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Abstract— For underwater transducers mounted on small 
platforms, reactive electrical power can constitute a main 
restriction on the usable frequency range. The frequency range in 
which the amount of reactive power is acceptable can be increased 
by increasing the electromechanical coupling coefficient of the 
active material. However, to avoid large electrical power factor 
ripple, the transducer design must also have a low mechanical 
quality factor, Qm. A ferroelectric single crystal can have 
electromechanical coupling coefficient k = 0.9. The optimum Qm is 
then as low as 0.6, which is challenging to achieve. We investigated 
this challenge for a tonpilz design, by calculating Qm for different 
combinations of head masses and tonpilz stiffnesses, and by 
calculating the stiffness to density ratio required in the head 
material to avoid flexural resonances. The effective coupling 
coefficient of a real transducer is reduced compared to the 
material coupling coefficient, and in many applications some 
power factor ripple can be accepted. Both factors relax the Qm 
requirement. We calculated the power factor of a tonpilz design 
with k = 0.82 and Qm = 1.9, and showed that the power factor ripple 
is smaller than 0.2 in a frequency band that is 150 % wide relative 
to the resonance frequency. The frequency independent matching 
inherent in the tonpilz gives this design an advantage regarding 
power factor ripple, and this can weigh up for a large Qm. We 
showed this by comparing the tonpilz to an air-backed composite 
plate. Like the tonpilz, the composite plate had k = 0.82, but it was 
matched to water by two conventional acoustic matching layers. 
Compared to the tonpilz, the composite design had a larger 
distance between the – 3dB points of the acoustic power. Beyond 
these points, the acoustic power was however falling off more 
rapidly, resulting in an electrical power factor ripple of nearly 0.5.  
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I. INTRODUCTION 

Our ability to monitor marine ecosystems is now being 
extended by use of small robots. These small robots have room 
for only a few transducers, requiring each transducer to collect 
diverse information, and hence to cover a large frequency 
range. The transducer electronics must be compact and is 
confined in a small space, and the amount of reactive electrical 
power can constitute a main restriction on the usable frequency 
range. Using the lumped Butterworth-van Dyke (BVD) model 
in Fig. 1. and Stansfield’s bandwidth definition [1], Moffett et. 
al [2] found the maximum frequency band over which a 
transducer can transmit high power. Referring the bandwidth to 
the resonance frequency, they found a width of 200 % for 
electromechanical coupling coefficient k = 0.9 compared to 

100 % for k = 0.7. Ferroelectric single crystals can have k ≳ 0.9, 
and we are investigating whether use of single crystals as the 
active material can help us make transducers with a large usable 
frequency band.  

II. OPTIMUM MECHANICAL QUALITY FACTOR 

Even if the maximum obtainable band is increased by 
increasing k, the achieved bandwidth for a specific transducer 
design will depend on the mechanical quality factor, Qm, of that 
design. For the BVD circuit, Qm is given by [2] 
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where ω0 is the angular resonance frequency, Lm the motional 
inductance, Rm the motional resistance and Cm the motional 
capacitance. The power, P, used to drive a transducer consists 
of a real part, |𝑃| cos 𝜃, and a reactive part, |𝑃| sin 𝜃, where θ 
is the phase of the transducer’s electrical impedance. The power 
factor can be expressed as [3, p. 70] 
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The above expression for tan 𝜃 is valid for a transducer after 
the clamped capacitance has been tuned out by a parallel 
inductor, as shown in Fig. 1. The tuned power factor for k = 0.9 
and different values of Qm is shown in Fig. 2a, revealing that 
Qm must be close to 0.6 for the power factor to be approximately 
flat between the flanks. The power factor for k = 0.7 is shown 
in Fig. 2b for comparison.  

 
Fig. 1: BVD circuit showing tuning inductance, Lt, blocked capacitance, 
Cb, motional capacitance, Cm, motional inductance, Lm and motional 
resistance, Rm. 



Fig. 2:  Parallel tuned electrical power factor for a) k = 0.9 and b) k = 0.7. The 
figure corresponds to fig. 2.12 in [3, pp. 72-73]. 

