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Abstract

This paper presents a nonlinear model predictive control scheme for stabilizing the well pressure during oil well drilling. While dril-
ling, a fluid is pumped through the drill string and the drill bit, and is returning through the annulus between the drilled well and the drill
string. Varying reservoir conditions and fluctuation in circulation flow rates cause sudden variations in the pressure conditions along the
well. To compensate for these pressure fluctuations, the annulus choke valve opening can be adjusted. The proposed control scheme is
based on a first-principles two-phase flow model using spatial discretization of the complete well. The optimal future choke settings are
found using the Levenberg–Marquardt optimization algorithm. This control scheme is evaluated against two other control methods, a
manual control scheme and a standard feed-back PI-control scheme of the choke valve with feed-forward control of the pump rates. The
PI-control parameters are found using the Ziegler–Nichols closed-loop method based on simulations from a low-order model. The results
show that both the PI-control scheme and the model predictive control scheme are superior to manual control. However, the PI-control
scheme requires that the control parameters are re-designed when the operating conditions are deviating from the original design con-
ditions. The model predictive control scheme will perform within the operating limits as long as the detailed model is able to describe the
actual conditions of the well.
� 2006 Elsevier Ltd. All rights reserved.

Keywords: Nonlinear model predictive control; Pressure control; Drilling

1. Introduction

Several areas within oil well drilling have been subject
for automatic control the recent years. Especially auto-
mated drill pipe handling and directional drilling are areas
that have gained from increased instrumentation and auto-
mation. This paper focuses on controlling the pressure gra-
dient along the well during drilling.

During oil well drilling, a drill fluid is pumped into the
drill string. This drill fluid is flowing down the drill pipe,

through the drill bit, and upwards through the annulus
between the drill string and the sidewall of the well. One
of the purposes of the drill fluid is to transport the cuttings
from the drilling process up to the surface. Another impor-
tant scope of the drill fluid is to maintain a certain pressure
gradient along the length of the well.

A critical part of the well is the reservoir zone, where the
formation is likely to be porous. The pressure balance
between the well section and the reservoir is important. If
the pressure in the well is higher than the reservoir pore
pressure, it is referred to as over-balanced drilling. This
condition causes the circulation fluids to penetrate into
the reservoir formation. On the other hand, if the pressure
in the well is lower than the reservoir pore pressure, it is
referred to as under-balanced drilling, and the reservoir
fluids migrate into the well annulus.
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Over-balanced drilling is the most used method for
drilling oil wells. The reason for this is that it nearly elim-
inates the risk for an uncontrolled ‘‘blow-out’’ situation,
where the pressure in the reservoir causes large amounts
of the reservoir fluids to penetrate into the well and follow
the well to the surface.

Today, different type of equipment such as blow-out
preventer, gives the possibility of reducing the well pressure
lower than the reservoir pressure. Drilling the oil well hav-
ing under-balanced conditions, have several benefits. The
most important benefit is that the porous formation is less
damaged, since the particles from the drilling process do
not penetrate into the formation. This leads to a higher
production rate when the oil well is set into production.
The well pressure is managed during the drilling process
by adjusting the density and the flow rate of the drilling flu-
ids. In case the reservoir pore pressure is lower than the
hydrostatic pressure caused by the circulation liquids, gas
has to be injected to reduce the well pressure. The complex
behaviour of the resulting two-phase flow results in chal-
lenges regarding the effort of maintaining a correct well
pressure gradient along the well. In addition, migration
of reservoir fluids (gas and/or liquids) from the reservoir
formation makes the task even more difficult [1–3].

Controlling the bottom-hole pressure during drilling can
however still be a challenging task due to complex behav-
iour of the well fluids. However, the research within
dynamic flow modelling the last decade has shown promis-
ing results, and using the recent algorithms and computa-
tional power, experimental results has shown that is
possible to model the dynamic behaviour of the fluids in
an oil well [4].

Typically, in most drilling operations, the choke valve is
manually controlled by an operator [5,6]. More advanced
methods for controlling the well pressure gradient are
emerging [7–10] as new marginal oil fields with narrow
pressure margins are being evaluated for production.

This paper presents a nonlinear model predictive control
scheme for controlling the pressure during under-balanced
oil well drilling. This scheme is compared with a manual
control scheme and a standard PI-control scheme. The
paper is divided into eight sections. Section 2 lists the chal-
lenges of pressure control during oil well drilling. Section 3
describes three available control schemes, and then two dif-
ferent process models are presented in Section 4. In Section
5 a test case is described and the two models are compared.
In Section 6 the control parameters for each of the control
schemes are designed, and Section 7 presents the results
where the control schemes are applied to the test case.
The conclusion is made in Section 8.

2. Process description

A drilling system consists of a rotating drill string, which
is placed into the well. The volume around the drill string is
referred to as the annulus. The drill fluid is pumped
through the drill string and is exiting through the choke

valve. A schematic of an oil well drilling system is shown
in Fig. 1. During drilling, disturbances that cause fluctua-
tions in the well pressure might occur. The operator has
to make proper actions to avoid variations in the well
pressure.

The disturbances arise from several sources. One source
is the hydrostatic pressure of the well. The well length is
increasing, and hence the well pressure is increased.
Another source is that more of the reservoir is exposed to
the well pressures, as drilling progresses. The reservoir
parameters such as reservoir pore pressure and reservoir
permeability influence on the influx of reservoir fluids to
the well. This reservoir fluid influx changes the well flow
rate and density of the well fluid mixture.

A third source of disturbance is caused by a pipe con-
nection procedure, which is performed at equal time inter-
vals during drilling. The drill string consists of several pipe
segments, which are jointed together. As the well is becom-
ing longer, new pipe segments are added to the drill string
using a pipe connection procedure. The pipe connection
procedure mainly consists of five operations. First the rota-
tion of the drill string is stopped. Secondly the pumping of
the drill fluid into the drill string is stopped. Then a new
pipe segment is mounted to the drill string. Next action is
to restart the drill fluid pumps, and finally the drill string
rotation is re-started. This procedure, and especially stop-
ping and starting of the drill fluid causes severe fluctuations
in the well fluids flow rates, and influence the well pressure.
This paper is focusing on how to avoid these fluctuations
using various control schemes.

