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Preface

This thesis is written to fulfill the graduation requirements of the degree of Doctor of
Philosophy in PhD programme Process, Energy and Automation Engineering at the Uni-
versity of South–Eastern Norway (USN). The work has been conducted as a part of
the project ’Exploiting multi-scale simulation and control in developing next generation
high efficiency fertilizer technologies’ (HEFTY) at Yara Technology and Projects and the
Research Council through project no. 269507/O20. The PhD project work has been
conducted under the supervision of Professor Bernt Lie, with co-supervision by Professor
Finn Aakre Haugen.

The dissertation contains a study on modelling and control of granulation loop processes
with particle recycle. The thesis consists of seven scientific papers, three conference papers
and four journal papers. It is divided into two main parts. The first part gives an overview
of the research topic and its goals, followed by an extended literature review. Further, the
summary of the methods used, and the summary of the scientific papers together with
conclusions are given. The second part contains the main contributions as a compendium
of scientific publications.

Porsgrunn, 30th August 2021

Ludmila Vesjolaja
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Abstract

Granulation processes have been a subject of research for more than 60 years. During
these years of research, there has been a significant improvement in qualitative and quant-
itative knowledge of the granulation processes, their behaviour and dependence on various
process variables and properties. However, in spite of extensive research in the granulation
field, industrial granulation plants still suffer from oscillatory behaviour in the product
quality and quantity. Typically, the oscillatory behaviour is observed in continuous gran-
ulation loop plants where off-spec particles are recycled back into the granulator. The
observed oscillatory behaviour leads to a reduction in profit, overloading of the process
equipment, increased operational risks, and unforeseen plant shut-downs. Consequently,
the elimination of the oscillatory behaviour in the continuous granulation loop plants
is of great importance. Towards this goal, mathematical modelling with control of the
granulation loop process is an important task. Thus, the thesis focuses on modelling and
control of the continuous drum granulation processes with particle recycle.

The development of an efficient mathematical model that can be used for further control
purposes, is studied in this research. One of the most important units in the granulation
loop required for the overall model development is the granulator. In the granulator
particle growth and particle collision occurs. In the thesis, macro-scale modelling of
the granulation process is used. Different granulation mechanisms are investigated for
developing the granulator model. Several discretization schemes (for the internal and the
external coordinate discretization) are applied and used for finding the numerical solution
of the resulting model. This model of the granulation loop process includes models of the
granulator, screens, and a crusher.

Further, the developed granulation loop model is used for control studies. Several possib-
ilities are investigated in order to eliminate the oscillatory behaviour seen in granulation
loop plants. The thesis suggests the manipulation of either the crusher gap spacing or
the fraction of the recycled product-sized particles to eliminate the oscillatory behaviour
seen in the product quality. In the thesis, both classical control (PI controller or P+PI
controllers) and advanced control (model predictive control) have been applied to control
the produced particle size in the granulation process.

Keywords: granulation loop, particle agglomeration, particle layering, dynamic population
balance model, PI control, non-linear model predictive control
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Introduc on

. Background

Granulation is considered as one of the most powerful techniques in the fertilizer industry
to manufacture products of the desired quality. Granulation is well-known for its ability
to yield products of the desired size, improve shelf-life of the products, and to reduce
their propensity to form cakes or lumps. However, operation of granulation plants on an
industrial scale can be challenging. There are several operational challenges that arise in
granulation loop plants. One of the challenges is the observed oscillatory behaviour in
the product quality (e.g., particle size) and product quantity (e.g., mass flow rates). The
oscillatory behaviour makes it difficult to maintain the desired product quality in terms of
uniformity in granule size. Moreover, the oscillatory behaviour in the production rates can
lead not only to decreased profits, but also to overloading of process equipment, which
results in increased operational risks and unforeseen plant shut-downs. Consequently,
elimination of the oscillatory behavior that would make granulation loops steadier to
operate is a key research interest in the fertilizer industry.

. Process descrip on

This thesis is focused on the last part of Nitrogen-Phosphorus-Potassium (NPK) fertilizer
production. The NPK fertilizer is a high value fertilizer that contains the three main
elements essential for crop nutrition. The NPK production plants use a continuous wet
granulation process to produce different grades of fertilizers that contain N,P and K,
in various ratios. A typical schematic of a granulation process with recycle, called the
granulation loop, is shown in Figure 1.1.

When a slurry (fertilizer melt) is sprayed into an agitated powder (recycled particles) in
a granulator, particle enlargement (granulation) occurs. The granulation process results
in the formation of composite granules. The produced granules have several advantages
over their non-granulated form, such as improved product flow properties, homogeneity,
ease in handling, packaging, and storage of the product.

3



1 Introduction
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Figure 1.1: A schematic diagram of the granulation loop process with particle recycle studied in the thesis
[1].

The granulators can be of different types, e.g., fluidized bed, pan granulators, spherodizers,
rotary drum granulators, and others. This thesis is focused on tumbling granulators, e.g.,
spherodizers and rotary drums. A spherodizer is shown in Figure 1.2. The granulator bed
in the spherodizer is equipped with blades and the spherodizer is equipped to perform
simultaneous granule drying. Such granulator configuration is used to facilitate so-called
‘onion skin’ formation on the particle, i.e., coating/layering of the fertilizer melt on the
particles, and to reduce collision between particles. Drum granulators, as opposed to
spherodizers, are neither fitted with the blades nor equipped for drying of the granules
which is performed in the separate unit, i.e., in a drying drum. In the drum granulators,
the fertilizer melt is introduced in the granulator bed using spraying nozzles that are
situated at various places in the granulator.

As granules leave the granulator, they are sent to a double-deck screen. The screens
are used to separate the granules in the effluent from the granulator into fractions of
three sizes: under-sized particle fraction, product-sized particle fraction, and over-sized
particle fraction. Particles that are small enough and can pass through both of the screens
(the upper and the lower screen in Figure 1.1) are the under-sized particles. The under-
sized particles are then recycled to the granulator. The over-sized particle fraction, i.e.,
particles that are too large to pass through the upper screen, and, therefore, remain
lying on the upper screen are sent to the crusher. The over-sized particle crushing is
performed using a double-roll crusher. The crushed over-sized particles are combined
with the under-sized particles, forming a recycle stream (off-spec particles). The off-spec

4



1.3 Importance and necessity of research

Figure 1.2: A spherodizer in operation. The colours of the particles indicate the particles’ various velocit-
ies (blue colour – the lowest particle velocity, red colour - the highest particle velocity). The
illustration is made for HEFTY project, drawn by SINTEF Materials and Chemistry, Flow
Technology Group.

particles are recycled back to the granulator where they act as nuclei for formation of the
new granules. Thus, the off-spec particles are needed to seed the granulator. Another
reason of the off-spec particle recycling is a wide particle size distribution (PSD) of the
granules at the granulator discharge. A relative small fraction of the granules that leave
the granulator are in a required size range. Typically, the recycle ratio, i.e., ratio between
the off-spec particles and the product-sized particles in the granulation loop plants is 4:1.
Thus, recycling of the particles is also necessary from an economic point of view. Not
least, the off-spec particles cannot be considered as waste material and discarded from an
environmental point of view and, therefore, should be recycled [1].

. Importance and necessity of research

Operation of the granulation loop process described in Section 1.2 faces operational chal-
lenges. From a process control point of view, there are several operational challenges to
be overcome in the industrial-scale granulation loop plants. Some of these are:

• Operation below the designed capacity

• Wide PSD of the produced particles compared to the desired product PSD

• Large recycle ratios

5



1 Introduction

• Oscillatory behaviour associated with the operation of the granulation loops

A fundamental industrial challenge for operation of the granulation loop processes is
the elimination of the oscillatory behaviour. A typical oscillatory behaviour observed
in an NPK plant is shown in Figure 1.3. Figure 1.3 shows the oscillatory behaviour in
the product quality, i.e., in the median diameter of the produced particles d50. Similar
oscillatory behaviour is also observed in the product quantity, including in the production
rates. The oscillatory behavior is linked to the entire granulation loop since the granulator
receives a fluctuating recycled input stream.

Figure 1.3: An illustration of the oscillatory behaviour in the produced particle size (median diameter,
d50) in the industrial-scale granulation loop plant [2].

The oscillatory behaviour observed in the product quality and the product quantity is
extremely detrimental because it causes cost-ineffective production, especially in the gran-
ulation plants where expensive raw materials and/or hazardous materials are used. In
addition, the oscillatory behavior may lead not only to reduced profits, but even to over-
loading of the process equipment. Typically, the equipment used in the granulation loop
processes has limitations, e.g., maximum capacity of transport belts, crusher capacity, etc.
Overloading of such processing equipment results in increased operational risks and un-
foreseen plant shut-downs. Furthermore, the design and operation of granulation loops are
often achieved by trial and error, and are frequently based on previous experience. Thus,
thorough studies, aided by the advances in numerical techniques and process control, are
required to address the problem. It is critical to eliminate the oscillatory behaviour and
make granulation loop processes more steady in operation.

6



1.4 Objectives and scope

Figure 1.4: A schematic representation of the main goals of the HEFTY project: Two modeling scales to
solve the innovation challenges.

. Objec ves and scope

This project is conducted in collaboration with Yara Technology and Projects and is a
part of a project named ’Exploiting multi-scale simulation and control in developing next
generation high efficiency fertilizer technologies’ (HEFTY), Research Council project no.
269507/O20. The project leader is Yara Technology and Projects, while University of
South-Eastern Norway and SINTEF Materials and Chemistry, Flow Technology Group
are project partners. The main goal of the HEFTY project is to enable cost effective
production and deliver granulated fertilizers of consistent quality, Figure 1.4. For this,
two modelling approaches to the granulation process are considered, namely, multi-scale
CFD modeling of the granulator itself (SINTEF), and macro-scale dynamic modelling of
the granulation loop process (this PhD research project). The dynamic granulation loop
model, developed within this PhD research project, will be used to develop new control
strategies for the operation of the granulation loops. The developed control strategies
should contribute to an improved operation of the fertilizer production and eliminate the
oscillatory behaviour in the product quality (particle size). With this regard, the following
research questions/hypothesis are formulated:

1. A proper population balance model can reproduce oscillations observed on granu-
lation loop plants.

2. Control algorithm based on the model can improve operation of granulation loops
(with respect to eliminating the observed oscillations).

The main objectives of this PhD study are divided into three areas as follows:

7



1 Introduction

Figure 1.5: An overview of the papers shows how the papers (A-G) are distributed over the objectives
listed in Section 1.4. Colours are used to separate the different areas of the defined objectives
(similar colours are used in Figure 1.6 to distinguish between different objectives).

1. Develop a mathematical model of the granulation loop shown in Figure 1.1. The
developed mathematical model should be simple enough yet sufficient to capture
the necessary (important) dynamics of the granulation loop process.

a) Develop a dynamic model of a granulator and to apply appropriate granula-
tion mechanism(s) that particles are subjected to during granulation, such as
particle growth due to particle layering and/or particle agglomeration.

b) Develop a control relevant model of the whole granulation loop with particle
recycle. The developed model should include a granulator, screens, a crusher,
and the particle recycle.

• Screens. The effluent from the granulator should be divided into three
size fractions: product-sized particles, under-sized particles, and over-sized
particles.

• Crusher. The over-sized particles should be sent to the crusher where the
sizes of the particles are reduced using a roll crusher.

• Recycle feed. The recycle feed should contain crushed over-sized particle
flow and the under-sized particle flow feeds.

2. Find and apply a numerical scheme (schemes for the internal and the external co-
ordinate discretization) to solve the developed model of the granulation loop process.
It is important that the developed model can be solved sufficiently fast so that it
can be used for real-time implementation. Thus, a good balance between the model
complexity (accuracy) and the model solution time should be considered.

8



1.5 Contributions

3. Apply the developed granulation loop model in control studies. Here, the main
objective is to find/suggest control strategies that would suppress or eliminate the
oscillatory behaviour seen in the sizes of the produced particles (d50) and, thus
making the granulation loops more steady in operation.

. Contribu ons

Figure 1.6: An schematic representation of the interconnections of the main contributions. Colours are
used to separate the different areas of the defined objectives in Section 1.4 (similar colours
are used in Figure 1.5 to distinguish between different objectives).

The work done to achieve the stated objectives in Section 1.4 is listed here. The con-
tributions of this work are distributed over seven scientific papers, labelled A to G. The
papers and the objectives they cover are shown in Figure 1.5, while Figure 1.6 illustrates
interconnections between the contributions and papers listed below.

Each of the main contributions is presented as one or more articles as follows:

1. Development of a mathematical model of the granulation loop shown in Figure 1.1.
The developed mathematical model can capture the necessary dynamics of the gran-
ulation loop process.

a) Development of a 1-dimensional (1D) dynamic model of the granulator using
the population balance principles. Paper B.

The model can capture particle growth that occurs inside the granulator due
to both particle layering and particle agglomeration. The resulting population
balance equation (PBE) is a partial differential equation (PDE) that is trans-
formed into a set of ordinary differential equations (ODEs) with respect to the
particle size (1D model).

9



1 Introduction

b) Development of a 2-dimensional (2D) dynamic model of the granulator using
the population balance principles. Paper C.

Like the 1D model, the developed 2D model can capture particle growth due
to particle layering and particle agglomeration. Here, the resulting PDE is
transformed into set of ODEs with respect to the particle size and the axial
position in the granulator.

c) Development of a control-relevant model of the continuous drum granulation
loop process with particle recycle. Paper D.

The developed model includes mathematical models of a granulator, screens,
and a crusher. The recycled particles are fed back into the granulator. The
developed model can reproduce the oscillatory behaviour seen in granulation
loop plants.

2. Application of the various discretization schemes to the PBE over the granulator:
particle layering and particle agglomeration. Papers A, C and D.

The two growth mechanisms require different types of discretization schemes. For
the particle layering term discretization, three finite volume schemes were applied,
while for the particle agglomeration term discretization, three sectional schemes
and a finite volume scheme were used. For the simplified granulation process, the
comparison between the numerical solutions and the analytical solutions are given
in Paper A. In Papers C and D, the developed models are solved based on the
results obtained in Paper A. The developed models can be solved sufficiently fast
to be used in real-time implementation.

3. Control of granulation loop process with particle recycle: elimination of the oscil-
latory behaviour in the produced particle median size. Papers E, F and G.

a) A design of two control strategies (CS) that would eliminate the oscillatory
behaviour in the produced particle d50: In CS1, the particle d50 is controlled
by manipulating the crusher gap spacing, while in CS2, some fraction of the
product-sized particles are sent back to the granulator to control the particles
d50. Papers E, F and G.

b) Elimination of the oscillatory behaviour in the produced particles d50 using a
classical control (PI or P+PI controllers). In paper E, the double loop control
structure is applied with the CS1 and CS2 strategies. Comparison between
the double-loop control structure and the classical PI controller for controlling
the particle size in granulation loop processes is reported in Paper F.

c) Application of the advanced control to control the granulation loop process.
The model-based predictive controller (MPC) is applied to control the pro-
duced particle d50 using the suggested control strategies. Comparison of the

10



1.6 Outline of thesis

simulation results of the MPC controller and the double-loop control structure
is reported in Paper G.

Novelty of the research work is as follows:

1. A thorough evaluation of the numerical discretization schemes applicable for finding
the numerical solution of the population balance equation.

2. Proposal of a new control strategy (CS2) for eliminating the observed oscillations.

3. A through evaluation of a new control strategy (CS2) with the competing control
strategy (CS1).

4. Application of the double-loop control structure to granulation loop process.

5. Application of the advanced non-linear model predictive control to granulation loop
process.

. Outline of thesis

The thesis is presented as a compendium of scientific publications and consists of two
main parts. The first part is the synopsis of the research work in five chapters. Chapter
1 presents an overview of the research work, importance of the research, objectives and
contributions. Chapter 2 presents an extensive literature review. Chapter 3 summarizes
methods and approaches used to fulfill the research objectives, while summary of the
scientific publications with discussions is given in Chapter 4. The conclusions drawn from
this research, and recommendations for the future work, are presented in Chapter 5.

The second part is the main part of the thesis. It is a collection of scientific publications
that have either been published already (Paper A - Paper E) or are currently under review
(Paper F and Paper G).

11
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Literature review

‘Granulation is a process of agglomerating particles together into larger, semi-permanent
aggregates (granules) in which the original particles can still be distinguished’ [3]. Typic-
ally, granulation processes are divided into two types: dry granulation and wet granulation
processes. In dry granulation processes, no liquid is used to facilitate the granulation pro-
cess. In wet granulation processes, unlike the dry granulation processes, a slurry (liquid
binder or melt) is used to ensure the granulation process. The slurry is sprayed or poured
onto the particles (fine powders) or onto the moving surface as they are agitated in a gran-
ulator. The wet granulation processes are usually performed via tumbling and rotation
of the material [3–6]. This review focuses on the wet granulation processes.

The granules produced during the wet granulation process have several advantageous over
their non-granule form, such as: (i) improved product flow properties and homogeneity,
(ii) ease of handling, storage, and packaging of the product, (iii) dust reduction, and
(iv) reduced co-mixing of materials, which reduces the risk of product segregation. The
produced granules have a higher proportion of surface area compared to their non-granule
form which is highly useful in the processes where fast dissolution rates are required.
In addition, granulation processes permit the reuse of waste material to manufacture
marketable products [3, 4, 7, 8].

