squares problem. In our case, however, we con-
sider d as unknown, and the y, measurements may
then give valuable information about d and indirectly
also about y,. In the following analysis we assume
that u, ; is a persistently exciting stochastic signal,
and that all data are centralized, i.e., that dj, U js Y1
and y, ; are stochastic variables with zero mean. For
details about centralization and the subsequent modi-
fication of the estimator, see, e.g., Ref. [1]. We also
assume observations of U, ;, y,; and y,; from
an informative experiment with samples for | =
,2,...,d.

In order to use the Kalman filter formalism, we
model d; as generated by a white noise sequence €, |
through a pure delay system. In the same way we
model the common noise part M ; inYy, ; andy, ; as
generated by a white noise sequence e, ;. Expressing
y, and Y, as linear combinations of z=[d"m!]" and
u,,, we then arrive at the following dynamic system

=e.

po-[d] [
j+1 N, i+1 er J

Yij=Luz;+Lpu, ;+m

(24)

Yoj=Lauzj+ LU, +my,

where the detailed expressions for the L matrices fol-
low from Egs. (23a) and (23b), and where 7, ; and
M,,; are white and independent noise sequences. This
is a dynamic system as given in Eq. (1) with A =0,
B =0 and G =1, and the algebraic Riccati (8) then
results in

P=P,=R.=Eejj. (25)

From Eq. (7) follows that the Kalman gain related
to the y, measurements is

—1
K(sz:ReLTzl(LleeLTzl"'Rzz) > (26)

where R,, = Em, ;M3 ;. With A =B = 0 and appro-
priate change of notation according to Eq. (26), the



optimal current estimator (19) now gives the theoret-
ical static estimator

Vi =L 11K?E(Y2,j - Lzzum,j) + LUy,
= (L12 - LllK(2)EL22)um,j + LllKgEyZ,j’
(27)

or with

B,

Vo) = [l va,] B,

B,
B,

L —L, KL.,)
_ ( 12 12 22) . (28)

B=
(LK SE)

Without known manipulated inputs, i.e., with
U, ; =0, we have a simplified model

Zi 1 =€
Yij=Lizj+my (29)

Yo =L,z +m,,

resulting in the simplified theoretical estimate
o -1
Y1aJ/J=L1ReLT2(L2ReLT2+R22) Ya,i» (30)
or with (¥,,j/j)" = yg’jB

B=(L,RL}+Ry2) 'L,R,LT. (31)

In the same way as with the parameters in Eq. (19),
we can find B, and B, in Eq. (28) or B in Eq. (31)
by identification of an OE model. In this special static
case, however, we can also find the parameters di-
rectly as the solution to a least squares problem. Let
us start by comparing the theoretical estimator Eq.
(31) with a data based least squares solution. By
stacking the collected data y{, y{,, ..., y{y in a
data matrix Y, and y{l, y{z, ces Y2T,N in a data ma-
trix Y,, we can express the relation between Y, and
Y, as

Y,=Y,B+E, (32)
resulting in the least squares estimator
B=(Y1Y,) 'YSY, = (ivgvz)l : lY;Yl.
N N
(33)

(G

For a theoretical analysis we also stack (z],z,...,
zy), (i mi,, ..My and (ngmbs, ..,
nZ,N) in data matrices Z, E, and E,, and by use of
Eq. (29) and for N — o we will then find

1 1
—Y]Y,=—(ZL} +E,)"(ZLLE,)

N N

- L,R.L,+R,,, (34)
and
1

1
NYZTY1 - N(Z|_T2 +E,) (ZLT +E,)

—L,RLT (35)

Here, we make use of the fact that (1/N)Z"Z - R,
and that v, and n, are independent white noise se-
quences, which means that (1/N)L,Z"E, — 0,
(1/N)L,ZTE, - 0, (1/N)EJZL" - 0 and
(1/N)EJE, » 0 when N — . By inserting Egs.
(34) and (35) into Eq. (33), we now find the estima-
tor (31), showing that the estimators (31, 33) are
asymptotically equivalent. This connection between
Kalman filtering without dynamics and ordinary LSE
was found also in Ref. [9], but then without the gen-
eral dynamic estimator (19) as a basis, and also lim-
ited to the case were L ; = | (or at least invertible) and
m, =0, i.e, the case were y, are noise-free measure-
ments of all states in the system (possibly after a
similarity transformation).