To compensate for variations in the well pressure, the
operator might modify the fluid composition and flow rates
into the drill string. This will change the density of the fluid
mixture in the well, and this affects the well pressure.

Fig. 1. Schematic layout of an oil well drilling system. The drill fluid is
pumped into the drill string and enters the well annulus at the drill bit.
From the annulus, the drill fluid exits through the choke valve.
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However, well pressure is not modified instantly, since the
new fluid composition need some time to be filled into the
whole well. Another way the operator might use to modify
the well pressure is to adjust the opening of the choke valve
on top of the annulus part of the well. Changing the valve
opening causes a rapid response in the bottom-hole annu-
lus pressure.

Both methods are used to compensate the bottom-hole
pressure, but during pipe connections the well pressure is
normally maintained using the choke valve. One of the
main problems for controlling the well pressure during pipe
connections is that no measurement of the pressure is avail-
able. The transmission of the signal is usually based on a
mud pulse telemetry system. This system is sending various
data from the bit system, but the system is only operating
while the drill fluid is circulating. Recently, a system is
developed which integrates a signal cable into the drill
string, but the signal cable has to be disconnected during
data signal giving no data during the pipe connection
[11]. The control system must then rely on simulated values
from a sufficiently accurate dynamic model of the well sys-
tem. Alternatively, the pressure sensor signal might be
transmitted to the top of the well using an electro-magnetic
transmission system. An electro-magnetic transmission sys-
tem uses the formation as transmission medium, and will
therefore also be able to transmit data during the whole
drilling operation. However, the electro-magnetic transmis-
sion system might have some difficulties transmitting data
in deep wells due to attenuation of the electro-magnetic sig-
nal, but for wells down to 1500–2500 m depth the transmis-
sion quality is sufficient [12].

3. Control schemes

Today, in normal drilling operations the choke valve is
adjusted manually by a trained drilling engineer. The fluid
composition and pressures are evaluated based on steady-
state values, and the choke is adjusted accordingly.
Recently, new procedures for adjusting the flow rates and
choke opening during pipe connections during under-bal-
anced drilling operations are suggested [5]. These proce-
dures are based on calculation results from a dynamic
two-phase flow model. The model is used to evaluate the
well conditions and to plan the pipe connection prior to
the actual action. Difficulties might arise if the pipe connec-
tion procedure is not performing as planned.

A different approach for solving the pipe connection
pressure fluctuations is described in [6], where a hydro-
mechanical choke is adjusting the opening of the choke
automatically according to the choke differential pressure.
This has some impact on the bottom-hole pressure. The
set-point of the choke differential pressure is adjusted man-
ually. In [7] another mechanical system which is using var-
ious seals and valves has been developed to be able to
continue to pump the drill fluids even during the pipe con-
nections. The mechanical system increases the complexity
of the drilling system, and may add additional cost.

Under-balanced drilling has some similarities with gas-
lifted production wells, and a control system for gas-lifted
production wells utilizing a low-order model is described in
[8]. The model is used to give an estimate of the bottom-
hole pressure, and a PI-control algorithm is applied. A sim-
ilar approach could be used in wells that are drilled at
under-balanced conditions. Another approach is suggested
by [9], where an automatic control system is proposed for
operating the choke on-line during the pipe connection.
The suggested control system is utilizing a nonlinear model
predictive control scheme combined with first-principles
model. The model is used for on-line evaluation of the well
pressures and fluid flows, and predictions are made to find
the most optimal choke opening during pipe connections.

In this paper three different control methods will be eval-
uated. The first method is an open loop control procedure,
where the choke opening is significantly reduced while the
circulation is stopped. This is the most common method
used in the drilling industry today. The next method is to
use a standard PI-control algorithm which is tuned using
a simplified low-order model of the well system. The third
method is a nonlinear model predictive control scheme,
using a detailed model based on a spatial discretization
of the well system.

3.1. Planning choke opening set-points

During the planning phase prior to the actual drilling of
the well, a dynamic model can be used to evaluate the
effects of the pipe connections and an appropriate choke
opening can be found. Typically, the choke opening is
reduced while the drill fluid circulation pumps are stopped.
How much the choke is closed is based on planning results
and experience of the operator [5]. A value such as 10% of
the choke valve opening during pipe connections relative to
the choke valve opening during drilling might in some cases
be a useful selection.

3.2. Simple feedback PI control

Fig. 2 shows a simple feedback PI control including
feed-forward compensation of known disturbances (see
e.g. [13]). The control algorithm can be described as

u ¼ u0 þ Kpeþ Kp

T i

Z t

0

edsþ Kf v

e ¼ r � y
ð1Þ

Fig. 2. Schematic of feedback PI control including feed-forward com-
pensation of disturbance.
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where u is the choke opening, u0 is the choke opening dur-
ing normal drilling operations, v is known disturbances, Kp

is the proportional relation between the pressure difference
and the choke opening, Ti is the integral time for the accu-
mulated differences, Kf is the proportional relation between
pump pressure and choke opening, and e is the difference
between r, the reference pressure value, and y, the actual
pressure value in the well.

The control scheme parameters Kp, Ti and Kf can be
found by performing the Ziegler–Nichols closed-loop
method (see e.g. [13]) using real experiments or using a
model of the process. However, the PI-control method
requires re-tuning in the event of changes in the nominal
pump flow rates and the reservoir conditions.

3.3. Nonlinear model predictive control

As an alternative to the PI-control scheme, a nonlinear
model predictive control (NMPC) scheme is evaluated.
Fig. 3 shows a schematic of a well system with the pro-
posed NMPC control scheme.