For most designs, the effective coupling coefficient is 
reduced compared to the material coupling coefficient. When 
the effective k is reduced to 0.82, the optimum Qm is increased 
to 0.9. We considered the tonpilz design, and the purpose of the 
present work was to quantify the design parameters needed to 
achieve a given Qm. The challenges of reaching Qm = 0.6 or 
Qm = 0.9 were compared to those of a more conventional 
tonpilz design with Qm ≈ 2. When k is as high as 0.82, a quality 
factor of Qm ≈ 2 causes power factor ripple. This ripple was 
evaluated and the tonpilz response was compared to that of a 
half-wavelength resonator with matching layers.  

III. ACTIVE MATERIAL 

The single crystal material chosen for our calculations was 
PMN-0.28PT. This material has a very high coupling 
coefficient in the length extensional mode, k33 = 0.9. The 
transducers were therefore designed to make the single crystal 
vibrate in this mode. For the half-wavelength resonator, this can 
be approached by making a 1-3 composite, with single crystal 
bars in a matrix of epoxy. With a soft epoxy as kerf filler, the 
effective coupling coefficient of the composite is close to the 
single crystal k33, while a stiffer kerf filler material will reduce 
the coupling. We considered a plate with 40 % PMN-0.28PT in 
a matrix of the hard-set epoxy Epotek 301-2. The effective 
coupling for the composite plate was calculated to k = 0.82 
using the Smith and Auld model [4]. The effective composite 
parameters are listed in Table I. The parameters of PMN-
0.28PT and Epotek 301-2 are listed in Table II. 

In a tonpilz, single crystal bars with the aspect ratio required 
for length extensional vibration can be supported without using 
an epoxy matrix. Nevertheless, the effective coupling 
coefficient of a tonpilz will be reduced by glue and the pre-
stress bolt [3, pp. 169-174]. These effects were not included 
explicitly in our model, but the effective coupling coefficient 
resulting from them was estimated to approach 0.8. We 
therefore chose to use the material parameters of the composite 
material of Table I also for the active part of the tonpilz model, 
giving the tonpilz design the same effective coupling 
coefficient as the plate, k = 0.82.   

IV. MECHANICAL QUALITY FACTOR OF TONPILZ 

To evaluate the achievable Qm for a tonpilz, we used the 
BVD model for a fixed-end, mass-loaded piezoelectric bar, see 
Fig. 3. The fixed-end can be provided by a large tail-to-head 
mass ratio. The piezoelectric bar has mass Mc. When the length 
l of the bar is much smaller than a quarter wavelength, l << λ/4, 
the dynamic mass, Md, of the bar is 𝑀ௗ =  

ଵ

ଷ
𝑀௖. We then have 

[3, p. 159] 
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where M is the mass of the tonpilz head. As the bar is made 
from the composite material of Table I, the stiffness K is given 
by 𝐾 = 𝐴௖𝑐ଷଷ

஽ 𝑙⁄ , where Ac is the area of the composite . Note 
that the area of single crystal is 40% of Ac. Assume that the 
resonance frequency ω0 and the tonpilz head area A are fixed 
design parameters. Inserting 𝐾 = 𝐴௖𝑐ଷଷ

஽ 𝑙⁄  and Mc = ρAcl into 
(4), we see that for a given M, there will be a fixed relationship 
between l and Ac. The length l can therefore be eliminated from 
the expression for the mass Mc. The bar area Ac can be given as 
a fraction of A, Ac = A/qA, see Fig. 3. For the case of no loss and 
real loading, Rm is proportional to A. It is then clear from (5) 
that for a fixed M, Qm will be given by qA. This dependence is 
illustrated in Fig. 4. The head masses of Fig. 4 are given relative 
to a reference mass Mp. The reference mass Mp was chosen as 
the mass of a half-wavelength resonator with area A, made from 
the material given in Table I. It was introduced to make the 
illustration independent of resonance frequency. 

In Fig. 4, Qm = 0.6 is reached only for the smallest head 
mass, M = 0.025Mp, and only for a large area ratio, qA ≳ 10, 
meaning that the area of single crystal is only around 4 % of A. 
Note that for very small head masses, the length l of the active 
bar will not be very small compared to the wavelength. As l 
approaches λ/4, Md will approach Mc/2 [3, p. 159]. Reaching the 
very low values for Qm can therefore be even more difficult than 
illustrated in Fig. 4.  