In a similar although somewhat more involved
way we can also show that the estimator

1u;UY o fur
NYzT[mZ] N|[YS

is asymptotically equivalent with Eq. (28).

A

Yy (36)

—_—

4.3. Principal component regression

With a large number of y, variables and a limited
number of observations, the estimators (33, 36) may
have very large variance. In the common case with
collinear y, variables, we can then make use of the
fact that the information can be compressed into a
smaller number of latent variables determined by the
total number of independent variables in U, and z
We then collect all input data in either X =[U, Y,]
as in Eq. (36) or X =Y, as in Eq. (33), dependent



on the problem formulation. By use of an appropriate
number of principal components [1,2], the data is then
expressed as

X =TPT, (37)

where T is the score matrix and P is the loading ma-
trix.

For convenience and due to space limitations we
now limit the treatment to the case where u, ; =0,
i.e, to the case where X =1[y, .¥,,,....¥Y,n]"
We then replace the measured variables y, ; with la-
tent variables 7; = PTyz, j» and make use of the fact
that PTP = I, and the system (29) is thus replaced by

Zis1 = &
Yij = L,zj+m, (38)

7| PTL22j+PT1|2,j.

u

The theoretical estimator (31) is then replaced by

B=P(P'L,R,LLP+P'R,,P) PTL,R LY.
(39)

By replacing y, with T and inserting Eqs. (34) and
(35) into Eq. (39), we find the corresponding data
based PCR estimator

B=P(T™T) 'TTy,=P(P"XTXP) 'PTXTY,.
(40)

4.4. Partial least squares regression

The aim of PLSR is to improve PCR by finding =
variables that explain both the X and the Y, data, and
there exist at least two slightly different PLSR algo-
rithms [1]. Also here we limit the treatment to the case
were U, ;= 0, and it is convenient to start with the
PLSR method of Martens that makes use of linear
combinations 7,, = W'y, (where the weight matrix
W is found iteratively). The result of this is that Eq.
(29) is replaced by the PLSR,, model

Ziyy = g
Yiji = L,z +m, (41)
YR WTLZZ]--FWTT]Z,]-.

(G

The theoretical PCR estimator (39) is then replaced

by the theoretical PLSR estimator

B=W(WTL,R LW +WTR,W) '
XWTL,R,LT, (42)

while Eq. (40) is replaced by the data based PLSR
estimator

A

B

W(TETy) 'ThY,

Ty T LA Ty T (43)
WW X XW) W X'Y,.

The original PLSR method of Wold uses linear
combinations Ty = (W TPy) "Wy, with the
same W matrix as Martens and with a special load-
ing matrix Py,. The model (29) is then replaced by
the PLSR, model

z €;

j
L]ZJ-+1|H-

j+1

Yii =

0

(WTPy) WL,z +(WTPy) Wy,
(44)

Tw,j

With W(W TPy,)~T instead of W, the theoretical
PLSR estimator (42) becomes

pow(y 1| () WILRLIWO) T
+() "WTRLW( )
() 'WTL,R,L]
= W(WTL,RLIW + WTR,W)
‘WTL,R,LT, (45)
while the data based PLSR estimator (43) becomes
B=wW(-) () WIXTXW() )
() 'WTXTY,
=W(PLW) ' (TETy) 'Thy
—W(WTXTXW) 'WTXTY,. (46)

We see from this that Py, disappears from the esti-
mator expressions, and that the final theoretical as
well as the data based estimators are the same for the
Wold and Martens algorithms. This is, of course, well
known [1], although the relation to the underlying
Kalman filter is new.