The model used for prediction is a numerical implemen-
tation of the partial differential equations of the well sys-
tem. The model is used to predict the state of the process
at certain time steps ahead in time (see e.g. [14]). The nota-
tion r(k + ijk) is used to describe a reference value r valid at
the future time steps k + i evaluated at the current time step
k. The future time steps is denoted k + i, where k is the cur-
rent time step, and i = [1, 2, . . . , Hp], where Hp is the pre-
diction horizon. We chose the reference trajectory r at
the time step t = k as

rðk þ ijkÞ ¼ yref � ½ðyref � ~yðkÞÞeð�iT s=T ref Þ�; i ¼ 1; 2; . . . ;H p

ð2Þ
where yref is the reference pressure, ~yðkÞ is the modelled
pressure at the current time step, Ts is the time step dura-
tion, and Tref is the time response. The state model fP

and sensor model gP is used to predict the future pressures
of the well, and the input ûðk þ ijkÞ is applied over the hori-
zon i = [1, 2, . . . , Hp],

x̂ðk þ ijkÞ ¼ fP ½x̂ðk þ i� 1jkÞ; ûðk þ ijkÞ;
ûðk þ i� 1jkÞ; . . . ; ûðkjkÞ� ð3Þ

ŷðk þ ijkÞ ¼ hP ½x̂ðk þ ijkÞ� ð4Þ
where fP and hP is calculated using the detailed model de-
scribed in Section 4.3. To find the optimal input trajectory,
ûoptðk þ ijkÞ, a least squares cost criterion is defined by

Qðr; ŷÞ ¼
X
i2P

½rðk þ ijkÞ � ŷðk þ ijkÞ�2 ð5Þ

where P is the set of coincidence points where the reference
trajectory and the predicted outputs should match. To min-
imize (5) the Levenberg–Marquardt algorithm is used (see
e.g. [15,16]). The constraints of the system apply both to
u and y. The choke opening u has fully open umax and fully
closed umin as the upper and lower bounds. The annulus
bottom hole pressure y has reservoir pore pressure ymax

and reservoir collapse pressure ymin as the upper and lower
bounds.

The model predictive control scheme is dependent on
the flow model for calculating the choke opening. Un-mod-
elled effects might cause errors in predicting the correct
pressures, which can result in a deviation from the refer-
ence pressure. A detailed model will give better prediction
of the future pressure.

4. Modelling

Modelling is used to improve the control system’s ability
to follow the given reference values. Models for control
purposes are often being linearized around the typical
operating conditions of the process. In two-phase fluid flow
systems, the interaction between the gas and the liquid are
causing nonlinear behaviour. In addition, the actuators
and disturbances caused by the pumps might easily bring
the fluid flow outside the validity envelope of a linearized
model. The model should also be able to describe the flow
fluctuation during pipe connections. The main purpose for
modelling the drilling process is to be able to calculate the
bottom-hole pressure sufficiently accurate. Since the bot-
tom-hole pressure is affected by the fluid flow, a nonlinear
modelling strategy is selected.

4.1. Model usage

The usage of the model differs, depending on type of
control algorithm applied. The model might be used as a
simulation tool where the parameters of the control algo-
rithm are tested and defined. In addition, the models can
be used in an observer algorithm for estimating the state
and parameters in the process in case of noisy measure-
ments. The model might also be used for predicting future
process behaviour, and selecting future process set-points
in a model predictive control scheme.

Several methods for modelling the dynamic two-phase
flow in the well can be used. In this paper two methods
are presented. The first method is to focus on the major
effects in the well, and look at certain phenomena [17].
This type of model has only a few states, such as the flow
rate of the fluid component. This low-order model is rela-
tively fast to develop, and does not require the calculation
resources needed in a more detailed, higher-order state
model. The second approach is to model the various
effects more detailed, and use spatial discretization of

Fig. 3. Schematic of a well system with an NMPC scheme for well
pressure control.

722 G. Nygaard, G. Nævdal / Journal of Process Control 16 (2006) 719–732



the well system [18]. This type of model is able to describe
the flow variations in the well more detailed than the low-
order model, but is more difficult and time-consuming to
develop.

Both the low-order model and the detailed model can be
used for controlling the flow using the control schemes
described in Section 3. In this paper, the usage of the
low-order model is limited to defining the control parame-
ters in a PI-control scheme. At a later stage, the model
might also be used for state and parameter estimation in
an observer scheme, as well as a part of a model predictive
control scheme.

The use of the detailed model for control purposes, is to
use the model as a basis in the model predictive control
scheme described in Section 3.3. At a later stage, the
detailed model could be used for defining the linear control
parameters Kp, Ti and Kf in the PI-control scheme with
feed-forward compensation of process disturbances.

This paper focuses on demonstrating the use of two dif-
ferent models and two different automatic control algo-
rithms. We have in this paper chosen to combine the less
complex control algorithm with the less complex model,
and the more complex control algorithm with the more
complex model. For future evaluations, other combination
of control algorithm and models might be considered.

4.2. Low order model

Prior to extending the well into the reservoir formation,
the actual behaviour of the fluid flow in the well can be
found by performing simple experiments such as starting
and stopping the circulation fluid flow. When entering
the reservoir, this type of experiments might damage the
near-well reservoir drainage properties. Due to this, a
low-order model incorporating the reservoir dynamics
could be utilized, focusing on the fluid flow behaviour
affecting the bottom-hole pressure. The model of the two-
phase flow in the well can be tuned by using the data from
the experiments gathered prior to drilling into the reservoir
formation.

A low-order modelling approach similar to the two-
phase flow model found in [19] is used, where the model
is based on the mass balance in a production well. In this
paper the model is expanded to also include the average
mixture mass rates in the drill string and the annulus.