Granulation is a particle design technique that uses the process design and the formulation
design to control the desired particle properties. Some of the process design choices are:
type of the granulation process (e.g., batch or continuous, internal or external drying
of the particles), type of the granulator (e.g., pan granulator, fluidized bed, spherodizer,
rotary drum), and operating conditions. In the formulation design, the choice between the
powder properties and the liquid properties is made. As to the desired particle properties,
some of the most frequently used desired particle properties are the particle size, the
porosity and the moisture content [3, 4, 7–9].

A word about linguistics in the thesis:

• Depending on the industry, a variety terms are used to describe industrial size
enlargement processes, such as granulation, agglomeration, balling, pelletization. In
this work, granulation is used to describe the size enlargement processes. A wet
granulation process is considered if another process is not stated.

13



2 Literature review

• Particle layering is also denoted coating, snow-balling, onion-skinning. In this work,
layering is used to describe coating of a slurry onto the particle.

• Particle agglomeration is also denoted particle coalescence. In this work, agglomer-
ation is used to describe collision and sticking together of particles.

. Granula on mechanisms

Granule formation has traditionally been described in terms of a number of different
mechanisms. In modern formulation, for ease of quantitative representation, the granule
formation can be viewed as a combination of three sets of rate processes: (i) particle
nucleation and wetting, (ii) particle growth and consolidation, and (iii) particle attrition
and breakage [3, 6–8, 10].

. . We ng and nuclea on

Wetting and nucleation is the first step in the granulation process (Figure 2.1). In the
spraying zone, the liquid spray droplets interacts with the powder. The effort is to
distribute the liquid evenly throughout the powder. As the result of this step the ini-
tial aggregates are formed. Wetting and nucleation plays a significant role in granule
formation. However, due to poor knowledge of the factors that control the wetting and
nucleation processes, this mechanism is rarely identified and separated from the other two
granulation mechanisms [3, 8, 10].

Figure 2.1: The first granulation mechanism: wetting and nucleation. Colour explanation: blue–liquid,
grey–powder.

14



2.1 Granulation mechanisms

. . Growth and consolida on

The growth of particles typically occurs through two mechanisms: particle layering and
particle agglomeration (Figure 2.2). Particle layering refers to a mechanism of continuous
particle growth that occurs due to successive coating of a liquid phase onto the particle
surface. The liquid phase in the form of a melt, solution, or a slurry, solidifies and forms
an‘onion skin’ on the surface of the particle. As a result, the particle increases in volume
and mass. However, the number of particles in the system does not change. As a result
of this mechanism, compact and hard granules are produced [3, 8].

Figure 2.2: A representation of the second granulation mechanism: growth of particles due to a particle
layering and a binary particle agglomeration.

Particle agglomeration refers to a discrete particle growth mechanism. Such particle
growth behaviour is caused by the collisions among particles and the collided particles
sticking to each other. Binary particle agglomeration occurs due to successful collision
(permanent agglomeration) of two particles, resulting in the formation of a larger, compos-
ite particle (Figure 2.2). Particle agglomeration can take place as soon as the granulation
process has been initiated (simultaneously with the particle wetting and nucleation), and
also in the later granulation stage when the liquid is already added to the granulator.
Whether the collision of the particles is successful or not depends on various aspects, such
as mechanical properties of the particles (granule strength), and availability of the liquid
binder near the particle surface. Binary agglomeration results in a reduction of the total
number of particles: two particles die, and a new particle is born [3, 7].

Particle consolidation: particle consolidation is opposite to the particle growth mechan-
ism, and leads to a reduction in the particle size and porosity: the air and the liquid
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entrapped in the particle are squeezed out of the particle surface. This results in the re-
duction of the particle strength. Consolidation occurs due to the particles colliding with
each other and with the equipment walls [3].

. . A ri on and breakage

Wet particle breakage by fragmentation is a discrete event, that changes the number of
particles in the system (Figure 2.3). Breakage effects are important in high shear devices,
especially in high intensity mixer granulation. Particle breakage phenomena in tumbling
granulators (e.g., rotary drums) on the other hand has a significantly lower effect on
the particle size compared to the growth mechanism. Therefore, there are few studies
dedicated to the particle breakage in tumbling drums.

Figure 2.3: An illustration shows the third granulation mechanism: particle attrition and breakage.

Particle attrition refers to the fracture of dried particles. The attrition rate is a negative
rate, and it leads to an effect that is opposite of the particle layering mechanism. The
particle attrition rate is proportional to the bed conditions, and is highly dependent on
the particle velocities inside the granulator. In general, particle attrition leads to dust
formation which is a highly undesirable effect in the granulation processes. However, this
mechanism is important in granulators where high granule velocities are used. Examples
of such systems are fluidized- and spouted-bed granulators [3, 7, 8].

. Modelling of granula on processes

. . Overview

Effective operation of granulation processes requires mathematical models of the process.
Mathematical models are used for online control and monitoring, as well as for offline
optimization. The choice among the modelling approaches for granulation processes de-
pends on the objectives of the research. Typically, modelling of the granulation process
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can be divided into 4 types: (i) particle scale, (ii) volume of powder scale, (iii) granulator
scale, and (iv) granulation loop scale, as shown in Table 2.1 [7, 11].

Table 2.1: Different scales for modeling granulation processes [7, 11].

Scale Area of analysis Modeling method

Particle Physico-chemical interactions
Models of liquid bridge dynamics [3]

DEM models [12]

Volume of powder
Granulation mechanisms

Rate equations

Agglomeration models [3, 4, 7, 13]

DEM models [12]

Monte-Carlo methods [4]

Granulator
Mixing patterns

Operation

PB modeling [14]

CFD-DEM [15, 16]

Granulation loop
Process design

Process optimization

PB modeling [17]

Data driven-DEM modeling [18]

CFD-DEM-PB modeling [19]

In particle scale, two situations are considered: (i) single particle-particle interactions,
and a deformation of the particle embedded in a granule, and (ii) particle-binder physico-
chemical interactions, including collision of a particle with a drop of a binder. In volume
of powder scale, granulation rate processes, such as nucleation, growth, and breakage, are
considered. Balance equations, describing evolution of the particle property distributions
(size, porosity, etc) are considered in the granulator scale. In the granulation loop scale,
all the unit operations and their interactions are considered, e.g., particle classification,
particle crushing, and particle recycling [7, 11]. The thesis is focused on the granulation
loop scale modelling.

The most recent studies are concerned with modelling of fluidized bed granulators [16, 19–
27], while only a few are on modelling twin screw granulators [17, 28, 29] and rotary drum
granulators [15, 18, 30]. Population balance modeling still remains the most used ap-
proach for modeling granulation processes, e.g., in [17, 20–23, 25, 26, 28] the authors have
developed mechanistic models based on the PB to study granulation processes. Several
studies are focused on micro-scale modelling (particle-particle interactions) of granulation
processes using CFD (computational fluid dynamics) modelling [16, 30] or coupled CFD-
DEM (computational fluid dynamics coupled with discrete element method) modelling
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[15, 31], as well as CFD-DEM-PB modelling (computational fluid dynamics coupled with
discrete element method and population balance model) [19, 32–34]. Many of these stud-
ies are focused on understanding and modelling of particle growth due to agglomeration
[23, 24, 26, 31, 35], model validation [17, 19–22, 25], and influence of process variables
on granule formation [15, 28–30]. In the most recent study, Cronin et al. [26] have pro-
posed a new time-dependent rate constant of the agglomeration kernel for the modelling
of fluidized bed granulation. The developed agglomeration rate model [26] is conceptually
simple and employs only one empirically fitting parameter. Vzivzek et al. [23] proposed
that in TiO2 granulation process, the agglomeration rate is significantly higher than the
breakage rate. The authors in [23] also have suggested using a reduced-order approach,
with granule size as the only internal coordinate for efficient tracking of the PSDs of TiO2
in the fluidized bed. Bellinghausen et al. [36] focused their research on particle nucleation
rather than particle agglomeration. In [36], the authors have developed two new nuclei
size distribution models: (i) empirical model that assumes a log-normal distribution, and
(ii) semi-mechanistic model that is based on a method suggested in [37], which applies
the Poisson distribution function.

. . Popula on balance

Ramkrishna in [38] has defined a population balance equation (PBE) as ‘an equation in
the number density’. In other words, ‘PBE represents the number balance of particles of
a particular state’ [38]. PBE can also be viewed as the rate equation that describes the
evolution of particle property distribution in the granulator [7]. The concept of the PBE
can be written as [4],

the rate of change of the density function︸ ︷︷ ︸
inclass, location, time

= flow in︸ ︷︷ ︸
through boundary

− flow out︸ ︷︷ ︸
through boundary

+ grow in︸ ︷︷ ︸
from lower classes

− grow out︸ ︷︷ ︸
from current class

+agglomeration in︸ ︷︷ ︸
to current class

−agglomeration out︸ ︷︷ ︸
from current class

+ break-up in︸ ︷︷ ︸
from upper classes

− break-up out︸ ︷︷ ︸
from current class

. (2.1)

The first two terms on the rhs. of Equation 2.1 describe the convective flow of particles
in and out of the granulator (boundary). The other terms on the rhs. of Equation 2.1
cover the granulation mechanisms described in Section 2.1: the third and the fourth
terms on the rhs represent the particle layering and particle consolidation mechanisms,
respectively; particle agglomeration is represented by the fifth and the sixth terms on the
rhs., while particle breakage mechanism is represented by the last two terms on the rhs
of Equation 2.1.
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PBEs are frequently used for: (i) process design to predict particle properties, e.g., predict-
ing the produced particle PSDs, (ii) process control and optimization, and (iii) sensitivity
analysis to study possible perturbations in product quality due to a change in operating
conditions [7]. However, poor understanding of the rate processes (quantitative repres-
entations of granulation mechanisms), and challenging solution methods resulting from
the PBEs, especially for agglomeration problems, limit the use of PBEs in granulation
processes [7].

In the PBEs, particle properties are denoted as an internal coordinate, while particle
location (spatial position) is denoted as an external coordinate. Some of the particle
properties (internal) of a special interest are: size, shape, density, moisture content, gas
content, porosity, composition, age, etc. [4, 7, 38, 39]. Mathematical representation of
the number-based PBE with one internal (particle diameter), and one external (spatial
position in the granulator) coordinate is given by Equation 2.2:

∂n(d,z, t)
∂ t

=− ∂
∂d

[Gn(d,z, t)]+Ba (d,z, t)−Da (d,z, t)+Bb (d,z, t)−Db (d,z, t)

− ∂
∂ z

[vn(d,z, t)] , (2.2)

where n(d,z, t) is the number density function, d is the particle diameter, z is the spatial
position, and t is the time. The first term on the rhs. represents the particle growth
due to layering at a growth rate G ; the second and the third terms on the rhs. stand,
respectively, for particle birth (Ba) and death (Da) due to agglomeration. The particle
birth (Bb) and death (Db) rates due to breakage are represented by the fourth and the
fifth terms on the rhs. respectively. The final term on the rhs. represents a continuous
process and gives the flow of particles with the velocity v through the granulator. As to
the first granulation mechanism, i.e., nucleation and wetting, it is not included in the PBE
because it is rarely separated from the particle growth mechanism, and rarely identified
at the granulator scale and granulation loop scale modelling of the granulation processes.
Nucleation is relatively significant when the feed (continuous phase) PSD is much smaller
than the smallest product (produced granule) PSD. However, the less is the differences
between the feed PSD and the produced granule PSD, the less is the effect of nucleation on
the change in PSD during the granulation. During granulation loop processes in fertilizer
industry, the produced granules are post-treated, i.e., dried before they are recycled back
into the granulator. In this case, the recycled feed has a broad PSD. Thus, the feed PSD
overlaps the produced granules’ PSD, making the nucleation mechanism insignificant in
granulation loop scale modelling.

The following is a representation of the layering term, G as described in Section 2.1.
Layering is a continuous process (differential growth) that is initiated by the formation
of a coating of the slurry on the particle. Frequently, in PB modelling, a particle size-
independent linear growth rate is assumed [40, 41]. Particle size-independent growth rate
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assumes that each particle has the same exposure to a new slurry feed, while a linear
growth rate assumes that the growth rate is proportional to a projected particle surface
area, as shown in Figure 2.4. These simplifications do not imply segregation of particles
by size [7].

Figure 2.4: A diagrammatic representation showing that the linear growth rate of particles is independent
of the original particle-size.

Representation of the agglomeration terms, Ba and Da: particle agglomeration is a discrete
event that results in reduced particle number in the system. Quantitative representation of
the agglomeration process is very challenging. One of the most widely used agglomeration
process models for granulator-scale modelling was introduced by Hulburt and Katz in [42].
Formulation of the agglomeration process [42] assumes a binary particle agglomeration
process, i.e., two particles colliding with each other. During binary particle agglomeration,
two particles die, and one particle is born [3, 7]. The birth of particles due to binary
agglomeration is represented by the equation:

Ba =
1
2

∫ v

0
β (t,v−w,w)n(t,v−w)n(t,w)dw. (2.3)

The above equation 2.3 shows the birth of particles of volume v as a result of agglomeration
of particles of volumes v−w and w [7]. Merging of particles of volume v with any other
particle, i.e., the death of particles is represented by the equation,

Da =−n(t,v)
∫ ∞

0
β (t,v,w)n(t,w)dw. (2.4)

In Equations 2.3 and 2.4, β is the agglomeration rate, also called the agglomeration
kernel. The agglomeration kernel defines the collision frequency of the two colliding
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particles. Collision frequency depends on various particle properties, as well as on the
granulator properties (process system properties). Some of the most important properties
are: particle size, moisture content, particle flow patterns, energy consumption, particle
deform-ability, granulator configuration, and operating conditions. Another factor that
affects the agglomeration kernel is the success of the agglomeration or rebounding after
particle collision. It has been found in [43] that successful agglomeration depends greatly
on the viscous-fluid layer (moisture content), elastic-plastic properties, as well as on the
head of the collision [8]. Some particle collisions do not lead to particle deformation
(Type I agglomeration). However, those particle collisions that lead to deformations of
the particles (Type II agglomeration) are challenging to model and only a few qualitative
formulations have been developed [7, 8, 43, 44]. Thus, the agglomeration kernel is a key
parameter that defines the agglomeration process – both the overall rate of agglomera-
tion and the particle distribution are affected by the agglomeration kernel. Modelling
of the agglomeration process is challenging, and, so far, only empirical or semi-empirical
agglomeration kernels have been developed [4, 35, 44–50].

Representation of the breakage terms, Bb and Db: particle breakage in tumbling gran-
ulators is not significant [3, 7], therefore, only a few studies regarding wet breakage in
tumbling granulators have been published [51–53]. On the other hand, breakage effects
in high-shear mixers have been intensively studied [51, 54–56]. In [51] it was shown that
the bigger particles are more susceptible to breakage than the smaller particles. As in
the agglomeration process, particle breakage is also a discrete event. Formulations for the
breakage effects in PBEs are as follows:

Bb (v) =
∫ ∞

v
b(v,w)kb (w)n(w)dw, (2.5)

and
Db (v) = kb(v)n(v) . (2.6)

Particle breakage is dependent on two key parameters: (i) breakage rate constant kb (w),
and (ii) breakage function b(v,w). The formulation of the particle breakage (Equation 2.5
and 2.5) is similar to the formulation of the particle binary agglomeration (Equation 2.3
and 2.4). However, in contrast with to binary agglomeration, the particle breakage
process can have more than two fragment particles [7]. Quantitative representation of the
breakage effects is challenging and complex. Some of the empirical models representing
particle breakage by fragmentation are given in [53, 57, 58].

. Solu on of popula on balance equa on

The PBE representing the granulation process (Equation 2.2) is a partial integro-differential
equation that is challenging to solve. The integral function appears in the agglomeration
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terms: the particle birth (Ba) and the particle death (Da) terms in the Equations 2.3
and 2.4 respectively. Analytic solutions of such partial integro-differential equations are
available only for ideal and simplified cases. Some of the analytic solutions for different
initial conditions (e.g., exponential) and different agglomeration kernels (e.g., constant,
sum, and product kernels) are given in [59]. Thus, approximation methods must be ap-
plied to solve real PBEs. PBEs are typically solved using discretization methods. First,
the dimensionality of the PDE is reduced with respect to the internal coordinate, e.g.,
particle size. For this, a continuous size distribution is divided (discretized) into a finite
number of size sections (cells) using a geometric or a linear type grid. The PDE (in the
form of the PBE) is transformed into a set of ODEs using an appropriate discretization
scheme. Secondly, the set of ODEs (semi-discrete formulations of the PBEs) are solved
using an appropriate time integrator.

The two growth mechanisms in Equation 2.2 require different types of discretization
schemes – layering is a continuous process that does not change the number of particles in
the system, while agglomeration is a discrete process that changes the number of particles
in the system. Consequently, for agglomeration, it is important that the discretization
scheme should assign the newly born and the dead particles accurately.