4.5. Dynamic system PCR and PLSR solutions

The optimal y, estimator for dynamic systems
given in Eq. (19) may also form a basis for dynamic
system solutions using PCR or PLSR. It is then natu-
ral to split the secondary measurements into Y, , =
[y Y227, where y,, , are the secondary measure-
ments that are linked to y, only through a static sys-
tem. The Y, , measurements are then internally
collinear, and they can thus be replaced by latent T
variables as in Egs. (38), (41) and (44), i.e., both PCR
and PLSR may be used. Using, e.g., the score defini-
tion in the PLSR method of Martens, i.e., T =W Tyz,
the OEC estimator (19) will be replaced by

yl,k\k = Cl(l - KSEWTczl - K(zszczz)
(Al —Ay) - (BeyUy + AK %B1,
+AK D Y ) + C K 7(7, — W'D, uy)
+C K% (Yo~ Dpaly) + DUy, (47)

where 7, =Wy, , A=Al —KWT'C,, —
K9FC,,) and B,, =B — AK?*W 'D,, —

AK 9¥D,,. The Kalman gains are here determined as
the solution to the Kalman filter (7, 8) with

c,= [(WT(:ZI)Tc;]T and

T T T T
B EW 'w,w, W EW w,w,,

R22 -

T T
Ew,,w, W Ew,,w,,

If we find the T variables by use of the PLSR me-
thod of Wold, we have to replace W T with
(WTPy,)"'WT, while the PCR method uses P" in-
stead of W .

When the current estimator (47) is identified by
use of, e.g., a prediction error method, also past T,
values will be used as a basis for determining Y, .
with reduced variance as the expected result, and we
can in fact look at and treat the latent variables as or-
dinary measurement signals. An essential assumption
is here that the linear relations between Y, , and 7,
given by PT, WT or (W TPy, )"'WT are time invari-
ant and determined as in the static case either by PCA
or by the iterative PLSR algorithms. Note, however,
that time invariance is an essential assumption also in
the general estimator (19).

If all or some of the y,, measurements follow the
same dynamic response except for noise, and thus are

(G

internally collinear, such measurements may also be
replaced by latent variables in order to reduce the
variance in the solution. However, since Y,, is linked
to y, through a dynamic system, the iterative PLSR
method cannot be expected to work, and we must be
content with using SVD or PCA to find these latent
variables. They may also then be combined with
known inputs or other measurements, and also with
other latent variables found by PCA or PLSR.

With u, =0 and y,, , = 0, Eq. (47) is simplified
to

)71,k\k = Cl(l - KSETWTCN)
(gl = Al =KW TC,)))
-AK %77, +C K%77,, (48)

showing the dynamic relation between the collinear
time series Y,, represented by 7 and the time series
Y-

We end this subsection with a general discussion
on dynamic system multivariate calibration methods.
The proposed estimator (47) is based on the asymp-
totically optimal estimator (19). This is in contrast
with PCR and PLSR methods for identification of FIR
models [4], where also the asymptotical least squares
solution is biased due to truncation as well as lack of
noise modeling [3]. It is also in contrast with PLSR
methods for identification of ARX models [5], where
again the asymptotical least squares solution is bi-
ased when the observation error is colored [3,6].

In addition we must consider the fact that an ARX
estimator would make use of past y, values that are
not available as the present problem is formulated in
Section 3.1. As for the optimal ARMAX estimator
(3), an ARX estimator would then not utilize sec-
ondary Yy, information in an optimal way. One obvi-
ous effect of this would be that noisy y,, measure-
ments collinear with y, would be effectively ignored
when the identification experiment gives low noise y,
information.

The fact that FIR and ARX least squares solutions
are not asymptotically optimal does not mean, of
course, that the PCR and PLSR solutions presented
in, e.g., Refs. [4,5] may not give good results in some
realistic cases with a limited number of observations.
An in-depth comparison between such known solu-



tions and the proposed estimator (47) is, however,
beyond the scope of the present paper.

5. Simulation examples

Simulation studies are undertaken by use of MAT-
LAB, primarily the dlsim.m function in the control
system toolbox [13], and the prediction error method
implemented in the pem.m function in the SI toolbox
[14]. With an appropriate OE model specified, the
pem.m function identifies the optimal current estima-
tor (19), where the secondary measurements y, are
also used as input signals. For validation compar-
isons, the RMSE criterion in Eq. (22) was used, with
Y1,k replaced by the appropriate estimate.

5.1. Example 1. a second-order system with a first-
order process noise model

As a starting point, the following continuous sec-
ond-order process model with an additional first-order
process noise model was used (e.g., interacting mix-
ing tanks or thermal processes):

—1 1 0 0 0
X=1 1 -2 1 [X+|1|Uu+]0|v
0 0 —1 0 1 (49)

Yy, =[100]x+w,
y,=[010]x+w,.