4.2.1. Calculation scheme

When setting up the low-order model, an explicit calcu-
lation scheme is defined by

d

dt
~x ¼ fLð~x;~u;~vÞ; ~x0 ¼ 0 ð6Þ

~y ¼ hLð~x;~u;~vÞ ð7Þ

where~x is the state vector,~u is the control variable vector,~v
is the disturbance vector and~y is the sensor vector. fL is the
low-order state function, and hL is the low order sensor

function. A total of seven system states have been used
to describe the well system

~x ¼ ½mg;d ;ml;d ;mg;a;ml;a;wmix;d ;wmix;a; L�; ð8Þ
where the subscript d is relates to the drill string, subscript
a relates to the annulus subscript, subscript g relates to gas,
subscript l relates to liquid and subscript mix relates to the
fluid mixture. Then, mg,d is the gas mass in the drill string,
ml,d is the liquid mass in the drill string, mg,a is the gas mass
in the annulus, ml,a is the liquid mass in the annulus, wmix,d

is the mass flow rate in the drill string, wmix,a is the mass
flow rate in the annulus and L is the length of the well.
The measurement vector is

~y ¼ ½pa;bot� ð9Þ

where pa,bot is the bottom-hole pressure in the annulus. The
control vector is defined to be

~u ¼ ½zchoke� ð10Þ
where zchoke is the choke opening parameter. The gas in-
flow wg,pump and liquid inflow wl,pump from the pumps
and the drilling rate vd are treated as a disturbance of the
system, giving the disturbance vector

~v ¼ ½wg;pump;wl;pump; vd � ð11Þ
To solve this explicit scheme, the state function fL and sen-
sor function hL has to be found using the balance equations
and the closure relations of the parameters. The calculation
frequency for the low order model is one iteration per
second.

4.2.2. Balance equations

This simplified oil well system is modelled using a com-
bination of the mass balance and the pressure balance of
the well system. Fig. 4 is a schematic of the well system,
showing the mass balance of the drill string and the mass
balance of the annulus. The mass balance is divided into

Fig. 4. Mass balance of simplified oil well geometry. The change of mass
in the drill string _md is a function of the mixture mass flow rate into the
drill string wpump and the mixture mass flow rate out of the drill string wbit.
The change of mass in the annulus _ma is a function of the mixture mass
flow rate into the annulus from the bit wbit and from the reservoir wres and
the mixture mass flow rate out of the annulus wchoke.
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two systems, the drill string and the annulus between the
wall of the well and the drill string. The mass balances
for the fluids in the drill string are given by

d

dt
mg;d ¼ wg;pump � wg;bit

mg;dð0Þ ¼ m0;g;d

ð12Þ

d

dt
ml;d ¼ wl;pump � wl;bit

ml;dð0Þ ¼ m0;l;d

ð13Þ

where wÆ,bit is the mass flow of gas and liquid at the drill bit,
respectively. The mass balance equations for the annulus
are given by

d

dt
mg;a ¼ wg;bit þ wg;res � wg;choke

mg;að0Þ ¼ m0;g;a

ð14Þ

d

dt
ml;a ¼ wl;bit þ wl;res � wl;choke

ml;að0Þ ¼ m0;l;a

ð15Þ

where wÆ,res is the mass flow of gas or liquid at the reservoir,
and wÆ,choke is the mass flow of gas or liquid at the exiting
choke valve.

In addition to the mass balance, the pressure balance in
the system is important due to the frictional pressure
induced by the velocity of the liquid. When gas is injected
into the well, the gas volume is changed due to gas com-
pression. The hydrostatic pressure also varies due to varia-
tion in the mixture density. The fluid flows through the
restriction at the drill bit at the bottom of the well and at
the choke valve at the top of the well. In Fig. 5 the various
pressures are indicated.

The pressure balance is evaluated at two points and
given as mass acceleration at the bottom of the drill string
and as mass acceleration at the top of the annulus. The
pressure balance equations are given by

d

dt
wmix;bit ¼

1

Ad
ðpd;c þ pd;h � pd;f

� Dpbit � pa;c � pa;h � pa;f Þ
wmix;bitð0Þ ¼ 0

ð16Þ

d

dt
wmix;choke ¼

1

Aa
pa;c � Dpchoke � patm

� �
wmix;chokeð0Þ ¼ 0

ð17Þ

where AÆ is the cross sectional area of the drill string or
annulus and pÆ,Æ is pressure. The subscript c is the compres-
sion pressure, subscript h is the hydrostatic pressure and
subscript f is the frictional pressure. Dpbit is the pressure
loss over the bit, and Dpchoke is the pressure loss over the
choke. wmix,bit is the mixture flow velocity before the drill
bit flow restriction and wmix,choke is the mixture flow veloc-
ity before the choke valve. patm is the atmospheric pressure.

When drilling the oil well, the length of the well is
increasing according to the drilling rate. The length of
the well has substantial influence on the well pressure.
The well length L is chosen as a state in the dynamic sys-
tems, given by

d

dt
L ¼ vd ; Lð0Þ ¼ L0 ð18Þ

where vd is the drilling rate, and L0 is the initial well length.