Approximation of the layering term: The particle growth term due to layering in Equa-
tion 2.2 represents a hyperbolic system, and the solution to PBE, the particle property
distribution, can be very sharp [60]. Various numerical methods can be applied to approx-
imate the PBE, including discretization methods and the Monte Carlo method [60]. The
most widely used method to approximate the layering term is a discretization method.
Different discretization schemes can be applied to the layering term discretization, from
finite element schemes [61–63] to finite volume schemes and sectional schemes. As to fi-
nite volume schemes, these are widely used in process engineering applications, including
process control and process optimization [60, 64, 65]. Some of the simplest and widely
used finite volume schemes are: a first order upwind scheme, a central difference scheme,
and various high resolution schemes. The high resolution schemes, e.g., Koren methods
[60, 66], Kurganov and Tadmor [67, 68] method, and Hundsdorfer and Verwer methods
[69], use a higher order flux in the smooth regions, and a lower order flux near discon-
tinuities. Thus, these schemes are prone to produce smooth solutions near discontinuities
while attaining higher solution accuracy than the first order upwind scheme [64]. Ori-
ginally, the high resolution schemes were developed for studying gas dynamics. Lately,
these have been used also to find the numerical solutions of PBEs, e.g., in [60, 70–73].
For practical applications of PBEs, it is important to lower the computational cost. One
of the approaches to lower the computational cost is to use the discretization scheme on
non-homogeneous grids. The previously mentioned finite volume schemes are applied on
linear grids. However, their application on non-homogeneous grids is challenging. Various
studies are focused on the development of such discretization schemes. Some of these are
the Hounslow et al. [74] sectional scheme, the improved Hounslow scheme developed by
Park and Rogak [75], moving sectional schemes (Langrangian type schemes) reported in
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[76, 77], as well as hybrid grid methods [78, 79].

Approximation of the agglomeration term: Agglomeration results in reduction of the num-
ber of particles in the system. Thus, it is important that the numerical scheme conserves
the total number and mass of particles in the system while accurately distributing the
newborn and the dead particles into the cells. Development of such schemes is challenging.
The main challenge in development of these scheme is the assigning the newborn and the
dead particles accurately while conserving the selected property distributions (e.g., mass,
number).

Frequently used methods for solving PBEs for agglomeration process are: wavelet-based
adaptive methods [80–82], Monte Carlo simulation methods [8, 65, 83, 84], methods of
moments [85–88], sectional methods [4, 39, 74, 89–95], and modified finite volume methods
[65, 96–101]. In practical process engineering applications, the sectional methods are
widely used to find the numerical solution of the agglomeration models. The sectional
methods are famous for their relatively simple implementation, accurate prediction of the
selected property distributions, and low computational time. These characteristics enable
the use of PBEs for real time model based process control and optimization.

. . Discre za on schemes on geometric type grids

Discretization of the continuous size domain using the geometric type grids is frequently
employed in process engineering applications due to its less computational cost compared
to the discretization schemes that uses linear type grids. One of the earliest sectional
schemes that used geometric type grids are reported in [74, 76, 102–104]. Some of these
schemes, e.g., [102], have been found to accurately predict the total particle volume.
However, these schemes fail to predict the change in the total number of particles. Others,
e.g., [76], accurately predicted the change in the total number of particles but fail to
conserve the total particle volume [64, 98].

The first sectional scheme that could accurately predict the change in the number of
particles while conserving the total particle volume is Hounslow’s discretization scheme
[74]. Hounslow’s scheme [74] is valid only on the geometric type grids with a factor of
two in size, i.e., vi+1 = 2vi. According to Hounslow’s scheme, the change in the number
of particles in the ith cell is caused by four binary interaction mechanisms. Two of these
four mechanisms represent the particle birth in the ith cell, while the other two mechanism
represent the particle death in the ith cell. Hounslow’s scheme assumes the particle birth
in the ith cell to be due to particles’ interaction: (i) between the (i− 1)-th cell with
the particles in the first to the (i− 2)-th cells, and (ii) between the two particles in the
(i−1)-th cell. The particle death in (i−1)-th cell can occur due to particles’ interaction
(i) between two particles in the (i)-th cell, and (ii) between the particle in the (i)-th
cell with the larger particle from the higher cell [64, 74]. The main advantage of the
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Hounslow’s scheme is its low computational cost. Discretization on the geometric grid
leads to a smaller number of cells, and that, in turn, lowers the computational cost. The
main disadvantages of Hounslow’s scheme is a relatively less accurate solution in terms of
property distribution and restrictions on specified grids. Discretization on the geometric
grid leads to a decrease (compared to linear grid) in the number of cells, which reduces
the accuracy of the solution. In addition, Hounslow’s scheme can be applied only on
geometric type grids with a factor of two in size. In [105], the authors have generalized
Hounslow scheme to other geometric type grids. Thereafter, limitations of the generalized
Hounslow scheme presented in [105] have been solved, and the adjusted Hounslow scheme
that can be used on various geometric grids (with different factors) is reported in [106]. In
[89, 91], the authors have improved the generalized Hounslow’s scheme reported in [106]
by reducing the computation time. The schemes developed in [89, 91, 106] overcome the
main disadvantage of Hounslow’s scheme but are relatively complex in implementation
which limits their use.

. . Discre za on schemes on linear type grids

The use of discretization schemes that can be applied on linear grids is advantageous.
Discretization on the linear grids is typically characterized by greater accuracy. This ad-
vantage is more important in the granulation processes where agglomeration is modelled
since each particle needs to find a new position in the size interval. However, the com-
putational costs of the sectional schemes that are applied on the linear grids are higher
compared to those applied on geometric grids [64].

In [107], the authors have developed a sectional scheme called a fixed pivot scheme that
can be used on linear type grids. The fixed pivot scheme is based on Hounslow’s scheme
[74] and eliminates the disadvantage of the use of Hounslow’s scheme being limited only
to geometric grids. The fixed pivot scheme can be used on both the geometric grids
and linear grids. It was found that the fixed pivot scheme produces accurate results for
the selected moments, while overestimates the whole particle property distribution, i.e.,
over-predicts the number density in the large size range when applied on coarse grids [64].
In order to overcome the disadvantage (overestimation of the results) of the fixed pivot
scheme, a moving pivot scheme was introduced in [90]. Discretization of the PBE using
the moving pivot scheme results in a system of stiff differential equations, and practical
application of the scheme is limited by its complexity [64].

Another frequently used sectional scheme for solving agglomeration models is the cell av-
erage scheme [64, 92]. Like the fixed pivot scheme, the cell average scheme can be applied
both on the geometric and the linear type grids. There are two main differences between
the cell average scheme and the fixed pivot scheme: (i) volume averaging, and (ii) domain
of particles which contributes to birth at a node. In the fixed pivot scheme, each birth
that takes place in a cell is directly assigned to the appropriate node. In the cell average
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scheme, on the other hand, first the average volume of all born particles is calculated,
and then only the particles are assigned to the appropriate nodes. As was shown in [64],
averaging of the volume increases the accuracy of the scheme. Volume averaging per-
formed in the cell average scheme also results in a broader, particle domain compared
to the fixed pivot scheme, which may contribute with a birth at the node (Figure 2.5).
In the fixed pivot scheme the particle domain covers two adjacent cells partly, while in
the cell average scheme the adjacent cells are covered completely. Thus, the cell average
scheme keeps more information about the cell, while the fixed pivot scheme has more
numerical dissipation [64]. The finite volume schemes are also used for approximation of

Figure 2.5: Differences in the particle domain which may contribute a birth at the node vi using the cell
average scheme and the fixed pivot scheme [64].

the agglomeration models [65, 96–101]. In the finite schemes, the PBE is transformed
into a conservation law of mass. One of the first finite volume schemes developed for the
agglomeration processes was formulated by Filbet and Laurencot [96]. Since then, vari-
ous formulations of the modified finite volume schemes were developed. These include,
Forestier and Mancini formulation [97]. One of the latest schemes formulated is by Kumar
et al. [108], and another is the weighted finite volume scheme formulated by Kaur et al.
[101].

. Control of granula on processes

The operation of granulation loops is not trivial and often presents operational challenges.
Various studies on granulation loops have addressed the following challenges: (i) operation
of granulation loops below their nominal design capacity, (ii) high recycle ratios (ratio
between off-spec particles and product-sized particles), and (iii) observed oscillatory be-
haviour in the product quality (e.g., in particle median size) and the product quantity
(e.g., in mass flow rates). These challenges may cause overloading of process equipment
and unforeseen plant shut-downs that make the plant operations uneconomical and pose
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greater safety hazards [4, 8, 45, 94, 109–114]. Even though it is evident that in-depth
process control and optimization studies are required to address the above-mentioned
challenges, the development of general control strategies and methods continues to be a
challenging task [94, 109, 112, 114–122]. These challenges have several aspects: (i) com-
plex granulation loop interactions (Figure 2.6) summarized in the Wang et al. review
paper [4], (ii) distributed nature of the resulting PBEs, (iii) model uncertainties, (iv)
nonlinear and multi-variable input–output behavior, (v) deficiency of sensors for in-line
monitoring of the particle properties, and (vi) insufficiency of the manipulated variables
[4, 94, 112, 115, 123, 124].

Figure 2.6: Granulation loop interactions [4].

Various control methods have been applied to the granulation processes to address the
operation challenges, ranging from classical control [94, 95, 109, 125–128] to advanced
control methods, such as non-linear control [114, 116, 129–135] and model predictive
control (MPC) [110, 136–140].

. . Classical control

The proportional-integral-derivative (PID) controller is still the most used control al-
gorithm in the industry due to its simple structure and ease of operation [141]. In [126],
the authors have proposed a strategy to control fertilizer granulation loops using classical
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control, i.e., using a PI controller. Zhang et al. [126] considered the PSD in the recycle
feed (defined as the mass fraction of under-sized and over-sized particles in the recycle
feed) as the controlled variable, while the water addition rate to the slurry feed as manip-
ulatable variable. Closed loop simulations were performed using the PI controller. This
simulation study showed that the proposed control structure could track the set point.
However, this control structure showed a long response time to reach the new steady
state. Thus, eliminating the long dynamic transition time still remained a challenging
task. Zhang et al. [126] have also pointed out that it might be useful to use feedforward
control to address this challenge. Thereafter, in [125], the authors have used feedfor-
ward compensation to control the granulation process. The authors focused on control of
particle properties in a continuous binder-agglomeration process. Mort et al. [125] have
proposed a simple control strategy that utilizes feedback control with feed-forward com-
pensation to control the produced particle size and/or bulk density. Optimal control for
drum granulation processes were studied by Wang et al. [39, 45]. These studies indicated
the necessity of developing agglomeration kernels that would show the dependency of the
particle agglomeration on process parameters.

In recent years, several studies on dynamics of granulation processes have been published.
Most of these studies are focused on the control of fluidized bed granulators [23, 94,
95, 109, 118, 119, 129–131, 142, 143], and a few on twin screw wet granulation processes
typically used in pharmaceutical industry [117, 144–147]. Open-loop dynamics of fluidized
beds are studied in [148–151], while closed loop dynamics in [94, 95, 109, 137]. The goal of
these studies is to find a method to make granulation processes more steady in operation.
Neugebauer et al. [95] are possibly the first to show experimentally that the process
dynamics in fluidized beds can be improved significantly by using even relatively simple
control strategies. In [95], the authors implemented a cascade controller for a continuous
fluidized bed layering granulation process to enhance the dynamics of the process and
to eliminate oscillatory behaviour in the PSDs. In the developed control strategy, the
granulator bed mass in the inner loop is controlled using a PI-controller by manipulating
the rejection rate of the produced particles. In the outer loop, the particle Sauter mean
diameter in the bed is controlled by manipulating the crusher power. The results showed
that it is possible to eliminate the oscillatory behaviour seen in the PSD using only
manipulation of the inner loop or a cascade control (inner loop and outer loop) as the
control strategy. They observed that the convergence rate towards the operating point is
significantly higher when the cascade control strategy is used, 5 h vs 40 h, respectively
[95]. Later, Neugebauer et al. [94] suggested a new concept for the control of fluidized-
bed layering granulation with external particle classification and crushing. The authors
in [94] proposed to use three loops to control fluidized bed process. The first loop (the
basic loop) is used to control the bed mass by manipulating the particle rejection rate
from the granulator. For this, a standard PI controller is used. The second loop is used
to control the particle Sauter diameter by manipulating the crusher gap. The third loop
is used to control (indirectly) the porosity by manipulating the thermal conditions. The
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Table 2.2: A brief overview of the control structures used in the granulation process studies.
Control method Manipulatable variable Controlled variable Reference

Classical PI produced particle rejection rate bed mass [95]

Cascade
1. produced particle rejection rate

2. crusher power

1. bed mass

2. Sauter diameter
[95]

Classical PID
1. aggregation rate

2. feed particle size distribution

1. produced particle median size

2. produced particle distribution width
[127]

PI, decentralized approach

1.produced particle rejection rate

2.porosity

3. mill grade

1.bed mass

2.gas inlet temperature

3.Sauter diameter

[94]

H∞ loop shaping control mill grade second moment of particle size distribution [132]

Discrepancy based control suspension injection rate third moment of particle size distribution [114]

Linear MPC
1. aggregation rate

2.feed nuclei size distribution

1. produced particle median size

2.produced particle distribution width
[127]

Linear MPC
1.binder spray rate

2.solid feed fresh feed rate

1. produced particle median size

2.produced particle rejection rate
[110]

Linear MPC median diameter of milled and re-cycled particles bed mass [137]

oscillatory behaviour in the resultant particle PSD was eliminated using the decentralized
PI control. Control of fluidized bed granulators with external particle classification and
crushing is also extensively studied by Palis [118, 129–131]. In these simulation studies an
adaptive discrepancy based control is used to study the fluidized bed granulation process.
The most recent study by Palis [118] is focused on control induced oscillatory behaviour
in fluidized bed spray granulation. In [118], Palis suggests that the oscillatory behaviour
in the produced particle PSDs is caused by the mass controller that is typically used in
fluidized bed granulators. Palis also suggests that the mass-controller-induced oscillatory
behaviour is not due to specific control strategies but rather occurs on the all fluidized
bed granulators where bed mass controllers are used [118]. A brief overview of the control
structures used in granulation processes is given in Table 2.2

. . Model predic ve control

One of the first studies regarding possible application of a model predictive control for
particulate processes is given in [152]. In [152], non-linear MPC using a physically based
model was applied to the crystallization process. Later, in [140, 153, 154], the authors
extended the work of Miller and Rawlings [152], and applied non-linear MPC to a semi-
batch polymerization process. Gatzke and Doyle III [140] have also proposed applying
a linear MPC, having a quadratic objective function, to control the particle density in
the polymerization process. Further, Crowley et al. [153] and Immanuel and Doyle III
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[154], suggested that just as MPC was used in the polymerization process, it can be
applied also to the granulation process [8]. Thereafter, Pottmann et al. [139] applied
MPC to a simulated granulation process. In [139], the bulk density was controlled by
tracking the set point, while the 5th and the 90th percentiles of the particle sizes were
constrained between limits. Here the authors used a linear MPC strategy – a physically
based granulation model was linearized, which transformed the MPC problem into a
quadratic programming problem.

In the last 10 years, few attempts have been made to control granulation loop processes
using MPC design. In a simulation study by Glaser et al. [110], the authors applied MPC
to a drum granulation loop process. A non-linear drum granulation loop model (based on
a 1D PB granulator model) was linearized using step response data, and the linear models
was then used as the prediction model for linear MPC. The non-linear granulation loop
model was used as a simulator, representing the real plant. In [110], the authors developed
a multiple-input-multiple-output (MIMO) system to control the granulation loop. In the
MIMO system, the binder spray rate and an additional solid feed rate were considered
as manipulatable variables, while the median particle size in the recycle feed and the
mass in the granulator were considered as controlled variables. The simulation results
in [110] showed that it is possible to eliminate the oscillatory behaviour in the recycle
flow using the proposed MIMO structure. Later, Ramachandran and Chaudhury [136]
have continued the work of Glaser et al. [110]. In [136], a validated 3D PB model of the
granulator (validated using a batch granulation pilot plant) was used for control studies.
However, the study was focused only on the drum granulator, not on the entire granulation
loop including the particle recycle. Ramachandran and Chaudhury [136] have pointed out
that PSD width could not be controlled using their model. They suggested that more
thorough studies should be made to achieve control over PSD width.

A few works on the application of MPC on fluidized bed granulation processes are also
available in literature [137, 138]. In [137], linear MPC was applied to a simulated fluidized
spray granulation process with an external product classification. Particle growth due
to layering was assumed to be the only granulation mechanism that contributed to the
particle growth in the fluidized bed. Later, in [138], the authors extended their previous
work reported in [137] by applying the model on a different fluidized bed configurations.
Thus, in [138], linear MPC was applied to a fluidized spray granulation process with an
internal product classification to control the produced particle size.
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Methods and Approaches

. Mathema cal models (Objec ve )

In this section, only the main granulation loop model formulations will be mentioned.
Details regarding modeling of the granulation process are given in Papers B, C, and D.

. . Granulator model (Objec ve a)

Mathematical model of the multi-compartment granulator was developed using the PB
principles. The resulting PBE for solid phase is given by Equation 3.1,

∂m(d,z, t)
∂ t

=−d3 ∂
∂d

[
G

m(d,z, t)
d3

]
+B(d,z, t)−D(d,z, t)− ∂

∂ z
[v ·m(d,z, t)] , (3.1)

where m(d,z, t) is the mass density function, d is the particle diameter, z is the particle
position in the granulator, t is time, G is the particle linear growth rate, B is the particle
birth due to agglomeration, D is the particle death due to agglomeration, and v is the
velocity of the particles through the granulator.

The following considerations and assumptions were made while developing the granulator
model (Equation 3.1):

• Type of PBE: In an industrial application, it is relatively easier to work with mass-
based PBEs instead of number-based PBEs. Therefore, a mass-based PBE was
used.