The system was discretized assuming zero-order
hold elements on the U and Vv inputs and a sampling
interval T = 0.1, and then simulated with u, as a fil-
tered PRBS signal with autocovariance 1 (p) =
0.8!Pl (in Ref. [3], example 5.11 with & =0.8), e.g.,
an input that was persistently exciting of sufficient
order. The noise sources V,, W, , and W, , were inde-
pendent and normally distributed white noise se-
quences with zero mean and variances given below.

The simulated system was identified using the
OEP and OEC models (10, 16) with u, and y, , as
input signals and Yy, , as output signal, using N=
10000 samples.

The OEP model (10) was specified as

NNgpp = [0,[3,3],0,0,[3,3],[1,1]], (50)
1.e., a model
Bi(a™") B,(q7") oEp

2k T €k

Vi = —=Uu, + —=Y 51
1,k Fl(q 1) k Fz(q 1) ( )

with
Bl(q_l)zbllq_l +b,2q‘2+b13q‘3 (52)
Bz(qil)=b21qil +b,q77 +byq”? (53)

Fi(g™')=1+f,q7" +f,q? +f,q7° (54)

Fo(q7')=1+f,97" +f,q7% +f,,07°. (55)
The OEC model (Eq. (16)) was specified as

NNoee = [0,[3,41,0,0,[3,31,[1,0]], (56)

i.e., the same model as Eq. (51), but with B,(q™")
altered to

Bz(q_l) =by + by, g7 +by, g7 +byq7 . (57)

As the main purpose of the simulations was to
verify the theory, no attempt was made to find the
model order and model structure from the data. The
model order can, however, be found by ordinary use
of one of the several available subspace identifica-
tion methods [7], and a systematic method for find-
ing the structure is presented in Ref. [10]. For the OEP
and OEC models, no attempt was made to force
F.(g~") and F,(q™') to be identical, which they the-
oretically should be.

As a basis for comparisons given a specific exper-
imental condition, each model was identified and
validated in M = 100 Monte Carlo runs using inde-
pendent data sets. In order to limit the influence of
local minima problems, each identification and vali-
dation given a specific data set was repeated J=5
times with randomized initial B parameters (b, ;. ,
=b,; X1+ 0.5e), with e as a normal random vari-
able with zero mean and variance 1).

The mean RMSE values and RMSE standard de-
viations for N = 10000, r, = 0.1, r,, = 0.01 and
varying I, values are given in Table 1, showing an
obvious agreement between results based on simula-
tion and theory. Table 1 also includes theoretical

RMSE values \/Var(yl,k‘k,l) =/C,PO**Cl +r1,

Table 1
Validation RMSE mean values and standard deviations and theo-
retical mean values for OE models (multiplied with 10000)

M OEP OEP,, OEC OEC,,
10-8 17745 177 173+6 173
107° 17745 177 173+5 173
10~* 204+6 203 200+5 200




0.5

-0.3 " . . , s
D'“U 10 20 30 40 50 60 70 80 90 100

Fig. 2. Segment of validation responses for the OEP model (Eq.
(51)) using both u and y, as inputs (dashed, RMSE = 0.0273) and
an OE model using only u as input (NN =[0,3,0,0,3,1], dotted,
RMSE = 0.0906). The experimental conditions are given by r,, =
1, r,;,=0.0001, r,, =0.01 and N =200, and the ideal validation
response is shown by solid line.

and |/Var(y, ) = JC,PO*°CT +r,, with PO
and P°®¢ computed according to Eqgs. (8) and (20).

The results in Table 1 were obtained from N =
10000 samples. To indicate expected results for a
more realistic number of samples, and at the same
time visualize the degree of model misfit behind the
RMSE values in Table 1, specific validation re-
sponses for models based on N =200 samples are
shown in Fig. 2. Fig. 2 also gives a representative
picture of the improvement achieved by including y,
as an input signal in addition to u.