4.2.3. Closure relations

In addition to the balance equations (12)–(18), closure
relations have to be defined to be able to solve Eqs. (8)
and (9). The closure relations used in the model are based
on equations from [19–21]. When modelling the oil well
using the drill string and annulus as two compartments,
it is based on the assumption that the gas is evenly distrib-
uted within the liquid. The density of the mixture of gas
and liquid in each compartment, qmix, is given by

qmix ¼
mg þ ml

V
ð19Þ

where mg is the gas mass, ml is the liquid mass, and V is the
volume. The additional density due to particles from the
drilling process is not taken into account. The void fraction
of liquid in the mixture am is given as

am ¼
qmix

ql
ð20Þ

where ql is the density of the liquid. The void fraction am

should then be used to calculate the gas mass rate and
liquid mass rate. However, when the velocity is reduced,
the friction pressure loss is reduced and the gas is expand-
ing. This effect causes the liquid to flow out of the well and
the gas to be contained in the well. The gas mass rate at low
mixture velocities should then be modified to

Fig. 5. Pressure balance of simplified oil well geometry. The change of
mass rate at the drill bit _wmix;bit is dependent of the compression pressures
in the drill string pd,c and annulus pa,c, the hydrostatic pressures in the drill
string pd,h and annulus pa,h, the friction pressure losses in the drillstring pd,f

and annulus pa,f, and the differential pressure across the drill bit Dpbit. The
change of mass rate at the choke valve _wmix;choke is dependent of the
compression pressures in the annulus pa,c, the differential pressure across
the drill bit Dpbit, and the atmospheric pressure patm.
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ae ¼ am þ bð1� amÞ
1

1þ e�nðvt�vmÞ

� �
ð21Þ

where b is a factor for gas entrainment at low velocities, n

corresponds to the slope of the gas entrainment, vt is a con-
stant referring to the mixture velocity at the transition be-
tween full gas entrainment and minimum gas entrainment
and vm is the current velocity of the mixture. To calculate
the mass flow rates of gas and liquid, the liquid void frac-
tion in (21) is used. For gas and liquid mass rate through
the bit we have

wg;bit ¼ ð1� aeÞwmix;bit ð22Þ
wl;bit ¼ aewmix;bit ð23Þ
For gas and liquid mass rate through the choke valve we
have

wg;choke ¼ ð1� aeÞwmix;choke ð24Þ
wl;choke ¼ aewmix;choke ð25Þ

To model the flow from the reservoir into the well, a simple
relation called the productivity index PI can be used, which
is a constant scalar defining the mass flow rate based on the
pressure difference between the reservoir and the well. The
annulus bottom hole pressure pa,bot is calculated using

pa;bot ¼ pa;c þ pa;h þ pa;f þ Dpchoke þ patm ð26Þ

The mass rate from the reservoir wres can then be calculated
using the relation given by

wres ¼ PIðpa;bot � presÞ ð27Þ

where pres is the constant pore pressure in the reservoir. The
void fraction ares is the density of the fluid mixture in the
reservoir relative to the liquid density in the reservoir.
The resulting liquid mass rate wl,res and the gas mass rate
wg,res at the reservoir are found using

wg;res ¼ ð1� aresÞwres ð28Þ
wl;res ¼ areswres ð29Þ

The gas is compressible and the gas volume is dependent on
the pressure conditions. The relation between the gas mass
and the compression pressure is based on the perfect gas
law in a pressurized tank where the pressure pc,tank in the
tank is calculated using

pc;tank ¼ qg
K

Mgas

T ð30Þ

where qg is the density of the gas, K is the gas constant,
Mgas is the molecular weight of the gas, and T is the aver-
age temperature. In the model, the mixture of the gas and
liquid in the well cause an average compression pressure
along the depth of the well. Hence, we model the compres-
sion pressure pÆ,c in the drill string and annulus as

pd;c ¼ patm þ kd qg
K

Mgas

T � patm

� �
ð31Þ

pa;c ¼ patm þ ka qg
K

Mgas

T � patm

� �
ð32Þ

where patm is the atmospheric pressure, kÆ is a compression
factor.

The hydrostatic pressures in the well is calculated using
the relation between the mixture density in the drill string
or annulus qÆ,mix which is calculated using (19), gravity g

and well depth L from (18),

pd;h ¼ qd;mixgL ð33Þ
pa;h ¼ qa;mixgL ð34Þ

The frictional pressure loss is caused by the friction
between the fluid and the walls of the well and the drill
string. The friction pressure loss pÆ,f is calculated using

pd;f ¼
qd;mixfdLv2

d;mix

2Dd
ð35Þ

pa;f ¼
qa;mixfaLv2

a;mix

2Da
ð36Þ

where vÆ,mix is the fluid mixture velocity and DÆ is the
hydraulic diameter. The friction factor fÆ is calculated using
the Haaland equation, which is defined by

1ffiffiffi
f
p � �1:8log10

6:9

Re
þ �=D

3:7

� �1:11
" #

ð37Þ

where �/D is the relative roughness of the pipe. The Rey-
nolds number Re is calculated using

Re ¼ qmixvmixD
l

ð38Þ

where l is the viscosity of the fluid.
The mass rate, w, through a restriction is given by the

simple valve equation

w ¼ Cz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qmixDp

p
ð39Þ

where C is the discharge coefficient of the restriction, z is
the restriction area, and Dp is the differential pressure
across the restriction. This relation is used both at the drill
bit and the choke valve. Using (39), the differential pressure
across the drill bit and the choke valve are modelled using

Dpbit ¼
1

qd;mix

wmix;bit

Cbitzbit

� �2

ð40Þ

Dpchoke ¼
1

qa;mix

wmix;choke

Cchokezchoke

� �2

ð41Þ

The calculation scheme found in (6)–(11) are calculated
using the balance equations (12)–(18). The mixture mass
flow rates are separated in gas mass rate and liquid flow
rate using (22)–(25) and (28)–(29). The pressures are found
using (31)–(36) and (40)–(41).

Several of the parameters in this model are not easily
found, and the model parameters have to be adjusted such
that the model describes the well system more accurate.
The need for experimental tuning of system parameters
such as the fluid mixture compression factor kÆ in the drill
string and annulus, the bit and choke valve discharge val-
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ues CÆ in addition to the gas entrainment factors b, n and vt

is therefore required for each specific case.