• Choice of internal coordinate: The main goal of developing the model was to further
use it in control studies, i.e., to eliminate the oscillatory behaviour in the particle
size. Thus, the natural choice for internal coordinate was the particle size. In the
PBE, the particle size is represented by its diameter.

• Choice of external coordinate: The external coordinate is the particle position in the
granulator. Here, the length of the granulator is divided into three compartments
of equal size, and a concept of output equivalent (perfect mixing) inside each of the
compartments is assumed (details are given in Paper C).
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• Choice of the granulation mechanisms: Change in the particle size was assumed to
be due to particle growth mechanisms: particle layering and particle agglomeration.
The roles of other granulation mechanisms were assumed to be negligible compared
to the particle growth mechanisms. Particle nucleation is hardly distinguishable
when a granulation process with particle recycle is used (see Section 2.1.1 for more
details), thus particle nucleation was not modelled. Particle attrition and breakage
effects were not included in the model since drum granulators operate at relatively
low velocities and low shear (see Section 2.1.3 for more details).

• Particles are assumed as ideal spheres of consistent particle density.

Particle growth due to layering (G in Equation 3.1): In the NPK granulation process, a
fresh fertilizer melt (slurry) is added to the granulator to ensure particle growth. In the
thesis, it was assumed that the each particle has the same exposure to slurry material,
and the growth rate is the same for all the particles. Thus, a size-independent linear
growth rate was used to model the particle layering process. Details are given in Papers
B, C and D.

Particle agglomeration ( B and D in Equation 3.1): In the thesis, it is assumed that two
particles are colliding with each other, i.e., binary particle agglomeration is modelled.
The particle birth (B) and particle death (D) due to binary agglomeration are modeled
using the Hulburt and Katz formulation [42]. In the agglomeration model, the agglom-
eration kernel defines the collision frequency between two particles. Both the particle
size-independent and the particle size-dependent agglomeration kernels were applied in
the granulator model in Paper B and Paper C. Further, in the study on the granulation
loop model, the particle size-dependent Kapur agglomeration kernel [49] is used.

. . Granula on loop model (Objec ve b)

The overall flow scheme used for modelling the continuous granulation loop process is
given in Figure 3.1. The granulator is modelled using the PBE given in Section 3.1 and
described in detail in Paper D.

Particle classification: The effluent from the granulator is separated into three size classes
of flows: over-sized, product-sized, and under-sized particle flows. In the real plant, the
particle flow separation into different size classes is performed using a double-deck screen.
In the thesis, the double-deck screen is modelled using the probability functions P defined
in [155, 156].

If P defines the probability with which particles remain lying on the screen, then the
mass flow rate of the over-sized particle flow that remains lying on the upper screen is
calculated as,

ṁoγo = Puppṁeγe. (3.2)
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3.1 Mathematical models (Objective 1)

Figure 3.1: A simplified diagram of a granulation loop process flow. Here, ṁsl is the slurry flow rate, ṁi,
ṁe, ṁo, ṁu, ṁp, ṁcrush are the mass flow rates of influent, effluent, over-sized, under-sized,
product-sized and crushed particles respectively. The corresponding distribution functions of
the influent, effluent, over-sized, under-sized, product-sized and crushed particles particles are
denoted with γi, γe, γo, γu, and γp, γcrush, respectively [1].

If (1−P) is the probability with which particles pass through the screen, then the product-
sized mass flow rate that passes through the upper screen, but remains lying on the lower
screen, is calculated as

ṁpγp = (1−Pupp)Plowṁeγe. (3.3)

The mass flow rate of the under-sized particles that pass through the upper and lower
screens is defined as,

ṁuγu = (1−Pupp)(1−Plow) ṁeγe. (3.4)
In Equations 3.2- 3.4, ṁo, ṁu, ṁp are the mass flow rates of over-sized, under-sized,
and product-sized particles, respectively. The corresponding distribution functions of
the over-sized, under-sized, and product-sized particles are denoted with γo, γu, and γp,
respectively. The functions Pupp and Plow are the upper and the lower screen probabilities,
respectively. Detailed formulations of the probability functions are given in Paper D.

Particle transport: The elevator that is used to transfer under-sized particles together
with the crushed over-sized particles to the recycle belt is modeled as a transport delay.

Particle crushing: Prior to recycle, the over-sized particle flow is sent to a double-roll
crusher. In the crusher, the particles are reduced in size, resulting in a particle flow
having a new PSD. The main parameter of the roll crusher that affects the size of the
crushed particles is the crusher gap spacing, dcrush. In this study, the Gaussian distribution
function is used to model the particle crushing. The Gaussian distribution function is used
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to re-distribute the total over-sized mass flow with the new distribution function, γcrush.
Detailed formulations of the crusher model are given in Paper D. The total over-sized
particle flow rate at the crusher discharge is defined as,

ṁcrushγcrush =
(
∑ ṁoγo

)
· γcrush, (3.5)

and the total mass flow rate that is recycled back to the granulator is,

ṁiγi = ṁcrushγcrush + ṁuγu. (3.6)

. Numerical methods (Objec ve )

The PBE over the granulator is, in fact, a PDE. In the thesis, the PDE was solved
numerically using discretization methods. In order to find the numerical solution of the
PDE, first, the PDE was transformed into a semi-discrete form. Second, an appropriate
time integrator was used to find the numerical solution of the resulting semi-discrete
PDE.

Methods used for obtaining semi-discrete form of the PBE (Equation 3.1): Discretization
of the PBE is 2-dimensional, namely, the internal coordinate (particle size), and the
external coordinate (particle position in the granulator). The internal coordinate was
discretized into 80 particle sizes using a linear grid. Depending on the growth mechanism,
different discretization algorithms were used for internal coordinate discretization. First,
to compare numerical solutions with the analytic solution, simplified tests were performed
using various discretization schemes. The tested schemes and the modelled granulation
processes on which they were tested are listed in Figure 3.2.

The solutions to the agglomeration process were obtained using Kumar et al.’s new finite
volume scheme [108], and three sectional schemes, i.e, Hounslow’s scheme, fixed pivot
scheme, and the cell average scheme. For the layering process discretization, three fi-
nite volume schemes were applied, i.e., first order upwind scheme, second order central
difference scheme, and a high resolution scheme extended with the Koren flux limiter
function. Details of this study are given in Paper A and they were used to choose the
appropriate discretization methods for the granulation loop model. Figure 3.3 shows dis-
cretization methods that were used in the thesis for finding numerical solution of PBE in
the granulation loop model.

A solution method for the semi-discrete PBE: The semi-discrete process model represent-
ing the granulation loop process were solved using a built-in ODE integrator in Simulink.
In this study, a 4-th order Runge-Kutta (RK-4) integrator with fixed time step (20 s) was
used.
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Figure 3.2: Discretization schemes that were applied to simplified granulation processes. For numerical
assessment of the schemes , the resulting numerical solutions were compared with the analytic
solution given in Paper A.

Figure 3.3: Discretization schemes for PBE over the granulator that were used in the overall granulation
loop model.
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All the simulations used in this thesis were performed with Simulink and MATLAB
[157].

. Control of granula on loop process (Objec ve )

In the thesis, the main purpose of controlling the granulation loop plant is to eliminate the
oscillatory behaviour observed in the product quality, i.e., in the produced particle median
size d50. For this purpose, two control strategies (CS) were designed. The developed CSs
were implemented using the classical controllers ( PI or P+PI) and model predictive
controllers. The methods used are described below and summarized in Figure 3.4.

Figure 3.4: A summary of methods that were used to eliminate the oscillatory behaviour in the particle
median size: two control strategies were designed, and used with both classical control and
advanced control to control the granulation process.

. . Design of the control system

Control Strategy 1: Based on the process control objective, the natural choice for the
controlled output is the produced particle median diameter d50 at the granulator discharge
before particle flow is separated into different size fractions. The particle d50 is the particle
diameter that corresponds to the intercept for 50% of cumulative mass. In CS1, the
produced particle d50 is controlled by manipulating the the crusher gap spacing, dcrush.
This strategy was developed based on the previously studies (Paper D), which showed
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that the oscillatory behaviour in the particle d50 is strongly dependent on the size of the
crushed particles that are recycled back to the granulator. The open loop simulations
using the model developed in this thesis, showed that it is possible to control the particle
d50, and to eliminate the oscillatory behaviour in the particle d50 by manipulating the
crusher gap spacing, dcrush. The CS1 strategy (details given in Paper E) assumes that
the granulation plant configuration allows operators to easily manipulate the crusher gap
spacing from the control room. Such crushers are not typically seen in the granulation loop
plants. Typically, the crusher gap spacing in the plant needs to be changed manually and
directly by the plant operators. As alternative to CS1, a second control strategy (CS2)
was developed.

Control Strategy 2: In the CS2 strategy, as in CS1, the controlled output is the granule
PSD distribution, as measured by d50, at the granulator discharge before the particles
are separated into different size fractions. However, unlike in CS1, the produced particles
d50 are controlled by sending some of the product-sized particles back to the granulator.
Thus, the control input is a three-way valve opening α that can be used to regulate the
amount of product-sized particles to be recycled. When the valve is closed (α = 0), none
of the product-sized particles are recycled; when the valve is open (0 < α ≤ 1) – some
fraction of the product-sized particles flow rate is added to the off-spec particle flow on
the recycle belt. The CS2 strategy of recycling a small part of product sized particles can
be economically advantageous as it reduces the oscillatory behaviour in product quality
and product quantity, and thus, reduces the operating cost and energy consumption, as
well as lower the risks of the unforeseen plant shut-downs. Details of the CS2 strategy
are given in Paper E.

. . Controllers

Control of the produced particle d50 in the granulation loop process was performed using:
(i) a classical PI controller, and (ii) a double loop control structure using P+PI controllers
to control the granulation process with particle recycle. The details of the application of
these control structures are given in Paper E and Paper F.

Classical PI controller: For finding the classical PI controller parameters, first, the granu-
lation loop process was approximated using a transfer function of the oscillatory process.
The process parameters used in the transfer function were obtained using a simulated
step response data. Then, the controller parameters were identified. The PI controller
was tuned using Skogestad’s tuning rules for oscillatory processes [158]. The controller
was then fine-tuned. Details regarding application of the classical PI controller are given
in Paper F. Application of the above control strategy in the granulation process elimin-
ated the oscillatory behaviour in the produced particle size. However, the convergence
rate towards the operating point was relatively low. Thereafter, the double-loop control
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structure was implemented in the granulation process to achieve a higher convergence
rate.

Double loop control structure: This structure for oscillatory systems [141] was applied
to eliminate the oscillatory behaviour and to achieve higher convergence rate towards
the operating point. In the double-loop control structure, two controllers are used: (i)
a damping controller (inner controller) which converts an underdamped system into an
overdamped system, and (ii) a main controller (outer controller) which is tuned to achieve
a specified performance. Here, a P controller was chosen as the inner controller, and the
PI controller as the outer controller. Details of the design and application of this control
structure are given in Paper E. A comparison based on simulation results between the
classical PI controller and the double loop structure is given in Paper F.

Model predictive control (MPC): The MPC was also used to eliminate the oscillatory
behaviour in the produced particle d50 that occurs in granulation loop plants. In this
thesis, the non-linear granulation loop process model was directly utilized to formulate the
nonlinear optimization problem. Thus, a non-linear MPC was used. In the optimization
problem, the prediction horizon was the same as the control horizon, and the control inputs
were split into four groups of unequal length. The constrained non-linear optimization
problem was solved using the fmincon solver in MATLAB [157], with the Sequential
Quadratic Programming optimization algorithm. Details of design and application of the
NMPC in the granulation process are given in Paper G.
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Summary and Discussion of papers

. Paper A - Solving the popula on balance equa on for
granula on processes: par cle layering and agglomera on

Summary: Paper A compares different numerical schemes for solving PBEs by compar-
ing the numerical solutions with the analytic tractable solutions. The PBEs used in
this study represent batch granulation processes with the particle volume as the internal
coordinate.

Still nowadays the upwind scheme is frequently used for solving PBEs that incorporate
only the layering process. In most recent studies, e.g. in [115] and [95] the PBE repres-
enting the layering process in a fluidized bed is discretized using the first order upwind
scheme. As to particle agglomeration, the Hounslow’s discretization scheme seems to be
most frequently used to find numerical solutions to the agglomeration procesess [39, 110].
Comparison of the cell average scheme with the finite volume scheme developed by Filbet
and Laurencot [96] is reported in [98]. Authors in [98] applied the mentioned two schemes
for agglomeration and breakage processes. In Paper A, the work of [98] was extended
by comparing a recent finite volume scheme [108] with the cell average and other two
sectional methods.

Paper A considers two granulation processes. In the first case, the PBE represents the
granulation process that uses a particle layering mechanism. In the second case, the PBE
represents the granulation process due to a binary particle agglomeration mechanism.
The mentioned granulation mechanism requires different type of discretization schemes.
In the first case, when the particle layering process is assumed, a semi-discrete form of
the PDE is found using three finite volume schemes: first order upwind scheme, second
order central difference scheme, and a high resolution scheme extended with the Koren
flux limiter function. In the second case, when the agglomeration process is assumed, a
semi-discrete form of PDE is found using the finite volume scheme of Kumar et al [108],
and three sectional schemes: Hounslow’s scheme, fixed pivot scheme, and cell average
scheme. Assessment of accuracy of the numerical schemes is based by comparing the
numerical solutions with analytically tractable solutions, i.e., by comparing the number
density function and separate moments of the function.
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Novelty of this paper is a thorough comparison of the discretization schemes that can be
applied for solving PDEs that occur during modeling of the granulation process using the
PBE. In addition, a recent finite volume scheme [108] is applied to solve the agglomeration
process. The performance of the scheme is also compared with other 3 sectional schemes.
Results of this study are contributing in the field of granulation modeling, specially for
the models that are build for further model based control studies.

Discussion: The research presented in Paper A has a key significance in developing the
model of the granulation process. In this study, only simplified batch processes are sim-
ulated since analytical solutions are available only for simplified granulation processes.
However, the results of this paper are further used to develop a dynamic model of a drum
granulator that is a part of an overall model of the granulation loop process (objective 1).
The choice of the tested solution schemes in Paper A are based on the further use of the
model. The overall model of the granulation loop process, including the particle recycle,
is further used in the control studies (objective 3) with the goal of eliminating the ob-
served oscillatory behaviour in the produced PSDs. Consequently, the numerical schemes
should produce accurate enough model solutions to capture the dominant dynamics of
the granulation process. Such a model should also reproduce the oscillatory behaviour
observed in granulation loop plants. The choice of the tested solutions is also based on
the length of computational time: the tested schemes must produce numerical solutions
sufficiently fast (low computational time) for the model to be useful for real-time model
predictive control. Only semi-discrete discretization methods are considered in this study
because the control theories are typically based on the applications of the ODEs rather
than discrete model formulations.

The results of this paper are further used to develop the granulation model in Paper B
and Paper C. Based on the comparative study, it was decided to use the high resolution
scheme for finding a semi-discrete form of the PDE that represented the layering process.
The high resolution scheme showed the highest numerical solution accuracy among the
tested schemes. The first order upwind scheme showed low accuracy, while the central
difference scheme produced oscillations when the solution changed abruptly. As to the
choice of the agglomeration term discretization, a decision was made to use the cell average
scheme which not only attained higher accuracy in shorter computational time but also
was conceptually simple.

. Paper B - Popula on balance modelling for fer lizer
granula on process

Summary: Paper B focuses on developing the model of the granulator. PBEs used in this
study. The model represents a continuous granulation process with the particle diameter
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as the internal coordinate. A granulator is assumed ’perfectly mixed’, i.e., there is no
change in the particle properties throughout the process of granulation.

PBEs representing granulation processes typically include or particle layering mechanism
or incorporates both particle layering together with the particle agglomeration mechan-
ism. In recent studies [95, 115, 132], the granulation process in fluidized bed granulators
is modelled by assuming only the particle layering mechanism. The particle layering in
[95, 115, 132] is modelled using a particle-size independent linear growth rate, while the
discretization is performed using the first order upwind scheme. Combined processes, i.e.,
PBE incorporating particle layering together with the particle agglomeration is studied
by Glaser et al. [110]. Glaser et al. [110], similarly to [95, 115, 132] have modelled the
layering term using the size-independent linear growth rate. The agglomeration process is
modelled using the Hulburt and Katz formulation [42] with the empirical formulation of
the agglomeration kernel. In [110], discretization of the particle layering and the particle
agglomeration is performed using the Hounslow scheme. Paper B analyzes various gran-
ulation mechanisms. For this, three cases are considered: (i) particle growth due to
layering, (ii) particle growth due to agglomeration, and (iii) particle growth due to both
the particle layering and agglomeration. Thus, three types of processes are modelled. In
the first case, similarly to [95, 110, 115, 132], the change in particle size is modelled using
the size-independent linear growth rate. In the second case, similarly to [110], the particle
birth and death due the to binary particle agglomeration is modelled using the Hulburt
and Katz formulation [42]. In the third case, the change in the particle size is assumed to
occur both due to the particle layering and agglomeration. In addition, two types of the
agglomeration kernels are considered: (i) particle size independent, and (ii) particle size
dependent agglomeration kernels. Unlike [95, 110, 115, 132], the semi discrete form of the
resulting PBEs is obtained using two discretization methods; the layering term is discret-
ized using the high resolution scheme, while the agglomeration term is discretized using
the cell average scheme. The results of this study contribute to a deeper understanding
of the effect of granulation mechanisms on the grow of particles.