5.2. Example 2: dynamic system PCR and PLSR
solutions

For simulations of the dynamical DPCR and
DPLSR solutions in Section 5, three independent fil-
tered white noise sequences were generated. The fol-
lowing continuous system of three independent sec-
ond order systems was used as a starting point (with
a=—1)

a 0 0 1 0 0 0
00a 0 0 1 0 (0)
0 0 a 0 0 1
= +

X 00 0 a o0 olf"|v
00 0 0 a 0 v,
00 0 0 0 a v,

y, = [111000]x+w,

Y, = [L21 0]X+W2~

(58)

Here, L,, was a 200 X 3 matrix with uniformly
distributed random parameters in the interval (0,1).
The system was discretized assuming zero-order hold
elements on the v inputs and a sampling interval T
= 0.1. The system was then simulated with v, w, and
w, as independent and normally distributed white
noise sequences with zero mean. The R, and R,
covariance matrices were diagonal, with uniformly
distributed random parameters in the intervals (0,1)
and (0,r,,), respectively, while the y, variance was
r,, =0.0001. Different values of r,, were used as
described below.

The simulations started with r,, =0.01 and N =
200. In order to find the appropriate number of com-
ponents, the static PCR and PLSR estimators (40, 46)
were first determined for different numbers of com-
ponents A. In addition the dynamical DPCR and
DPLSR estimates according to Eq. (48) were identi-
fied using the OE model (see Ref. [14] for definition
of nn)

nn=[0,[2,....2],0,0,[2,....2].[0,....0]].  (59)

Each model was identified in M = 10 Monte Carlo
runs, with validation against independent data sets
with N =200 samples. The resulting mean RMSE
values are plotted in Fig. 3, and there we find the op-
timal number of components A = 3. This is not sur-
prising since the system has three independent noise
sources. Fig. 3 also indicates that PLSR is slightly
better than PCR, and that the dynamic solutions are
better than the static ones.

o PLSR
0018 % x DPLSR

oote X} +PCR

7 5 & 5 % 7§ 6 10
Number of components A

Fig. 3. RMSE mean values as function of number of components
used in PCR, PLSR, DPCR and DPLSR models for r,, =0.01,
based on 10 Monte Carlo runs with N = 200 samples.



Table 2
Validation RMSE mean values and standard deviations, based on
N =200 samples and A = 3 components

) RMSEp; 5r RMSEppr sr

0.001 0.00301 +0.00028 0.00305 +0.00020
0.01 0.0097 £0.0006 0.0086 1+ 0.0007
0.1 0.0318 +£0.0035 0.0257 +0.0054

The simulations were repeated using also r,, =
0.001 and r,, = 0.1. Mean validation results and
standard deviations based on M = 100 Monte Carlo
runs with A = 3 are given in Table 2, indicating that
the improvement obtained by using the dynamical
model increases with increasing Y, noise level. At the
same time the explained proportion of sample vari-
ance decreases (from 0.95 with r,, = 0.001 to 0.19
with r,, = 0.1). For r,, = 0.1 the optimal number of
PLSR components are in fact A = 2, with slightly re-
duced RMSE values as compared with use of A = 3.

6. Concluding remarks

An optimal estimator for nonmeasured primary
output variables Yy, from, e.g., an industrial plant is
developed. The estimator utilizes all available infor-
mation, also in secondary output measurements Y,,
and the theoretical results are verified through simu-
lation of a simple system. Industrial applications in,
e.g., polymer extruding are now investigated, with
promising preliminary results.

It is further shown that the general dynamic opti-
mal estimator in the special static case results in a
least squares estimator valid for problems were the
estimator variables includes noisy measurements.
This is also extended to cover PCR and PLSR, and
as a result it is shown how the PLSR methods of
Wold and Martens are related to each other. The
practical usefulness of this is not further investigated.

Finally, it is indicated how dynamic system PCR
(DPCR) and PLSR (DPLSR) solutions can be

achieved as special cases of the general dynamic sys-
tem estimator. As demonstrated in a simple simula-
tion example, this may result in a considerable reduc-
tion of the y, estimation covariance, compared with
ordinary PCR and PLSR. The full potential of this,
theoretically and in practical applications, are open
questions. A comparison with known PCR and PLSR
methods for identification of dynamical FIR and ARX
models is left for further research.
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