4.3. Detailed model

The modelling effort in Section 4.2 are based on some
simplifications that cause the model to be inaccurate. The
assumption of having a uniform distribution on liquid
and gas in the whole well does not hold in all cases. Divid-
ing the well system in only two compartments gives a very
rough approximation of the fluid flow. A spatial discretiza-
tion of the fluid flow is needed to give a more detailed
model, and such a two-phase model using a numerical
scheme has been developed over several years [22,23], and
verified with several experimental tests [24,25]. The well
inflow from the reservoir should also be modelled more
detailed using the dynamics defined in the well pressure test
at constant rate given in [26]. The reservoir model and the
well model are combined as in [27]. In this section a more
detailed model is developed, and the well system is divided
into several boxes in both the drill string and the annulus of
the well, and the balance equations and closure relations
are defined for each of them. Fig. 6 shows how the spatial
discretization is done.

4.3.1. Calculation scheme

The well and reservoir system can be represented by the
numerical scheme

~~xðkÞ ¼ fD½~~xðk � 1Þ; ~uðk � 1Þ;~vðk � 1Þ� ð42Þ
~~yðkÞ ¼ hD½~~xðkÞ� ð43Þ

where fD is the detailed functions for calculating the current
state vector ~xðkÞ based on the previous state vector
~xðk � 1Þ, the choke setting ~u and the pump rates ~v. hD is
the function for calculating the sensor values ~y based on
the current state vector. The calculation frequency for the
detailed model is one iteration per second.

4.3.2. Balance equations

In the conservation equations for the mass balances for
gas and liquid, the mass transfer between the phases is
neglected. The mass balance for each phase in each of the
boxes is

o

ot
ðqgagÞ þ

o

oz
ðqgagvgÞ ¼ mg ð44Þ

o

ot
ðqlalÞ þ

o

oz
ðqlalvlÞ ¼ ml ð45Þ

where mÆ is the mass boundary condition, and these bound-
ary conditions are zero except for the boxes which interface
with the pump, the reservoir and the choke. The phase
velocity is denoted vÆ and aÆ is the void fraction. The
momentum equations for each phase are added together,
which results in the drift-flux formulation. The drift-flux
formulation is a simplified momentum balance equation
for the mixture, given by

o

ot
ðqlalvl þ qgagvgÞ þ

o

oL
ðqlalv2

l þ qgagv2
g þ pÞ

¼ � dp
dL

� �
F

� ðqlal þ qgagÞg ð46Þ

where p is the pressure.

4.3.3. Closure relations

To be able to solve Eqs. (44)–(46), the closure relations
are presented. The flow in the drill string calculated using a
slip relation between the phases, where the gas velocity vg is
given by

vg ¼ C1ðagvg þ alvlÞ þ C2 ð47Þ
where C1 and C2 is constants and in this case defined to be
1 and 0 respectively. The friction pressure loss is calculated
using the relation

dp
dL

� �
F

¼ 2f
D

qmixvmixjvmixj ð48Þ

where f is flow dependent friction factor, D is the pipe
diameter and vmix is the fluid mixture velocity. The flow
in the annulus is calculated using

½ag; vg; vl;Dp� ¼ Mðd1; d2; ql; qg; s; ll; lg;wmixÞ ð49Þ

where M is a nonlinear relation which is used for calculat-
ing the pressures and velocities. d1 is the outer drill string
diameter, d2 is the well diameter and s is the interfacial
tension.

The flow from the reservoir during under-balanced dril-
ling can be modelled based on the analytical solution of the
constant terminal rate given as

pa ¼ pres �
ql

4pKh
2S þ ln

4Kt
ec/lcr2

w

� �� �
ð50Þ

where pa is the annulus pressure, pres is the initial reservoir
pressure, q is the volume flow rate from the reservoir, K is
the permeability of the reservoir, S is the skin factor, h is
the height of the well section that has contact with the res-Fig. 6. Spatial disretization of the well and reservoir interaction.
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ervoir, t is the time since the reservoir section first were
influenced by the well pressure, / is the porosity of the res-
ervoir, c is the compressibility of the reservoir fluid, rw is
the well radius and c is Euler’s constant, c = 0.57721. . .

To model the flow from a reservoir, the interface between
the reservoir and well can be discretized into j small seg-
ments with a length, hj. We have chosen hj = 0.25 meters.
In addition, the reservoir might consist of i zones, where
the Ki and/or pres,i is varying. Using (50), the flow q(t) from
a reservoir segment consisting of i zones with varying per-
meability, can be modelled by

qi;jðti;jÞ ¼
4pKihjðpres � paÞ

l 2S þ ln 4Kiti;j
ec/lcr2

w

� �� � ð51Þ

This detailed model described in this section can be calcu-
lated more than 100 times faster than real-time, and hence
the model can be used in a real-time control algorithm,
such as in a predictive control scheme.

5. Case description and model comparison

The three control schemes, manual, PI-control and pre-
dictive control, are evaluated using a test case simulation.
The control schemes should be able to maintain the bot-
tom-hole pressure prior, during and after the pipe connec-
tion procedure. To be able to measure the bottom hole
pressure both during drilling and during the pipe connec-
tion procedure, it is assumed that the a electro-magnet
telemetry system is used in the current case.

5.1. Case description

The simulated test case is based on a well that is 2000 m
deep, and the well is drilled 100 m into a reservoir. Well
data and reservoir data is given in Table 1. Initially the
fluid flow in the well is in a steady-state condition, and
the drilling is initiated. After 10 min, the first pipe connec-
tion procedure is started. The rotation of the drill string
and the circulation of fluids are stopped for 10 min. Then
the circulation pumps are re-started, and the drill string
starts to rotate. The second pipe connection procedure
is initiated after 52 min, and is completed after 64 min.

Fig. 7 shows the simulation of the case using the detailed
model. In this simulation, no adjustments of the choke
opening are performed.

During each pipe connection, the bottom hole pressure
is falling from about 205 bar and down towards 145 bar.
As the reservoir collapse pressure is at 185 bar, actions
must be taken to avoid that the pressure is falling below
this limit. After the pipe connection procedure is com-
pleted, the pressure slowly increases towards the 205 bar
set-point. However, the pressure increases above the set-
point, due to a slug flow regime in the well. The slug flow
is caused by a segregation of the gas-liquid mixture during
the pipe connection.