Novelty of Paper B includes, (i) formulation of the cell average scheme for the mass-based
PBE with the diameter as the internal coordinate, (ii) analysis of different agglomeration
kernel effect on the grow of particles, (iii) application of the high resolution scheme to the
granulation process incorporating the particle layering mechanism.

Discussion: Paper B partly covers granulator model development (objective 1a). Here de-
velopment of a 1D model is presented. The number-based PBEs in Paper A are converted
into a mass-based formulations assuming that the particles are ideal spheres of consistent
density. The particle layering model assumes that all the particles are equally exposed to
the slurry material, and particles in the granulator grow at the same rate irrespective of
the original particle size. Even though these assumptions might not be a realistic basis
for the model, such models are frequently used in macro scale modelling of granulation
processes.
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Quantitative representation of the particle agglomeration is challenging. The agglom-
eration process is typically modeled using the Hulburt and Katz formulation [42]. In
Hulburt and Katz formulation [42], the collision frequency is defined by the agglomera-
tion kernel. However, only empirical or semi-empirical formulations of the agglomeration
kernels of the granulation processes are available. Thus, further experimental studies are
needed to define the agglomeration kernel accurately. Here, various agglomeration models
(size-dependent and size-independent agglomeration kernels) are tested. The developed
granulator model utilizes one of the most frequently used agglomeration kernels, i. e.,
Kapur agglomeration kernel which is a particle-size dependent agglomeration kernel.

Similar to Paper A, the developed model solution is found by discretizing the resulting
PBEs. Here, the results in Paper A are used to choose the appropriate discretization
schemes. Thus, the layering term is discretized using the high resolution scheme extended
with the Koren flux limiter, while the agglomeration term is discretized using the cell
average scheme. In Paper A, discretization is performed for the particle size, while the
granulator is assumed to be perfectly mixed. Further extension of the granulator model
is presented in Paper C.

. Paper C - Applica on of popula on balance equa on for
con nuous granula on process in spherodizers and rotary
drums

Summary: Paper C presents the extended model of the granulator. The developed model
is 2D with respect to the internal coordinate (particle diameter) and to the external co-
ordinate (particle location in the granulator). Extension of the model is achieved by
developing a multi-compartment granulator. The granulator is divided into equal-sized
compartments. In each of the compartment the concept of output equivalent (perfect mix-
ing) is assumed. Solution schemes for the internal coordinate are similar to those used in
Paper B. The external coordinate is discretized using the high resolution scheme extended
by Koren flux limiter function. This differs from [39], where the external coordinate is
discretized using the orthogonal collocation method. In [39] and Paper C, similar drum
granulation models are used. However, models of the agglomeration kernel in Paper C
and [39] are different. Wang et al [39] utilizes the model of the empirical agglomeration
kernel that was obtained in the drum granulation pilot plant in University of Queensland.
While in Paper C, the Kapur agglomeration kernel is used.

In paper C, various cases of simulation are used to gain deeper understanding of the
developed granulation models. In these simulations, the number of compartments in the
granulator is varied, ranging from perfectly mixed granulator to a 100-compartment granu-
lator. Thus, the novelty of Paper C is comparison of different number multi-compartment
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4.4 Paper D - Dynamic model for simulating transient behaviour of rotary drum
granulation loop

granulators and their influence on numerical results and model execution time. Analysis
of simulation results is based on comparing both the changes in the particle size distribu-
tions and the particle median sizes. In addition, the simulations with different agglom-
eration kernels (the particle size dependent and the particle size independent) are also
performed.

Discussion: Paper C shows the development of the granulator model (objective 1a). The
developed 1D granulator model in Paper B is extended to a 2D model. The developed
multi-compartment granulator model accounts for property inhomogeneity in the gran-
ulator, and introduces a transport delay from the inlet of the granulator to its outlet.
The computational time involved in the developed 2D model is more than in the case of
1D model. However, such model extension is necessary in this thesis since the developed
model is further used for control studies where knowledge of transport delays is important
(e.g., for obtaining correct transfer functions).

Paper C also compares solution accuracy and computational time of the models that
are obtained using two discretization schemes, i.e., the cell average scheme and the new
finite volume scheme by Kumar et al. [108]. The above mentioned schemes showed the
best accuracy among the tested schemes for agglomeration term discretization in Paper
A. Here, a comparison was made to find out whether one scheme has any advantages
over another when applied to the developed granulator model. However, no significant
differences between the two schemes were observed. Since the cell average scheme is
conceptually simple, the scheme is further used for discretizing the agglomeration term
in the overall granulation loop model with particle recycle. Thus, the results obtained
in paper C contribute to further development of the entire granulation loop process with
particle recycle (objective 1b).

. Paper D - Dynamic model for simula ng transient
behaviour of rotary drum granula on loop

Summary: Paper D is concerned with the modelling of the continuous granulation loop
process with particle recycle. In Paper D, a multi-compartment granulator model is
used. The PBE is mass-based with the particle diameter as the internal coordinate, and
particle position in the granulator as the external coordinate. In the developed model,
the change in the particle size occurs due to the layering mechanism, and due to the
agglomeration mechanism. The effluent from the granulator is separated into three size-
based fractions: over-sized, under-sized, and product-sized particle flows. The flow is
classified using the probability functions. The over-sized particle flow is sent through the
crusher that is modelled using the Gaussian distribution function. The crushed over-sized
and the under-sized particle flows are combined and sent back to the granulator.
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4 Summary and Discussion of papers

Granulation loop model in Paper D is similar to the model presented by Radichkov et al.
[111]. In [111], the model of the fluidized bed spray granulation with external product clas-
sification is developed. Similarly to Paper D, the granulator model includes the particle
layering mechanism that assumes particle-size independent linear growth rate. Unlike
Paper D where the particle agglomeration also contributes to the particle size change, in
[111], the particle attrition mechanism is included in the model. The first order upwind
scheme is used to discretize the internal coordinate, and the numerical bifurcation analysis
is performed in paper [111].

The novelty of this paper is the development of the multi-compartment granulation loop
model that incorporates both the particle layering mechanism and the particle agglomer-
ation mechanism with the Kapur agglomeration kernel. The solution of the granulation
model (discretization of the internal and the external coordinates) is obtained using relat-
ively accurate and fast (model execution time) discretization schemes: the finite volume
scheme extended with the flux limiter function and the cell average scheme. In addition,
different simulation scenarios were created to analyze the process dynamics and under-
stand the probable reason for the occurrence of the oscillatory behaviour. Both the effect
of the crusher gap spacing and the slurry feed on process dynamics are studied in the
paper D.

Discussion: Paper D shows the developed model of the granulation loop process with
particle recycle (objective 1b). The granulator model is based on the model developed
in Paper C. The granulator model is the 2D model that assumes both particle growth
mechanisms. The model uses simple formulations for particle classification and particle
crushing. However, even using these models, the resulting granulation loop model could
reproduce the oscillatory behaviour seen in the real granulation loop plants. Consequently,
the developed granulation loop model can be further used for control studies with the
objective of eliminating the oscillatory behaviour (objective 3). As Paper D suggests, the
occurrence of the oscillatory behaviour depends on the PSD in the recycle feed, i.e., on the
crushed particle PSD. This dynamic behaviour is further used to design control strategies
in Papers E to G.

. Paper E - Double-loop Control Structure for Rotary Drum
Granula on Loop

Summary: Paper E is concerned with control of the granulation loop process with particle
recycle. Here, the main objective of the granulation process control is to eliminate the
oscillatory behaviour observed in the produced particle size. A simulation study is per-
formed using the developed in Paper D model of the granulation loop process.

44



4.5 Paper E - Double-loop Control Structure for Rotary Drum Granulation Loop

Table 4.1: Result summary of Paper E (m.v. — manipulatable variable; c.v.—controlled variable).

Control strategy
Convergence rate

towards the reference point

Controller turned on at

minimum point in the cycle

Controller turned on at

maximum point in the cycle

CS1

m.v.: crusher gap spacing

c.v.: produced particle median diameter

6 h 6 h

CS2

m.v.: valve opening that defines how much

of the product-sized particles is recycled

c.v.: produced particle median diameter

7 h 6 h

In Paper E, two control strategies are suggested with the aim of eliminating the oscillatory
behaviour in the particle size. In one of the control strategies (CS1), the control over the
median size of the produced particles is achieved by manipulating the crusher gap spacing.
In addition, a novel control strategy (CS2) is developed in Paper E. CS2 suggests to recycle
some of the product-sized particles back to the granulator to control the median size of
the produced particles. The results in Paper E show that it is possible to eliminate the
oscillatory behaviour in the median size of produced particles by using the above control
strategies. The main numerical results of Paper E are summarized in Table 4.1 (results
for DLC structure).

In addition to a development of the novel control strategy, Paper E applies a double-loop
control structure to eliminate the oscillatory behaviour. The double-loop control structure
was not used before for controlling the granulation processes. Paper E first suggests the
use of a P controller to transform the oscillatory system (granulation loop process) into
an overdamped system. Then to follow it by using a PI controller to achieve the specified
performance, i.e., to track the reference point. The proposed double-loop control structure
is applied in both the control strategies.

To compare with, in [95], the authors implemented the feedback control to eliminate the
oscillatory behaviour in fluidized-bed granulator. Unlike Paper E, the feedback control
strategy based on a simple PI controller and a cascade controller is used to dampen
the oscillatory behaviour, thus two control strategies are developed. In the first control
strategy, unlike Paper D, the bed mass is controlled by manipulating the rejection rate of
the produced particles using the PI controller. In the second control strategy to improve
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4 Summary and Discussion of papers

the process dynamics, a cascade control with two loops is used. In the inner loop, the
bed mass is controlled by manipulating the rejection rate of the produced particles, while
in the outer loop, the particle Sauter mean diameter is controlled by manipulating the
crusher power.

Discussion: Paper E utilizes the simulation results presented in Paper D, that the occur-
rence of oscillatory behaviour depends on the particle size distribution in the recycle feed.
Thus, a ’direct control’ of the produced particle median size by manipulating the crusher
gap spacing is proposed in the CS1. The CS1 assumes that the crusher gap spacing can
be manipulated easily by the plant operators. However, such crushers are not typically
seen in granulation plants. Thus, a novel control strategy is proposed in Paper E. As al-
ternative to CS1, CS2 suggests that a fraction of the product size particles can be recycled
back to the granulator (together with the crushed over-sized and under-sized particles)
to control the produced particle size and, thus, to eliminate the oscillatory behaviour.

The proposed control strategies differ from those previously reported in open literature.
In the previously published works, a different drum configuration is assumed, e.g., in [110,
136] the authors assumes additional input (fine powder) to the drum as the manipulatable
variable, or by manipulating the moisture/solid feed rates. The moisture effect is not
discussed in this thesis. In real applications, the moisture effect on particle growth is
dependent on the physical-chemical properties of the product, particle-binder interactions,
granulator configurations and operating conditions. Wang et al. [45] have proposed a
model that includes the moisture effect on particle growth. However, the model presented
in [45] is empirical model having more than 10 fitting parameters and applicable to a
specific pilot plant configuration where moisture content is measured. The effect of the
use of accurate moisture content (e.g., moisture/solid ratio) on process dynamics requires
experimental data that are not available in this research.

The control strategies proposed in Paper E can eliminate the oscillatory behaviour in the
produced particle size. Thereafter, in Paper F and Paper G, the research is focused on
application of different controllers for obtaining a higher convergence rate towards the
operating point.

. Paper F - Comparison of feedback control structures for
opera on of granula on loops

Summary: Paper F, like Paper E, deals with the control of granulation loops using classical
control. Paper F compares two feedback control structures to control the granulation loop
processes. In one of the control structures, a classical PI controller is used to control the
produced particle size. In the another control structure, two loops are used to control the
the produced particle size. In both the control structures, the controlled output is the
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4.6 Paper F - Comparison of feedback control structures for operation of granulation
loops

Table 4.2: Result summary of Paper F ( DLC—double-loop control structure).

Point in the cycle at which

controller was turned on

Convergence rate towards

the reference point

classical PI DLC

Minimum 50 h 7 h

Maximum 50 h 6 h

production of particles of median size, while the input is controlled through a three-way
valve that decides the quantity of product-sized particles to be recycled back into the
granulator. A brief result summary of Paper F is given in Table 4.2.

Paper F shows that it is possible to eliminate the oscillatory behaviour in the particle size
by using a classical PI controller. However, the convergence rate towards the operating
point is higher when the double-loop control structure is used. An analysis of the control-
ler’s ability to compensate for disturbance is also made in the paper. For this analysis,
the adjustment of crusher gap spacing is considered as the disturbance.

The novelty of Paper F is the thorough comparison of two feedback control structures.
Paper F shows advantages of double-loop control structure over the classical PI control
structure by comparing the convergence rate towards the reference point. In addition,
Paper F presents ability of the double-loop control structure to compensate for disturb-
ances.

Discussion: The study presented in Paper F compares the convergence rates towards the
operating point that are obtained using various control structures. The double-loop con-
trol structure is previously applied to the granulation loop process in Paper E. However,
the study in Paper F emphasizes the advantages of using the double-loop control strategy
over the structure based on the classical PI controller. The use of damping controller con-
tributes to a significantly higher convergence rate towards the reference point. Additional
use of P controller, instead of simple PI controller, does not complicates the implement-
ation of the control strategy in real plants. Therefore, it is highly recommended. Also,
Paper F fills in the gap in Paper E by including the information regarding the controller’s
ability to compensate for disturbances that might affect the process. In Paper E, ability
to compensate for disturbances is shown for the control strategy where the particle d50 is
controlled by recycling some of the product-sized particles to the granulator. The control-
ler’s ability to compensate for disturbances for the control strategy where the crusher gap
spacing is used the control input is given in Figure 4.1. In Figure 4.1, a slurry mass flow
rate is assumed as a process disturbance. Disturbances are applied when the controller is
turned on (0 < t < 75 h), and when the controller is turned off (t ≥ 75 h). In the manual
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control, i.e., when the controller is turned off, the value of the crusher gap spacing is the
same as the last obtained value when the controller was turned on (umanual = uautomatic).
Figure 4.1 shows that the controller is able to compensate for the applied disturbances.

Figure 4.1: Disturbance rejection using the double-loop control structure: Disturbance is the slurry mass
flow rate, and the controller is turned off at t = 75 h with umanual = uautomatic.

. Paper G - Non-linear model predic ve control for drum
granula on loop process

Summary: Paper G focuses on the use of advanced control in granulation loops. In this
paper, a model predictive controller is used to control the granulation loop process. The
granulation process is controlled through two control strategies: in one, the produced
particle median size is controlled by manipulating the crusher gap spacing, while in the
other, it is controlled by manipulating the valve opening to decide how much of the
product-sized particles are recycled back into the granulator. The choice of the manip-
ulatable/controlled variable differs with the research published in [110]. In [110], linear
MPC is applied to drum granulation process to study the ability of the controller to
compensate for disturbances. The produced particle rejection rate from the granulator is
controlled by the additional fresh solid feed, while the particle median diameter is con-
trolled by manipulating the controlled by the binder spray rate[110]. The linear MPC
is also applied in fluidized bed granulator [137]. Unlike Paper B, the study in [137] fo-
cuses on controlling the bed mass by manipulating the median diameter of the milled and
recycled particles.
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4.7 Paper G - Non-linear model predictive control for drum granulation loop process

Table 4.3: Result summary of Paper G. Abbreviations in the table: m.v. — manipulatable variable;
c.v.—controlled variable.

Control strategy
Convergence rate

towards the reference point

CS1

m.v.: crusher gap spacing

c.v.: produced particle median diameter

4.4 h

CS2

m.v.: valve opening that defines how much

of the product-sized particles is recycled

c.v.: produced particle median diameter

3.5 h

The main novelty of Paper B is the application of the non-linear MPC to eliminate the
oscillatory behaviour in the particle size. The MPC design consists of the process block,
Kalman filter, and the prediction model block. The process and the prediction model is
a non-linear model of the granulation loop process described in paper D. Paper G also
shows that it is possible to eliminate the oscillatory behaviour by solving a minimization
(optimization) problem used in the MPC design.

The another contribution of this paper is the comparison between the classical control
and the advanced control. Results obtained with the double-loop control structure (paper
E) are compared with results obtained using the non-linear MPC. The analysis is based
on comparison of the convergence rate towards the reference point. Paper G suggests that
the higher convergence rate towards the operating point is obtained when the non-linear
MPC is used to control the produced particle median size by manipulating the crusher
gap spacing. A brief summary of numerical results are given in Table 4.3.

Discussion: The study covered in Paper G is performed to eliminate the oscillatory be-
haviour in the produced particle size using the advanced control and to examine the
convergence rate towards the operating point. According to the simulation results in
Paper G, it seems that the MPC might be a good choice for controlling the granulation
loop process. Paper G also supports the simulation results obtained in Paper E. The use
of the control strategy in which the produced particle size is controlled by manipulating
the crusher gap is preferable due to higher convergence rate towards the operating point.
Thus, it might be economically advantageous for fertilizer industry to acquire a crusher
with crusher gap spacing that is remotely and easily adjustable from the control room.
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Conclusions and Recommenda ons

. Conclusions

The main research objective of this thesis is to develop a mathematical model of the
granulation loop process that includes particle recycle. This topic is discussed in four
papers, with particular focus on population balance modeling and granulation mechanisms
that are important for modelling granulation processes. The mathematical model of the
granulator is developed using the population balance principles. The developed granulator
model is capable of tracking changes in the particle size distribution resulting from two
particle growth mechanisms, namely, through layering and agglomeration. The overall
mathematical model of the granulation loop process includes particle enlargement process
in the granulator; particle classification step, in which particles are divided into three
fractions according to their sizes; particle crushing; and particles being recycled back into
the granulator.