A reduction of k from 0.9 to 0.82 increases the optimum Qm 
from 0.6 to 0.9. According to Fig. 4, the single crystal area can 
then be doubled from 4 % to 8 %. Increasing Qm further to 2 
while keeping 8 % single crystal will allow the head mass M to 
be increased by a factor 4.  Flexural modes in the head should 
be placed outside the operating frequency band of the 
transducer. Increasing M will increase the frequency of the first 



flexural head mode. For a square head, this frequency is given 
by [3, p. 213] 

 𝑓௙ = 1.12
௖೓ெ
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where ch, ρh and σ are the speed of sound, the density and the 
Poisson ratio of the head material. The velocity to density ratio, 
ch/ρh, is central in determining ff.  Fig. 5 shows the ratio required 
for ff to be positioned at twice the resonance frequency. The 
ratio is calculated for different head masses and head widths, 
√𝐴, assuming Poisson ratio σ = 0.3. This σ is an estimate close 
to the value of most head mass materials.  Among the common 
head materials, magnesium has the highest velocity to density 
ratio, ch/ρh = 2.8 m4kg/s. Note from Fig. 5 that if M is as small 
as 0.025Mp, the width of a square magnesium head must be 
smaller than 0.3λ to avoid flexural modes below 2ω0. 

TABLE I. EFFECTIVE PARAMETERS OF THE PIEZOCOMPOSITE
   

Property Symbol Units Piezocomposite 

Density ρ kg/m3 3930 

Velocity vD m/s 3612 

Dielectric constant 𝜀ଷଷ
ௌ  𝜀଴ 375 

Elastic stiffness constant 𝑐ଷଷ
஽  1010 N/m2 5.12 

Coupling coefficient k  0.82 

TABLE II. MATERIAL PARAMETERS 

Property Symbol Units 
PMN-
0.28PT 

Epotek 
301-2 

 𝑐ଵଵ
ா   14.7 0.81 

 𝑐ଵଶ
ா   13.1 0.46 

Elastic stiffness constant 𝑐ଵଷ
ா  1010 N/m2 11.4  

 𝑐ଷଷ
ா   11.4  

 𝑐ସସ
ா   6.41 0.17 

  𝑐଺଺
ா   4.02  

 𝜀ଵଵ
ௌ   1605  

Dielectric constant 𝜀ଷଷ
ௌ  𝜀଴ 885  

 𝜀ଷଷ
்   4841  

 𝑒ଷଵ  -6.88  

Piezoelectric constant 𝑒ଷଷ C/m2 21.4  

 𝑒ଵହ  11.3  

Piezoelectric constant 𝑑ଷଷ 10-12 C/N 1282  

Density 𝜌 kg/m3 8100 1150 

Coupling coefficient 𝑘ଷଷ  0.9  

 
 

Fig. 3.  A fixed-end, mass loaded piezoelectric bar (composite material) 

 

Fig. 4. Mechanical quality factor versus area ratio qA for different head 
masses. Calculated using (5). The masses are given in terms of the reference 
mass Mp. Quality factors Qm = 0.6, 0.9 and 2 marked with red dots. 

Fig. 5. The ch/ρh ratio needed for the first flexural mode of a square head to 
appear at twice the resonance frequency, plotted versus the width of the head. 
A Poisson ratio of σ = 0.3 is assumed. 

V. TONPILZ DESIGN WITH QM ≈ 2 COMPARED TO PLATE WITH 

MATHCING LAYERS 

To achieve the optimum Qm of 0.9 for k = 0.82, the tonpilz 
element must have a small head mass. The larger head mass, 
the smaller amount of active material is allowed, limiting the 
maximum transmitted power. Flexural resonances due to a 
small head mass M can be compensated by a small head area A, 
see (6).  Decreasing the area of each tonpilz element will 
however increase the number of elements needed for a given 
transducer aperture. We therefore wanted to evaluate the 
performance of tonpilz designs with Qm larger than the 
optimum value. The parallel tuned electrical power factor and 
the normalized acoustic power for a water loaded tonpilz were 
evaluated using the 1D Mason model. The distributed Mason 
model was preferred to the lumped BVD model to get a more 
correct model for the dynamic mass, and the Mason model was 
used also for the composite plate with matching layers. The 
calculated results for a tonpilz design with k = 0.82 and 
Qm = 1.9 are shown in Fig. 6, thick lines. Results using a 3D 
FEM model with periodic boundary conditions are shown as 
thin lines, and they are in excellent accordance with the results 
calculated using the Mason model. The tonpilz design was 
made with a square magnesium head with M = 0.075Mp and 