5.2. Comparison of low-order model and detailed model

The data from the simulation of the detailed model is
used to tune the low-dimensional state model. The fluid
mass rates into the drill string are the same in the low-order
model as the detailed model. During pumping the liquid
rate is 24 kg/s and gas rate is 2 kg/s, and during pipe con-
nections both rates are set to 0 kg/s.

When comparing the pressures between the low-order
model and detailed mechanistic model, the low-order
model has to be adjusted with respect to the friction pres-
sure losses in the drill string and the annulus, in addition
to the compression factor of the gas and liquid mixture.
In Fig. 8 the pressures at top and bottom in both the drill
string and annulus are compared. As can be seen, there is a
good match between the modelled pressures in the drill
string, both during the transients at pipe connections and
in the stationary periods. However, the annulus pressures
calculated using the low-order model deviate from the
annulus pressures using the detailed model. The deviation
between the models might be due to the system simplifica-
tions made when designing the low-order model. However,

Table 1
Well and reservoir data

Parameter Value

Initial well length, hw,i 2000 m
Liquid circulation rate, wl 24 kg/s
Gas circulation rate, wg 2 kg/s
Reservoir height, hr 100 m
Drilling rate, vd 0.01 m/s
Reservoir permeability, K 200 mD
Reservoir pore pressure, pr 215 bar
Well set-point pressure, pr 205 bar
Reservoir collapse pressure, pr 185 bar
Reservoir porosity, / 0.18
Skin factor, S 0.013
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Fig. 7. Simulation using detailed model of drilling case with no control
actions.
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the low-order model gives relatively accurate values for the
flow rates and pressures in the well during drilling, and the
low-order model might be used for designing the control
scheme for the drilling process.

6. Control scheme tuning

The parameters in both the PI-control scheme and the
NMPC scheme must be selected to achieve a bottom-hole
annulus pressure that follows the pressure reference during
the whole drilling operation. The controller frequency for
both the PI-control scheme and the model predictive con-
trol scheme is as low as 0.02 Hz, evaluating the bottom
hole sensor and adjusting the choke valve once every 50 s.

6.1. PI-control scheme parameter selection

The low-order model is used to define the control param-
eters for the PI-control scheme with feed-forward compen-
sation of the pump flow rate, as shown in Fig. 2. The
method used for designing the parameters is the Ziegler–
Nichols method for closed loops systems (see e.g. [13]).
The feed-forward compensation are selected to be Kf =
0.6. The closed loop-system are brought to a critical condi-
tion where the bottom hole annulus pressure is marginally
stable by slowly increasing the Kp parameter until the mar-
ginally stable conditions are found. Using simulations, the
well system is marginally stable when the PI-control param-
eters is Kp,critical = 285 and Ti =1 in the simulations. The
resulting fluctuations are shown in Fig. 9. From these
simulations, the critical time period is found, Tcritical =
1.27 min.

Based on the Ziegler–Nichols rules, the control parame-
ters can be calculated. According to these rules, the propor-
tional gain should be Kp ¼ Kp;critical

2:2
¼ 128:25 and the integral

time constant should be T i ¼ T critical

1:2
¼ 1:06 minutes. The

controller is updated using these parameters and the closed
loop well system is simulated using the low-order model.
The results are shown in Fig. 10. As can be seen, the con-

trol settings keep the bottom hole pressure well within the
required margins.
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Fig. 8. Pressures at top and bottom of the drill string and annulus calculated using the low-order model and the detailed model.
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Fig. 9. Well data using PI control with critical parameters.
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Fig. 10. Well data using PI control with adjusted parameters.
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6.2. NMPC scheme parameter selection

In oil well drilling the flow rate is slow compared to the
length of the well, and the time between each evaluation
step Ts is defined to be 50 s, and the time constant of the
reference trajectory Tref is set to be 2Ts. The prediction
horizon Hp is set to be 8, which gives a prediction of
400 s. This prediction time is sufficient to evaluate the
behaviour of the well, and to verify that it is possible to
bring the well to the reference pressure value. The future
coincidence points P, is set to the same points as the predic-
tion horizon, giving P = Hp. The constraints for the choke
openings are umax = zmax where zmax is the maximum choke
opening available, and umin = zmin where zmin is the mini-
mum choke opening available. The constraints on the bot-
tom hole pressure is ymin is set equal to the collapse
pressure of the well, and ymax is set equal to the reservoir
pore pressure. The bottom hole pressure reference, yref is
set to the well set-point pressure as defined in Table 1.

7. Control scheme evaluation

To evaluate the three described control schemes, each of
the schemes has been implemented and simulated using the
detailed mechanistic model. The comparison of the three
control schemes is based on the test case in Section 5.1
where the two pipe connections are performed. The perfor-
mance of the controllers using the test case is not sufficient
argument for ranging the three control schemes, but gives
an indication for which controller scheme that could be uti-
lized for further experimentation and utilization. First the
manual control scheme is used, then the PI-control scheme
is tested, and finally the NMPC-scheme is evaluated.

7.1. Preset manual control

Fig. 11 shows the results when the manual control
scheme is used. The choke opening during pipe connection
is set to 10% opening relative to the choke opening during
drilling. This choke opening is based on the operator’s
experience. As can be seen, this manual procedure is work-
ing quite acceptable, but it can be observed that the bot-
tom-hole pressure is increasing above reservoir pore
pressure just after the pipe connection is finished.

7.2. PI-control scheme

Fig. 12 shows the results when the PI-control scheme is
used. As can be seen, the fluctuations in the bottom-hole
pressure are a bit higher relative to the fluctuations in
Fig. 10. However, when comparing with the case where
the choke valve is manually controlled, there is a significant
improvement. The bottom-hole pressure is kept within the
margins during the whole operation.