The developed granulation loop model can reproduce the oscillatory behaviour seen in the
produced particle size and particle mass flow rates. The analysis of the system dynamics
suggests that the occurrence of the oscillatory behaviour is connected to the particle
recycle. More precisely, the occurance of the oscillatory behaviour is connected with a
certain particle size distribution in the recycle feed or when the crusher gap spacing is
below a certain width.

The second research objective is to use the developed mathematical model of the granula-
tion loop in control studies. This topic is discussed in three papers with particular focus
on suggesting control strategies to eliminate the oscillatory behaviour and using various
controllers for the suggested control strategies. In this thesis, two control strategies are
proposed to eliminate the oscillatory behaviour and to make the process more steady in
operation. In one of the control strategies, the produced particle median size is controlled
by manipulating the crusher gap spacing (CS1). In another, the produced particle median
size is achieved by manipulating the return fraction to define how much of the product-
sized particles are recycled back to the granulator (CS2). The former control strategy has
an advantage over the latter in terms of convergence rate: a higher convergence rate to-
wards the operating point was achieved by manipulating the crusher gap spacing. Similar
results were obtained with both of the controllers, the classical control and the advanced
controller (MPC). With a double loop control structure (DLC) utilizing P controller to
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convert the oscillatory system to an overdamped system, a significantly higher conver-
gence rate towards the operating point was achieved. However, even better performance
can be achieved with the non-linear model predictive controller (NMPC).

Novelty of the research work includes:

1. A thorough evaluation of the numerical discretization schemes applicable for finding
the numerical solution of the population balance equation. Both the particle layering
process and the particle agglomeration process are studied in this research. Several
discretization schemes are applied for these processes and their numerical results
are compared with exact solutions.

2. Proposal of a novel control strategy (CS2) for eliminating the observed oscillatory
behavior. The novel control strategy suggests to use product-sized particles to
eliminate the oscillatory behavior in the produced particle median size.

3. A through evaluation of a new control strategy (CS2) with the competing control
strategy (CS1). Both of the control strategies are applied with DLC and the NMPC.
The performance of the both control strategies is compared based on the convergence
rate towards the reference point.

4. Application of the DLC structure to the granulation loop process. The DLC struc-
ture uses P+PI controller that is ready available in control systems. Performance
of the DLC was also analysed by turning on the controller in different places in the
oscillation cycle.

5. Application of the advanced non-linear model predictive control to the granulation
loop process.

The research results give the following answers to the research questions:

1. Yes, the population balance model can reproduce oscillatory behaviour observed on
granulation loop plants. The population balance model is able to track the dynamics
in the granulator, in particular changes in the particle PSDs. Simulations of the
population balance model shows that oscillatory behavior occurs due to the recycle
feed.

2. Yes, the control algorithm based on the model can improve operation of granulation
loops (with respect to eliminating the observed oscillations). A comparison of the
simulation results between the NMPC and the DLC shows that it is possible to
achieve higher convergence rate in the produced particle median diameter when
the non-linear MPC is used. Higher convergence rate is obtained for both control
strategies. In the case of CS1 strategy, the oscillatory behaviour is eliminated after
6.5 h vs 3.5 h for the DLC and NMPC, respectively. In the case of CS2, the
oscillatory behaviour is eliminated after 7 h vs 4.4 h for the DLC and NMPC,
respectively.
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5.2 Recommendations

. Recommenda ons

The mathematical model of the granulation process considers only the solid phase. There-
fore, the model can be extended by including the liquid phase. Inclusion of the liquid
phase would probably contribute in designing new control structures for controlling the
granulation process. For modelling the liquid phase, experimental data is required. The
effect of liquid content on the particle growth is highly dependent on the particles’ physico-
chemical properties and operating conditions. Thus, further research is necessary to de-
termine the effect of liquid content on particle growth, i.e., a product-specific empirical
formulation should be obtained.

Another interesting possibility in considering additional flow inputs to the granulator,
i.e., fine powder stream that is sometimes added to maintain the granulation process.
Extending the mathematical model of the granulation loop process by adding one more
input is trivial. However, the specific plant configurations would limit the use of the
process input. The additional process input would contribute in designing new control
structures.

Extension of the model by adding additional flow inputs together with the liquid content
would perhaps enable the use of multiple-input-multiple-output non-linear MPC. This
would lead to greater understanding of the granulation loop dynamics and perhaps would
lead a faster elimination of the oscillatory behavior.

Further research in numerical approximation of the population balance. The further
research could focus on finding and applying discretization schemes for combined gran-
ulation process, i.e., numerical schemes that could be applied both on the layering term
discretization, as well as on the agglomeration term discretization. This would potentially
decrease the model solution time that is important in the model based control. In the
case of multi-dimensional population balance (e.g., tracking liquid content together with
the particle size) it is crucial to find discretization scheme that can fast enough solve the
model. Addition of another coordinate will lead to a larger number of states that will
decrease the model solution computational time significantly.

Simulation studies included in this thesis show the advantages of the use of NMPC con-
troller over classical controllers in eliminating the oscillatory behaviour in the produced
particle size. However, implementation of the NMPC in a real plant requires an accurate
process model. Thus, it is recommended that model validation be carried out before its
implementation.

The developed mathematical model of the granulation loop process can also be used to
design linear MPC. For this, the developed non linear model should be first linearized and
then used as the prediction model.
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Also, further studies can include the combined use of classical controller and and MPC
controller. One of the possibilities is to first use the P controller to convert the oscillatory
process to an overdamped system. This would enable the use of MPC controllers based
on step response models.
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Abstract
Granulation processes are frequently used in the fertilizer
industry to produce different grades of mineral fertilizers.
Large recycle ratios and poor product quality control are
some of the problems faced by such industries. Thus, for
real time model based process control and optimization, it
is necessary to find an appropriate numerical scheme can
find solution of the model sufficiently accurate and fast.
In this study, population balance principles were used to
model particle granulation processes. Different numeri-
cal schemes were tested to find simple yet sufficiently ac-
curate solution schemes for population balance equation.
Numerical schemes were applied to find the solution of
both the layering term and the agglomeration term that
appear in the population balance equation. The accura-
cies of the numerical schemes were assessed by compar-
ing the numerical results with analytical, tractable solu-
tions. Comparison of the accuracy of numerical schemes
showed that a high resolution scheme with Koren flux lim-
iter function might be a good choice for the layering term
discretization, while a cell averaging technique and a new
finite volume method of Kumar et al. (2016) produce a
sufficiently accurate solution for the agglomer-ation term
discretization.
Keywords: population balance, numerical scheme, layer-
ing, agglomeration

1 Introduction
Granulation is a particle enlargement process during
which fine particles and/or atomizable liquids are con-
verted into granules via a series of complex physical pro-
cesses (Litster and Ennis, 2004). Here, the focus is on
modeling a granulation process used for mineral fertilizer
production. In the fertilizer industry, depending on desired
product properties, different types of granulators are used,
e.g., spherodizers and drum granulators.

Formation of the particles (granulation mechanisms)
depends on the granulator type and operating condi-
tions. Particle growth due to layering is predominant in
spherodizers. Layering is a continuous process (differen-
tial growth) during which particle growth occurs due to a
successive coating of a liquid phase onto a granule (Lit-
ster and Ennis, 2004). In drum granulators, on the other
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class
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class
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Figure 1. Size discretization into classes (cells) using linear
grid.

hand, particle collision occurs, and thus particle agglom-
eration contributes significantly to particle size change. In
this paper, binary particle agglomeration is assumed for
population balance (PB) modeling. Binary agglomeration
refers to a particle growth mechanism that occurs due to
successful collision of two particles, resulting in the for-
mation of a larger, composite particle. Thus, the agglom-
eration results in a reduction of the total number of parti-
cles, while the total mass remains conserved (Litster and
Ennis, 2004).

The operation of granulation plants at an indus-
trial scale can be challenging (Litster and Ennis, 2004;
Radichkov et al., 2006; Heinrich et al., 2003). Periodic
instability associated with the operation of the granula-
tion circuit has been reported. This causes the particle size
distribution (PSD) flowing out of the granulator to oscil-
late, thus making it difficult to maintain the desired prod-
uct quality, e.g., particle size. Thus, to address and solve
these challenges, it is essential to have a dynamic model
of the granulator that can further be used to design opti-
mal control structures. The model should be both simple
and sufficiently accurate to reflect the underlying phys-
ical mechanisms that take place in the granulator. The
resulting population balance equations (PBEs) are non-
linear in nature and are challenging to solve. Analytical
solutions of these PBEs are available only for ideal and
simplified cases, and thus for most of the cases, numer-
ical methods are needed to solve such PBEs. For real
time model based process control and optimization, it is
necessary to find an appropriate numerical scheme that is
sufficiently accurate and fast. Therefore, the main focus
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of this paper has been (i) investigation of the accuracy
of different numerical schemes that are suitable for dis-
cretizing PBEs by comparing the numerical results with
analytically tractable solutions; (ii) application of various
finite volume techniques (first order upwind, second or-
der central difference, and a high resolution scheme) to
the growth by a layering process; (iii) application of dif-
ferent sectional methods (Hounslow method, cell average
technique, fixed pivot scheme), and a new finite volume
method of Kumar et al. (2016) to the agglomeration
process.

2 Population Balance Equation (PBE)
Population balance (PB) is frequently used to describe
dynamics of particle property distributions, e.g., particle
size distribution, moisture content in particles and poros-
ity (Ramkrishna, 2000). The general form of a number
based PBE with particle size (x) as the internal coordinate,
spatial variation (z) as the external coordinate, and time t
as time coordinate is represented as

∂n(x,z, t)
∂ t

=− ∂

∂x
[Gn(x,z, t)]+B(x,z, t)−D(x,z, t)

− ∂

∂ z

[
dz
dt

n(x,z, t)
]
, (1)

where n(x,z, t) is the number density function[
no

mm3·[internal coordinate]

]
. The first term on the right

hand side represents the particle growth due to layering,
the second and third terms stand for particle birth and
death, respectively, due to agglomeration, while the last
term represents a continuous process and gives the flow
of particles through the granulator. G is the growth rate[ internal coordinate

s

]
(Ramkrishna, 2000). The birth B and

death D terms usually include integrals that lead to partial
integro-differential equations which make the solution of
the PBEs complicated. Mathematical expressions for birth
and death terms are shown in Section 4 when describing
different numerical schemes for binary agglomeration.
Further simplifications of the general PBE (Eq. 1) are
possible and are dependent on the nature of the process
taken into consideration.

At this point, it is convenient to define moments of par-
ticle size distributions that will be used later for discussion
of the simulation results. The l-th moment of the PSD is
defined as

µ
l =

∫
∞

0
xln(x)dx. (2)

The first moments are of particular interest. Depend-
ing on the choice of internal coordinate (e.g., particle vol-
ume or particle length) the moments are related to the total
number, length, area, and volume of particles.

3 Numerical schemes for layering
term discretization

PBEs are non-linear in general and analytical solutions
are available only for simplified processes. Thus, a sim-
ple 1-D batch process for which an analytical solution is
available is modeled so that the accuracy of the numerical
schemes can be reliably evaluated. In a batch granulation
process there is no continuous particle flow through the
granulator. If the particle size change in the granulator is
mainly due to layering (e.g., in spherodizers), and the size
of a particle is represented by its volume v, then Eq. 1
reduces to

∂n(v, t)
∂ t

=− ∂

∂v
[Gn(v, t)] . (3)

In Eq. 3, the concept of perfect mixing inside the granu-
lator is applied: particle property (e.g., size distribution)
inside the granulator is the same at every point inside the
granulator. In this paper, the solution to PBEs contain-
ing growth term G (Eq. 3) is found by transforming the
partial differential equation (PDE) into a system of ordi-
nary differential equations (ODEs), i.e., by reducing the
dimensionality of the problem with respect to the particle
size. The set of ODEs can then be solved using an appro-
priate time integrator. In this paper, a Runge-Kutta 4-th
order (RK-4) time integration method is used for all sim-
ulations.

For particle size discretization, first the particles are
classified into Nc particle classes which are numbered by
i ∈ {1,2, ...Nc} classes (cells) using a linear grid as shown
in Figure 1.

Here, i represents the i-th particle class, vi is the volume
of the particle of the i-th class, vi± 1

2
is the left and the right

boundaries of the i-th class, and 4v = vi+ 1
2
− vi− 1

2
is the

size of the classes. The dots in each class (Figure 1) repre-
sent the cell centers. Secondly, an appropriate numerical
scheme is applied to convert Eq. 3 into set of ODEs. Inte-
gration of Eq. 3 over cell i from vi− 1

2
to vi+ 1

2
gives

dNi(t)
dt

= G
(

vi− 1
2

)
n
(

vi− 1
2
, t
)
−G

(
vi+ 1

2

)
n
(

vi+ 1
2
, t
)
.

(4)
In a simplified case, a solution of Eq. 4 can be found an-
alytically: The particle growth due to layering in a batch
process does not change the total number of particles in
the batch, but only the particle volume is changed. If t de-
notes the time for particle growth, vinitial denotes the ini-
tial volume of the particles (for all classes), and G is the
constant growth rate, then the new volume (vnew) of the
particles after the growth due to layering is given as

vnew = vinitial + t ·G. (5)

However, in real applications, analytical solutions are dif-
ficult to obtain, and, thus various numerical schemes are
applied to approximate the right hand side of Eq. 4. The
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PBE represented by Eq. 3 is a hyperbolic equation due
to the layering term, and Eq. 3 can be approximated us-
ing a finite volume scheme that automatically incorporates
conservation of number in a growth process.

In this paper, three finite volume schemes are compared
for particle size discretization, namely a first order upwind
scheme (FU) and a second order central difference scheme
(SCD). The first order upwind (FU) scheme uses the ap-
proximation defined by Eq. 6 and 7:

n
(

vi− 1
2
, t
)
≈ 1

∆v
[Ni−1(t)] , (6)

and

n
(

vi+ 1
2
, t
)
≈ 1

∆v
[Ni(t)] . (7)

Thus, approximation of Eq. 4 using the FU scheme leads
to

dNi

dt
≈ 1

∆v

[
G
(

vi− 1
2

)
Ni−1(t)−G

(
vi+ 1

2

)
Ni(t)

]
. (8)

Assuming constant growth rate in all cells, Eq. 8 simpli-
fies to

dNFU
i

dt
≈ G

∆v
[Ni−1(t)−Ni(t)] . (9)

The second order central difference (SCD) scheme uses
the approximation

n
(

vi− 1
2
, t
)
≈ 1

∆v
[Ni−1(t)+Ni(t)]

2
, (10)

and

n
(

vi+ 1
2
, t
)
≈ 1

∆v
[Ni(t)+Ni+1(t)]

2
. (11)

Thus, discretization of Eq. 4 over a cell i using the SCD
scheme results in

dNSCD
i
dt

≈ G
∆v

[Ni−1(t)−Ni+1(t)]
2

, (12)

where particle growth G is assumed constant in all the
cells.

A finite volume scheme that is extended by a flux lim-
iter is also applied to Eq. 4 to reduce the dimensionality
of the PBEs with respect to the particle size. In particu-
lar, the Koren flux limiter function (Koren, 1993) is used
to achieve a robust upwind discretization scheme to Eq.
4. High resolution schemes are considered to attain higher
accuracy than the first order upwind schemes. In addition,
these methods avoid spurious oscillations by applying a
high order flux in the smooth regions and a low order flux
near discontinuities (Koren, 1993; Kumar, 2006). Assum-
ing constant G in all cells, Eq. 4 can be discretized with
the Koren scheme as

dNKFL
i

dt
≈ G ·

[
n
(

vi− 1
2

)
−n
(

vi+ 1
2

)]
, (13)

where,

n
(

vi− 1
2
, t
)
≈ 1

∆v
[Ni−1(t)

×1
2

φ

(
θ̃i− 1

2

)
· (Ni−1(t)−Ni−2(t))

]
, (14)

and

n
(

vi+ 1
2
, t
)
≈ 1

∆v

[
Ni(t)+

1
2

φ

(
θ̃i+ 1

2

)
· (Ni(t)−Ni−1(t))

]
.

(15)
Here, φ is the limiter function defined as

φ

(
θ̃

)
= max

[
0,min

(
2θ̃ ,min

(
1
3
+

2θ̃

3
,2

))]
. (16)

Parameter θ̃ is defined as,

θ̃i− 1
2
=

Ni−Ni−1 +χ

Ni−1−Ni−2 +χ
, θ̃i+ 1

2
=

Ni+1−Ni +χ

Ni−Ni−1 +χ
, (17)

with a very small constant χ (e.g., 10−8) to avoid division
by zero.