qA = 2.7. The power factor has pronounced ripple, but it stays 
above 0.8 in a frequency band that is 150 %, relative to the 
resonance frequency. The acoustic power varies 10 dB within 
this band. In Fig. 7 this performance is compared to that of an 
air-backed composite plate. For the plate design, acoustic 
matching to water was achieved by adding two matching layers. 
The matching layer properties were designed for maximum 
broadband operation, following guidelines given by DeSilets et. 
al [5]. This matching is frequency dependent, in contrast to the 
frequency independent matching obtained in a tonpilz. From 
Fig. 7 we see  that compared to the tonpilz, the plate design has 
larger distance between the – 3 dB points of the acoustic power, 
and very little ripple in the passband, but the acoustic power 
falls off more rapidly beyond the – 3 dB points. This results in 
larger power factor ripple outside the passband. It should be 
noted that in Fig. 7 the power factor ripple for the plate design 
is minimized by making a small adjustment of the tuning 
frequency. The chosen tuning frequency is 6 % lower than the 
resonance frequency of the plate. The matching layers were 
designed inserting the short circuit acoustic impedance of the 
plate into DeSilets’ expressions, rather than the default open 
circuit impedance. This did also contribute to a reduction of the 
power factor ripple.  

VI. DISCUSSION 

When the aim is to provide narrowband pulses at a variety 
of frequencies, rather than one wideband pulse spanning the 
entire band, the tonpilz has the preferred performance of the 
two designs in Fig. 7.  

 A clamped back end or high attenuation in the backing or 
matching layers would reduce the power factor ripple of the 
plate design. Attenuation is not included in the modelled 
matching layers. On the other hand, disturbance from the first 
flexural resonance of the tonpilz head could be prevented by 
distributing the crystal bars as done in Powers et. al [6], or by 
tapering the heads. This would allow a lighter head and thus a 
smaller Qm, reducing the power factor ripple of the tonpilz 
design. The curves of Fig. 5 are calculated for square heads. For 
circular heads, the frequency of the first flexural mode is higher 
than for square heads [3, p. 213], but square heads were chosen 
as they provide an array packing factor close to 1 and thus a 
large radiation resistance. 

 

Fig. 6. Parallel tuned electrical power factor (blue) and normalized acoustic 
power (red) for a tonpilz design with k = 0.82 and Qm = 1.9. Thick lines: 1D 
Mason model. Thin lines: 3D FEM model with periodic boundary conditions. 

 
Fig. 7. Parallel tuned electrical power factor (blue) and normalized acoustic 
power (red). Comparison of a tonpilz design with k = 0.82 and Qm = 1.9 (solid 
lines) and a design comprised of a composite plate (also k = 0.82) and two 
added matching layers (dashed lines). 

VII. CONCLUSIONS 

We compared two different transducer designs, using an 
active material with very high electromechanical coupling to 
obtain a transmitter with a large usable band. The transducers 
were designed for applications where the amount of reactive 
power constitutes a main restriction and where the aim is to 
offer a selection of narrowband pulses at a variety of 
frequencies rather than one wideband pulse. Under these 
considerations, we found that the tonpilz design performed 
better than a design consisting of an air-backed composite plate 
and two matching layers. The effective coupling coefficient of 
our designs was k = 0.82, and the optimum mechanical quality 
factor for this k is Qm ≈ 0.9. This Qm can be difficult to obtain 
in a practical design. We found that even for Qm ≈ 2 the tonpilz 
design performed better than the composite plate design, under 
the given considerations. For the plate design, the frequency 
dependence of the matching layers caused the acoustic power 
to fall off rapidly beyond the – 3 dB points, resulting in large 
ripple in the electrical power factor. 
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