If the standard flow rates during drilling are changed
substantially, then the controller cause the choke valve to
fluctuate more as can be seen in Fig. 13. The controller

parameters should be re-designed for a better operation.
The bottom-hole pressure is still within the limits, but the
pressure fluctuates more.

7.3. NMPC scheme

Fig. 14 shows the results when the NMPC scheme is
applied to the detailed model. To test the control scheme
more realistically, a model error is introduced between
the model used in the control scheme and the model used
generating the measurements. The model error is that the
measurements are using a reservoir with permeability of
200 mD, but the model is using a reservoir permeability
of 300 mD. The bottom-hole annulus pressure is very sta-
ble, but with minor fluctuations during and after the pipe
connections. The control scheme manages to keep the pres-
sure almost constant and well within the limits. In Fig. 15 a
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Fig. 11. Simulating manual control with detailed model.
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Fig. 12. Simulating PI-control scheme with detailed model using gas mass
flow rate of 2 kg/s and liquid mass flow rate at 24 kg/s.
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change in the mass rate into the drill string is introduced
similar that was done using the PI scheme in Section 7.2.
The model predictive control scheme is able to control
the pressure within the limits, since the model is using the
flow rates for predicting the pressure in the well.

7.4. Comparison of the control schemes

Comparing the results from the use of the various con-
trollers to the test case gives only an indication of which
control scheme that will perform best in a real application,
and more detailed comparisons should be performed to
evaluate the control schemes further in a follow-up study.
However, the present results indicate that the manual con-
trol procedure reduces the fluctuations of the bottom-hole
pressure, but fails to keep the pressure within the required

margins. Implementing automatic control of the pressure
has a potential benefit for the under-balanced drilling pro-
cess, when the pressure margins are narrow.

The PI-control scheme for adjusting the choke valve
during oil well drilling is able to keep the bottom-hole pres-
sure within the required margins, both during the drilling
operations and during pipe connections procedures. By
using a low-dimensional state model a set of efficient con-
trol parameters can be found.

However, if the circulation flow rates are being modified
or the inflow from the reservoir is changing, then the simple
low-order model might not describe the real process suffi-
ciently accurately, and new control parameters might have
to be found. The PI-control scheme requires measurements
during the whole operation to keep the pressures within the
specified range.

The NMPC scheme also keeps the bottom-hole pressure
within the required margins during the whole operation,
even if a substantial change in pump mass rates is
introduced.

The NMPC scheme has a more detailed model, which
should describe the actual behaviour of the well better.
The NMPC scheme also includes calculation of reservoir
inflow and density variations of the drilling fluid and might
therefore be able to compensate for such changes in the
control algorithm.

Regarding the computational burden of the two control
schemes, the NMPC scheme uses a nonlinear optimization
algorithm to search for the optimal future choke valve
opening using a model. The prediction horizon used in
the simulations is 8 time steps. The choke valve can be
adjusted 6 times during the prediction calculation. To find
the optimum choke valve positions, the prediction calcula-
tions typically have to be iterated 3–4 times for each of the
valve adjustments. The NMPC control algorithm therefore
requires typically 18–24 predictions for each time step.
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Fig. 13. Simulating PI-control scheme with detailed model when flow
rates into the drill string are changed from 2 kg/s to 7 kg/s of gas and from
24 kg/s to 16 kg/s of liquid.
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Fig. 14. Simulating NMPC scheme with detailed model using gas mass
flow rate of 2 kg/s and liquid mass flow rate at 24 kg/s.
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Fig. 15. Simulating NMPC scheme with detailed model when flow rates
into the drill string are changed from 2 kg/s to 7 kg/s of gas and from
24 kg/s to 16 kg/s of liquid.
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Currently, the model uses about 1/100 of a time step to
calculate one time step using a single, standard 2.8
GHz CPU. The algorithm is well suited for parallel calcu-
lations, and real time calculations can be performed using a
dual CPU system if the predictions are longer than 3–4
time steps. As a comparison, the PI-control algorithm only
uses a few arithmetic calculations for finding the next
choke valve opening. Therefore the NMPC scheme
requires more computational resources than the PI-control
algorithm.

7.5. Future analysis and evaluations

Further development and analysis of the control
schemes should be performed. A more detailed comparison
between the PI-control scheme and the NMPC control
scheme should be performed in a follow-up study. In addi-
tion, the use of NMPC incorporating the low-order model
could be analysed and compared against the current results
using NMPC with the detailed model. Another approach
would be to tune the PI-control parameters using the
detailed model. Stability evaluations using Lyapunov the-
ory [28] and also analysis regarding use of output-feedback
NMPC [29] should also be discussed further.

The current simulations have been performed using a
model only. In a real application the model errors have
to be taken into account, as well as measurement noise
from the available sensors. The use of various types of Kal-
man-filters for large state models such as the ensemble Kal-
man filter [30] and the unscented Kalman filter [31] could
be used for estimating some of the model states that are dif-
ficult to measure.

The safety aspect in implementing an automatic choke
valve control should also be considered. If implemented
correctly the automatic choke control would improve the
safety of the drilling process. However, detailed experimen-
tal testing should be performed on test wells to ensure a
fail-safe implementation in a real drilling application.

8. Conclusion

The present results indicate that active choke valve con-
trol using either a standard PI-control scheme or an
NMPC scheme might be used for stabilizing the down-hole
pressures.

An NMPC scheme using a dynamic mechanistic model
for predicting the pressure in an oil well during drilling is
developed. The future choke valve set points are found
using a nonlinear optimization algorithm. The control
scheme is evaluated against a manual control procedure
and against a standard PI-control scheme, tuned using a
low-order model.

When applying the various control schemes to a simu-
lated test case where severe process disturbances such as
pipe connections are present, the NMPC scheme results
in the least fluctuations of the bottom-hole pressure.
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