4 Numerical schemes for agglomera-
tion term discretization

PBE for a batch agglomeration process using the particle
volume as internal coordinate is given by

∂n(v,z, t)
∂ t

= B(v,z, t)−D(v,z, t) . (18)

Here, the particle birth (B) and death (D) due to binary ag-
glomeration are modeled using the Hulburt and Katz for-
mulation (Hulburt and Katz, 1964). For a pure agglomer-
ation process, the Hulburt and Katz equation (Hulburt and
Katz, 1964) is given as

∂n(t,v)
∂ t

= B−D =

1
2

∫ v

0
β (t,v− ε,ε)n(t,v− ε)n(t,ε)dε

−n(t,v)
∫

∞

0
β (t,v,ε)n(t,ε)dε. (19)

Equation 19 represents a 1-D batch process assuming per-
fect mixing inside the granulator. In Eq. 19, β is the
agglomeration rate (kernel) that defines the collision fre-
quency of the two particles with volumes v and v− ε .

Agglomeration is a discrete event, and PB modeling
of the agglomeration process results in partial integro-
differential equations. The integral function appears in the
birth (B) and death (D) terms in Eq. 19. Such systems
are difficult to solve, and analytical solutions are avail-
able only for a limited number of simplified problems.
Some of the analytical solutions for different initial condi-
tions and different agglomeration kernels (e.g., constant,
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sum and product kernels) are given in Scott (Scott, 1968).
Here, for simplicity, the performance of different numeri-
cal schemes has been assessed using a constant agglomer-
ation kernel with an exponential initial distribution:

n(v,0) =
N0

v0
exp
(
−v
v0

)
, (20)

is given as

n(v, t) =
4N0

v0 (ϖ +2)2 exp
(
−2κ

(ϖ +2)

)
, (21)

In Equations 20 and 21, N0 and v0 represent the initial
number of particles per unit volume and initial mean vol-
ume of the particles. The dimensionless volume unit κ ,
and the dimensionless time variable ϖ are given by Eq.
22:

κ =
v
v0
, and ϖ = N0β0t. (22)

As a result of particle agglomeration, the total number of
particles reduces while the total mass remains constant.
The main challenge is to find/develop approximation tech-
niques that would assign the newborn particles accurately
while conserving the chosen moments. To achieve this,
various numerical methods for expressing the agglomera-
tion term in PBEs are developed, among others the method
of moments, the method of successive approximations, the
finite volume methods, and the sectional methods. A re-
view of various numerical techniques is summarized in
(Ramkrishna, 2000). This paper focuses on applying dif-
ferent sectional methods, as well as a newly developed fi-
nite volume technique by Kumar et al.’s (Kaur et al., 2017;
Singh et al., 2015; Kumar et al., 2016).

Approximation of the continuous size distribution by a
finite number of size sections (cells) has been made using
a geometric type grids, i.e., the whole particle size inter-
val is divided into a finite number of cells (classes) using
geometric progression. This type of grid has been chosen
because Hounslow’s discretization method, one of the nu-
merical schemes being compared, can be applied only to
geometric type grids. The choice of numerical schemes
has been made based on suitability for further applica-
tion of the model for control purposes, i.e., the scheme
should posses simplicity in implementation and be suffi-
ciently fast (low computation time), while producing rela-
tively accurate numerical results.

4.1 Hounslow’s scheme
According to Hounslow’s discretization scheme (Houn-
slow et al., 1988), the approximation of the continuous
size distribution by a finite number of cells is performed
using a geometric grid with a factor of two in size, i.e.,
vi+1 = 2vi. Hounslow’s discretization scheme (H) is based
on four binary interaction mechanisms that can contribute
to changes of particles number in the i-th cell. Two of
these four mechanisms change the number of particles due

to particle births in the i-th cell, while the other two mech-
anisms contribute for particle deaths in the i-th cell. Ap-
plication of the H scheme to the agglomeration process
(Eq. 19) gives the total rate of change of particles in each
i-th cell as

dNH
i

dt
=

i−2

∑
j=1

2 j−i+1
βi−1, jNi−1N j +

1
2

βi−1,i−1N2
i−1−

Ni

i−1

∑
j=1

2 j−i
βi, jN j−Ni

Nc

∑
j=i

βi, jN j. (23)

Here, the first term on the right hand side represents the
births of particles that are formed due to collision of par-
ticles in the (i−1)-th cell with the particles from the first
to the (i− 2)-th cells. The second term on the right hand
side stands for the births of particles that are born in cell
i by the collision between two particles in the (i− 1)-th
cell. The last two terms in Eq. 23 accounts for the death
of particles in the i-th cell.

4.2 Cell average scheme
The cell average (CA) scheme was introduced by Kumar
(Kumar et al., 2006; Kumar, 2006). The CA scheme can
be applied to both a geometric grid and a linear grid.
Here, a geometric grid discretization has been chosen to
be able to compare simulation results with the Hounslow’s
scheme. In the CA scheme, at first the total birth of parti-
cles in each cell denoted by Bi is computed:

Bi =
Nc,i

∑
j=1

B j
i =

j>k

∑
j,k

(
1− 1

2
δ jk

)
β jkN jNk, (24)

where the two aggregating particles with volumes v j and
vk should fulfill the condition vi− 1

2
≤ v j + vk ≤ vi+ 1

2
; δ jk

is the delta Dirac function such that δ jk = 1 for j = k, oth-
erwise δ jk = 0; β jk is the agglomeration kernel for binary
agglomeration of particles from the j-th and the k-th cells.

Then the average volume of the newly formed particles
in each cell denoted by v̄i is calculated. The average vol-
ume of the particle is then given as

v̄i =
∑

Nc,i
j=1 y j

i B j
i

Bi
=

[
∑

j>k
j,k

(
1− 1

2 δ jk
)

β jkN jNk (v j + vk)

∑
j>k
j,k

(
1− 1

2 δ jk
)

β jkN jNk

]
.

(25)
The next step in the CA scheme is to assign the total

birth of particles Bi appropriately to different cells depend-
ing on the position of the average volume of all newborn
particles relative to the cell center volume vi. In total,
there are four birth contributions at node vi: two coming
from the i-th cell itself (when v̄i < vi and v̄i > vi), and two
from the neighboring (i−1)-th and (i+1)-th cells (when
v̄i−1 > vi−1 and v̄i+1 < vi+1). To combine all the possi-
ble birth contributions, for convenience the dimensionless
term λ

±
i (v) is introduced:

λ
±
i (v) =

v− vi±1

vi− vi±1
. (26)
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The discretized PBE using the CA technique takes the
form of

dNi

dt
= BCA

i −DCA
i , (27)

where

BCA
i = Bi−1λ

−
i (v̄i−1)H (v̄i−1− vi−1)

+Biλ
−
i (v̄i)H (vi− v̄i)+Biλ

+
i (v̄i)H (v̄i− vi)

+Bi+1λ
+
i (v̄i+1)H (vi+1− v̄i+1) , (28)

and

DCA
i = Ni

Nc

∑
k=1

βi,kNk. (29)

Here, the Heaviside step function H is given as

H (v) =


1, if v > 0
1
2 , if v = 0
0, if v < 0.

(30)

4.3 Fixed pivot scheme
The fixed pivot (FP) technique was developed by Kumar
and Ramkrishna (Kumar and Ramkrishna, 1996). The
scheme is based on the Hounslow’s method, however, the
disadvantage of using only geometric grids with Houn-
slow’s method is eliminated in the fixed pivot scheme.
This scheme can be used with any type of grid includ-
ing linear grids. Here, for comparison of numerical solu-
tions, the same geometric grid as in the Hounslow and CA
schemes has been chosen. The main difference between
the FP and CA schemes is in assigning the new-born par-
ticles to the cells. In the FP scheme, each individual birth
in a cell is directly assigned to the appropriate cells, un-
like in the CA scheme where the average volume of all the
newly born particles is first calculated, and then only the
assignment of the particles is performed.

The discrete form of the PBE with the FP scheme is
then written as (Kumar and Ramkrishna, 1996)

dNi

dt
= BFP

i −DFP
i , (31)

where

BFP
i =

j>k

∑
j,k

(
1− 1

2
δ jk

)
η (ṽ)β jkN jNk, (32)

such that vi−1 ≤ v j + vk ≤ vi+1 and

DFP
i = DCA

i = Ni

Nc

∑
k=1

βi,kNk. (33)

Here, ṽ = vk + v j and β j,k = β (t,v j,vk) is the agglomer-
ation kernel. The expression η (ṽ) for each particle birth
assignment is given by Eq. 34,

η (ṽ) =

{ vi+1−ṽ
vi+1−vi

, vi ≤ ṽ < vi+1
ṽ−vi−1
vi−vi−1

, vi−1 ≤ ṽ < vi.
(34)

0 100 200 300 400
0

2

4

6

8

10

12

14
10

4

Initial

Analytical

FU

SCD

Koren

Figure 2. Comparison of PSDs with different numerical
schemes for a layering batch process.

4.4 Kumar et al.’s new finite volume scheme
Recently, an accurate and efficient discretization method
for agglomeration PBE was proposed in (Kumar et al.,
2016) based on the finite volume approach. This scheme
has an improvement over the finite volume scheme pro-
posed by (Forestier and Mancini, 2012). The scheme pro-
vides better solution of several moments in addition to
the mass conservation property compared to the scheme
in (Forestier and Mancini, 2012). The Kumar et al.’s new
finite volume (NFV) scheme assumes the number density
function as the point masses concentrated on the cell rep-
resentatives. The discrete PBE using Kumar et al.’s (Ku-

Table 1. Parameters used to solve PBE for particle layering pro-
cess.

Parameter Layering

Range of v [mm3] 0-400
Number of cells 80
Grid type linear
G [mm3· s−1] 1
Time step for RK4 [s] 0.1

mar et al., 2016) scheme is then given as

dnNFV
i
dt

=
1
2 ∑
( j,k)∈Qi

β j,kn jnk
∆v j∆vk

∆vi
Si, j,k−

Nc

∑
j=1

βi, jnin j∆v j,

(35)
where factor Si, j,k accounts for mass conservation and

is defined as
Si, j,k =

v j + vk

vi
. (36)

The set Qi be a set that contains the pair of cells j and k
such that the sum of the cell’s representatives, v j+vk, falls
in the domain of cell i represented by cell node vi:

Qi = {( j,k) ∈ Nc×Nc : vi− 1
2
< v j + vk ≤ vi+ 1

2
}. (37)

In the NFV scheme, to ensure that no mass leaves the
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Figure 3. Numerical results for zeroth moment using various
numerical schemes for particle agglomeration.
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Figure 4. Mass conservation with various numerical schemes.

upper boundary of the size domain (for mass conserva-
tion),

β (v j,vk) =

{
β (v j,vk) , (v j + vk)≤ vmax

0, otherwise,
(38)

where vmax is the maximum particle volume.

Table 2. Parameters used to solve PBE for binary particle ag-
glomeration process.

Parameter Agglomeration

Range of v [mm3] 0-400
Number of cells 15
Grid type geometric
β0 [s−1] 1
Time step for RK4 [s] 0.1
N0 1
v0 [mm3] 1

5 Simulation Results and Discussion
5.1 Simulation Setup
The comparison of different numerical schemes is per-
formed by applying corresponding discretization methods
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Figure 5. Numerical results for second moment using the vari-
ous numerical schemes for pure agglomeration.

to batch processes as described in Section 3 and Section
4. Only batch processes with number based PBE with
volume as the particle size, are used in these simulations.
Such simplified processes are used in order to asses the
performance of numerical schemes by comparing their nu-
merical solutions with the analytically tractable solution.

The semi-discrete form (set of ODEs) of the PBEs ob-
tained from particle class size are solved using a 4-th order
Runge-Kutta method with fixed time step. Dynamic simu-
lations are performed using MATLAB (MATLAB, 2017).
Chosen simulation settings used to asses the accuracy of
the numerical schemes for the particle layering process are
given in Table 1 while for the particle agglomeration pro-
cess in Table 2.

5.2 Comparison of numerical solutions for
layering process

In order to compare the numerical schemes for particle
growth due to layering, the number based PBE is utilized
as discussed in Section 3. All the simulation cases for the
granulation process due to layering are carried out using
linear grid for particle size discretization. The entire par-
ticle size range is divided into 80 uniformly distributed
cells (classes) and a constant growth rate is assumed (see
Table 1). The initial PSD distribution is chosen as

N(v,0) =

{
10×104 15≤ v≤ 50,
0 otherwise.

(39)

Three finite volume schemes, i.e., first order upwind
(FU), second order central difference (SCD), and Ko-
ren flux limiter (KFL) schemes are applied to simulate
a pure layering batch process. In addition, simulations
with an analytically tractable solution (Eq. 5) are car-
ried out to reliably evaluate the accuracy of the numerical
schemes. Simulation results (Figure 2) showed that the re-
sulting particle number distribution obtained using the FU
scheme has a diffusive behavior but the solution is stable
and smooth. Since a significantly smeared solution is ob-
served, the accuracy of the FU scheme is considered to be
low. The numerical result obtained with the SCD scheme
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(Figure 2) should have a higher accuracy compared to the
FU scheme owing to its higher order. This, however, is
true only for smooth solutions. The SCD scheme pro-
duces oscillations when the solution changes abruptly, i.e.,
in the presence of discontinuous analytical solutions. For-
tunately, the oscillations that appear in the solution with
the SCD scheme do not appear in the numerical solution
when the KFL scheme was used. Thus, the highest ac-
curacy among the three tested finite volume schemes is
achieved using the finite volume scheme extended with
the Koren flux limiter, Figure 2. Higher accuracy of the
latter scheme is achieved since in the smooth solution re-
gions, the Koren flux limiter function (in general a second
order flux limiter) shows second order accuracy, while in
the region where discontinuities appear, the flux limiter
acts like a first order scheme, and thus produces a smooth
solution. The drawback of the solution obtained with the
KFL scheme is the increased computational time: the FU
and SCD schemes can be solved relatively faster than the
KFL scheme.

5.3 Comparison of numerical solutions for ag-
glomeration process

Comparison of numerical schemes for the pure agglom-
eration process is carried out on a geometric grid with a
factor of 2 in size (vi+1 = 2vi) using 15 cells (Table 2).

The four different numerical schemes that are applied to
the process for comparison are: Hounslow (H), fixed pivot
(FP), cell average (CA), and a new Kumar et al.’s (2016)
finite volume (NFV) scheme. The moments are
calculated using discrete form of Eq. 2:

µ
l =

Nc

∑
i

xl
∆xini (40)

Assessment of the accuracy of the numerical schemes
is performed by comparing the numerical solutions with
an analytically tractable solution as mentioned in Section
4.

Simulation results showed that three tested numerical
schemes produce solutions where conservation of the ze-
roth moment (total number conservation) and the first mo-
ment (mass conservation) are fulfilled (Figure 3 and Fig-
ure 4). No deviation is observed between the analytical
solution and the numerical solutions for the first two mo-
ments for any of the numerical schemes.

However, the discrepancy between the numerical solu-
tions and the analytical solution shows up for higher mo-
ments (second moment, as shown in Figure 5). The best
accuracy for the second moment is observed for the nu-
merical solution using the CA scheme.

The NFV scheme also predicts the second moment
sufficiently accurate. The poorest solution accuracy for
the second moment is produced when the H and the
FP schemes are used. In addition, these two sectional
schemes produce the same simulation results. This is
due to the specific choice of the grid for particle size dis-
cretization: The FP scheme becomes equivalent to the H
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Figure 6. Simulation results for the total number distribution.

scheme when the geometric grid is used with a factor of 2
(Kumar, 2006). Thus, the FP and H schemes should pro-
duce the same results when such geometric discretization
is used.

Another significant task is to evaluate the performance
of the numerical schemes to predict the particle number
distribution, usually visualized in log scale as shown in
Figure 6. As the particles flow towards the higher size
range in the agglomeration process, it is interesting to
see how the numerical schemes perform at higher parti-
cle size range (thus log scale is used for improved visu-
alization). Here, again, we can see the the discrepancy
between the numerical and the analytical solutions. For
lower particle size range, all the numerical schemes pre-
dicted accurately the particle number distribution. How-
ever, for higher particle size range, deviations from the
analytical solution are observed. Among the tested nu-
merical schemes, the FP and H schemes over-predict the
actual results and thus show the poorest prediction of the
particle number distribution. Similar to the moments pre-
diction, the CA scheme and the NFV scheme show rela-
tively better agreement with the analytical solution even
for a coarse grid (15 cells).

6 Conclusions
Comparison of numerical schemes for solving population
balance equations is presented in this paper, for pure lay-
ering and pure agglomeration problems. Discretization of
the layering term is performed by applying various finite
volume schemes. Among the three tested approximation
schemes, the Koren flux limiter scheme exhibits relatively
better performance in terms of accuracy. However, the Ko-
ren scheme also needs a higher computational time com-
pared to the other tested numerical schemes. Numerical
solutions for the agglomeration process were obtained by
applying different sectional methods, as well as a recent
finite volume scheme. The numerical performance of the
cell average scheme and the new finite volume scheme in
predicting the particle size distribution at higher particle
size range is relatively better than Hounslow’s scheme and
the fixed pivot scheme. The former schemes produce a
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PSD that is in good agreement with the analytical solution
with coarser grid.
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Abstract
Few granulation plants are operated optimally. It is com-
mon to operate granulation plants below their maximum
design capacity, and in many cases, periodic instabilities
may also occur. From a process control and optimiza-
tion point of view, it is desirable to develop a dynamic
model that can show the dominating dynamics of a gran-
ulation process and can be used for design of optimal op-
eration of the granulation plant. In this paper, a dynamic
model of a drum granulator is developed using population
balance (PB). Different simulation scenarios are used to
analyze various granulation mechanisms that are charac-
teristic to drum granulators. Simulation results show that
for the drum granulator, the particle agglomeration has a
greater impact on the change in particle size distribution
(PSD) compared to the particle growth due to layering.
In addition, coarser particles are produced when a size-
dependent agglomeration kernel is used in the granulator
model. For combined processes, i.e., processes where the
particle growth due to layering and agglomeration are con-
sidered simultaneously, coarser particles with a wider PSD
are obtained with the size-dependent agglomeration ker-
nel.
Keywords: granulation, population balance, agglomera-
tion, layering

1 Introduction
Granulation is a particle enlargement process during
which fine particles and/or atomizable liquids are con-
verted into granules via a series of complex physical pro-
cesses. In a typical granulation plant, the main operational
goal is to produce granules with improved properties com-
pared to their ungranulated form, and therefore, to meet
product quality requirements (e.g., produce granules with
the desired PSD, moisture content, porosity, etc.). Gran-
ulation processes are used in a wide range of industrial
applications, such as in pharmaceuticals, chemicals, and
fertilizer industries (Litster and Ennis, 2004). However,
the operation of granulation plants in an industrial scale
can be challenging. Many granulation plants have a high
recycle-to-product ratio, and it is common to operate gran-
ulation plants below their maximum design capacity. In
addition, periodic instability associated with the operation
of the granulation circuit have been reported (Radichkov
et al., 2006; Heinrich et al., 2003). This causes the PSD of

the particles flowing out of the granulator to oscillate, thus
making it difficult to maintain the desired product qual-
ity. An increase in the production of off-spec particles
(oversized and undersized) gives rise to a higher recycle-
to-product ratio, and the plant does not operate in an opti-
mal manner. One way to address these problems is to de-
velop a mathematical model of the granulator that can be
used to study and understand various dynamics occurring
in the granulator. The model can further be used to design
optimal control structures to increase the efficiency of the
plant.

The most widely used approaches for modeling gran-
ulation processes include Discrete Element Modeling, as
well as PB modeling. In this study, since the focus is on
the development of a dynamic model suitable for control
purposes, PB modeling has been used to develop a math-
ematical model of a drum granulator. A rich literature re-
lated to PB modeling of a granulation process is available
(Randolph and Larson, 1962; Wang et al., 2006; Wang and
Cameron, 2007). In these works, (i) the effect of differ-
ent granulation mechanisms to the PSD of the granulator
outflow is neglected, (ii) the numerical scheme (Hounslow
discretization method) used for solving the population bal-
ance equation (PBE) is relatively inaccurate (shows over-
prediction as also mentioned in (Kumar, 2006; Kumar
et al., 2006)) , and (iii) many of the processes are only
batch processes. In this paper, a dynamic model of a con-
tinuous drum granulator using the PB framework is de-
veloped. The resulting integro-differential PBEs are dis-
cretized using an accurate numerical scheme, namely the
cell average technique (Kumar, 2006) and the flux limita-
tion scheme (Koren, 1993). The developed model is simu-
lated to understand and analyze how different granulation
mechanisms affect the PSD of the granules formed in the
granulator.

2 Granulation Mechanisms
According to (Iveson et al., 2001), the granulation pro-
cess is divided into three basic mechanisms: (i) nucleation
and wetting, (ii) growth and consolidation, and (iii) break-
age and attrition. Different granulation mechanisms are
predominant depending on the type of the granulator be-
ing used. For continuous drum granulation with recycling,
effects of nucleation, breakage, and attrition mechanisms
are believed to be negligible compared to particle growth
due to layering and agglomeration (Fig. 1). Particle nu-
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Figure 1. Main granulation mechanisms characteristic to drum
granulators.

cleation is insignificant for this particular process as it is a
continuous process in which the recycle feed acts as seeds
for the granulator. Particle breakage is mainly important
in a high shear granulators, e.g., granulation mechanism
due to breakage can be significant in pharmaceutical in-
dustries where high shear granulators are typically used.
As to the attrition, this granulation mechanism might give
significant changes in PSD only when high velocities (e.g.,
fluidized bed spray) granulators are used (Litster and En-
nis, 2004). Layering occurs due to a successive coating
of a liquid phase onto a granule. As a result, the gran-
ule grows in its mass, and the volume increases, but the
number of granules in the system remains unchanged. No
collision between granules is assumed during this particle
growth (Litster and Ennis, 2004). Layering is a continuous
process (differential growth), and an assumption of size-
independent linear growth rate is common in the PB mod-
eling of granulation processes. This simplification implies
that each granule has the same exposure to a new fertil-
izer spray feed material, and a volumetric growth rate is
proportional to a projected granule surface area (Litster
and Ennis, 2004). Binary agglomeration refers to a parti-
cle growth mechanism that occurs due to successful colli-
sion of two particles, resulting in the formation of a larger
composite particle. Agglomeration is a discrete (sudden)
process that changes the total number of particles: two
particles die, and a new particle is born as a result of col-
lision of two particles. Thus, the agglomeration results in
a reduction in the total number of particles, while the total
mass remains conserved (Litster and Ennis, 2004).

3 Model Development

3.1 Population Balance Principles

Balance laws such as mass and energy balances are often
used in process modeling to describe dynamics of differ-
ent physical and chemical processes. With particulate pro-
cesses, PB is frequently used to describe dynamics of par-
ticle property distribution. A detailed derivation and ex-
planation of the PBE can be found in Ramkrishna (Ramkr-
ishna, 2000). The general form of a PBE with particle

diameter (L) as the internal coordinate is represented as,

∂n(L, t)
∂ t

=− ∂

∂L
[Gn(L, t)]+B(L, t)−D(L, t)

− ∂

∂ z

[
dz
dt

n(L,z, t)
]
, (1)

where n(L, t) is the number density function. The first
term on the right hand side represents the particle growth
due to layering, the second and the third terms stand for
particle birth and death respectively, and the last term rep-
resents a continuous process and gives the flow of par-
ticles through the granulator. G is the growth rate and
z represents the distance along the axial direction of the
drum granulator. The birth and the death terms usually in-
clude integrals which make the solution of the population
balance equation complicated. In this paper, a plug flow
along the axial direction of the drum granulator has been
assumed. For simplifying the model complexity, a concept
of output equivalent (perfect mixing) inside the granulator
can be assumed. Thus, Eq. (1) can be simplified to

∂n(L, t)
∂ t

=− ∂

∂L
[Gn(L, t)]+B(L, t)−D(L, t)

+ ṅiγi− ṅeγe. (2)

Here, ṅi is the number flowrate of particles entering the
granulator (influent), ṅe is the number flowrate of particles
leaving the granulator (efluent), γi is the size distribution
function of the inlet flow of the particles (influent), γe is
the size distribution function of the outlet flow of the par-
ticles (efluent).

In addition, for the PBE of Eq. (2), the following as-
sumptions are made:

• The concept of perfect mixing inside the granulator is
applied: particle property (size) inside the granulator
is the same as at the outlet of the granulator.

• Particle breakage in neglected since the drum granu-
lator is operating at low shear forces. Thus, the birth
(B) and death (D) rates are only due to binary ag-
glomeration.

• Particle size reduction due to attrition is neglected
since the granulation drum does not operate at high
velocities.

3.2 Growth Rate for Layering
The formulation of the particle growth rate for layer-
ing (G) is based on combination of the work of (Mörl,
1981) and (Mörl et al., 1977), as summarized in (Drechsler
et al., 2005). This model assumes linear size-independent
growth rate, meaning that a small particle gets less slurry
per unit time than a larger particle, but the growth rate
(the change of particle diameter over time) is constant for
all particle sizes. Thus, the growth rate due to layering
depends on a slurry rate (fresh fertilizer spray rate, ṁsl),
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moisture fraction in the slurry (Xsl,i), and the total surface
area of the particles (Ap,tot) as given by Eqs. (3) and (4).

G =
∂L
∂ t

=
2ṁsl(1−Xsl,i)

ρAp,tot
, (3)

Ap,tot = πn
∫ L=∞

L=0
L2dL. (4)

3.3 Particle Agglomeration
Particle agglomeration is a discrete event, which is chal-
lenging to model. One of the most widely used formula-
tions of the agglomeration process was introduced by (Ka-
pur and Fuerstenau, 1969). The general form of a length-
based agglomeration is represented by Eqs. (5) and (6),

B(L, t) =
L2

2

×
∫ L

0

β

[(
L3−λ 3

) 1
3 ,λ

]
n
[(

L3−λ 3
) 1

3 , t
]

n(λ , t)

(L3−λ 3)
2
3

dλ ,

(5)

D(L, t) = n(L, t)
∫

∞

0
β (L,λ )n(λ , t)dλ . (6)

Here, β is the agglomeration (coalescence) kernel. The
agglomeration kernel is a key parameter that controls the
overall rate of agglomeration. Despite more than 50 years
of research, only empirical and semi-empirical agglomer-
ation kernels are available. Thus, these should be fitted to
experimental data. Some of the most frequently used ag-
glomeration kernels for two colliding particles with vol-
umes v and w in granulation processes are summarized in
Table 1. Here, β0 is the part of the agglomeration ker-
nel which usually depends on the operating conditions of
the granulator such as the drum speed, bed depth and the
moisture content in the particles. In this paper, the value
of β0 has been taken to be a constant (however tunable) for
simplifying the model development. For a more detailed
analysis, β0 should be expressed as a function of process
parameters and fitted with the experimental data. This has
been left as a potential future work.

Table 1. Overview of agglomeration kernels.

Agglomeration kernel References

β = β0 Random kernel
β = β0× (v+w) Golovin (Golovin, 1963)
β = β0×

(
(v+w)a

(vw)b

)
Kapur (Kapur, 1972)

ith 
class

(i+1)th 
class

(i-1)th 
class

ΔL

Figure 2. Size discretization into classes (cells).

4 Numerical Solution
Various discretization techniques/schemes can be used to
discretize the continuous PBE of Eq. (2) into a set of or-
dinary differential equations (ODEs) which can then be
solved with an appropriate ODE solver. In this work, the
particle size is represented by the diameter of the parti-
cle. To obtain the particle size distribution, the particles
are classified into i∈ 1,2, ...Nc classes or cells as shown in
Figure 2. Here, i represents the ith particle class, Li is the
diameter of the particle of the ith class, Li± 1

2
is the left and

the right boundary of the ith class and 4L = Li− 1
2
−Li− 1

2
is the size of the classes. The dots in each class represent
the cell center. As was discussed in Section 2, the particle
size change inside the drum granulator can be considered
to be due to

• pure layering (agglomeration mechanism ignored),

• pure agglomeration (layering mechanism ignored),

• combined process (both layering and agglomeration
considered).

In this paper, all the three cases of granulation mecha-
nisms are considered separately and described in detail in
the subsequent subsections.

4.1 Pure Layering
If the growth of particles is considered to be only due to
layering, Eq. (2) reduces to,

∂n(L, t)
∂ t

=− ∂

∂L
[Gn(L, t)]+ ṅiγi− ṅeγe. (7)

The PDE represented by Eq. (7) can be discretized into
a system of ODEs using a finite volume scheme. In this
paper, a high resolution scheme, based on the flux limiting
approach, is chosen as the numerical scheme for particle
size discretization. Particularly, the Koren flux limiting
method (Koren, 1993) is used in this paper. The high res-
olution flux limiting methods attain higher accuracy than
the first order upwind scheme. In addition, these meth-
ods also avoid spurious oscillations by applying a high or-
der flux in the smooth regions and a low order flux near
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discontinuities. Equation (7) can be discretized with the
Koren scheme as

dNi

dt
= Gn

(
t,Li− 1

2

)
−Gn

(
t,Li+ 1

2

)
+ Ṅiγi− Ṅeγe, (8)

where,

n
(

t,Li− 1
2

)
≈ 1

∆L

[
Ni−1 +

1
2

φ

(
θ̃i− 1

2

)
(Ni−1−Ni−2)

]
,

(9)

n
(

t,Li+ 1
2

)
≈ 1

∆L

[
Ni +

1
2

φ

(
θ̃i+ 1

2

)
(Ni−Ni−1)

]
. (10)

Here, φ is the limiter function defined as

φ

(
θ̃

)
= max

[
0,min

(
2θ̃ ,min

(
1
3
+

2θ̃

3
,2

))]
. (11)

Parameter θ̃ is defined as

θ̃i− 1
2
=

Ni−Ni−1 + ε

Ni−1−Ni−2 + ε
, θ̃i+ 1

2
=

Ni+1−Ni + ε

Ni−Ni−1 + ε
, (12)

with a very small constant ε to avoid division by zero.
In an industrial application, it is relatively easier

to work with mass-based population balance equations
(PBEs) instead of number-based PBEs due to: (i) PSD in
a real plant is typically measured by sieving and weight-
ing, and (ii) mass-based PBE is more convenient to use
from a numerical point of view (huge number of particles
compared to their masses). To convert the number-based
formulation given by Eqs. (8)-(12) to a mass-based for-
mulation, Eq. (13) is applied,

Ni =
6Mi

πρL3
i
. (13)

Equation (13) was derived assuming that all particles are
ideal spheres with constant density. After rearranging, the
growth due to layering in a mass-based PBE can be repre-
sented as

dMi

dt
= L3

i

[
Gm
(

t,Li− 1
2

)
−Gm

(
t,Li+ 1

2

)]
+ Ṁiγi− Ṁeγe, (14)

where,

m
(

t,Li− 1
2

)
≈ 1

∆L

{
Mi−1

Li−1
+

1
2

φ

(
θi− 1

2

)
×

(
Mi−1

L3
i−1
− Mi−2

L3
i−2

)}
,

(15)

m
(

t,Li+ 1
2

)
≈ 1

∆L

{
Mi

Li
+

1
2

φ

(
θi+ 1

2

)
×

(
Mi

L3
i
− Mi−1

L3
i−1

)}
,

(16)

with

θi− 1
2
=

Mi
L3

i
− Mi−1

L3
i−1

+ ε

Mi−1
L3

i−1
− Mi−2

L3
i−2

+ ε
, θi+ 1

2
=

Mi+1
L3

i+1
− Mi

L3
i
+ ε

Mi
L3

i
− Mi−1

L3
i−1

+ ε
. (17)

Here Mi is the total mass of the particle in the ith class.
The growth rate G is considered to be size-independent
as described in more detail in Section 3.2. The growth
rate due to layering is modeled using Eqs. (3) and (4). In
addition, if TR is the retention time, then, Ṁeγe =

Mi
TR

.

4.2 Pure agglomeration
If the change in the particle size is considered to be due to
agglomeration only, Eq. (2) reduces to

∂n(L, t)
∂ t

= B(L, t)−D(L, t)+ ṅiγi− ṅeγe. (18)

Analytical solutions of the pure agglomeration problems
can be found in some simplified cases. Thus, numerical
techniques are needed to solve the resulted PBEs. How-
ever, the discretization of agglomeration terms (B,D) is
more challenging compared to the growth due to layering.
Agglomeration is a discrete event and the birth and death
of particles can be considered to be source and sink terms,
respectively. A suitable numerical scheme that is simple
to implement and produce exact numerical results of some
selected moments is the cell averaging technique (Kumar,
2006; Kumar et al., 2006). The cell average scheme is
referred to as a sectional method, and assigns all the new-
born particles within a cell more precisely compared to
other sectional methods. Using the cell average scheme,
Eq. (18) can be discretized with respect to the particle size
as

dNi

dt
= Bi−1λ

−
i (L̄i−1)H (L̄i−1−Li−1)

+Biλ
−
i (L̄i)H (Li− L̄i)+Biλ

+
i (L̄i)H (L̄i−Li)

+Bi+1λ
+
i (L̄i+1)H (Li+1− L̄i+1)

−Ni

Nc

∑
k=1

βikNk + Ṅiγi− Ṅeγe. (19)

Here, Nc is the total number of particle size classes or
cells. Bi is the birth of particles in the ith cell due to bi-
nary agglomeration of two particles from the jth and kth

cell respectively, and can be expressed as

Bi =
1
2

i

∑
j=1

i

∑
k=1

β jkN jNk, (20)

where condition Li− 1
2
≤
(

L3
j +L3

k

) 1
3 ≤ Li+ 1

2
should be ful-

filled. β jk is the agglomeration kernel for binary agglom-
eration of particles from the jth and the kth cells. L̄i is the
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average diameter of all the new-born particles in the ith

cell, and is given as

L̄i =

∑
i
j=1 ∑

i
k=1 β jkN jNk

(
L3

j +L3
k

)
∑

i
j=1 ∑

i
k=1 β jkN jNk


1
3

, (21)

with dimensionless term λ
±
i (L) given as

λ
±
i (L) =

L3−L3
i±1

L3
i −L3

i±1
(22)

The Heaviside step function H is defined as

H
(

L̃
)
=


1, if L̃ > 0
1
2 , if L̃ = 0
0, if L̃ < 0.

(23)

The cell average technique can be used to preserve any
two moments. Here, we have chosen to preserve the ze-
roth moment (total number of particles conserved) and the
third moment (total mass conserved) taking the diameter-
based formulation. Using Eq. (13), the mass based form
of the PBE can be written as

dMi

dt
= L3

i [Bi−1λ
−
i (L̄i−1)H (L̄i−1−Li−1)

+Biλ
−
i (L̄i)H (Li− L̄i)+Biλ

+
i (L̄i)H (L̄i−Li)

+Bi+1λ
+
i (L̄i+1)H (Li+1− L̄i+1)]−Mi

Nc

∑
k=1

βik
Mk

L3
k

+ Ṁiγi− Ṁeγe, (24)

where the birth of the particles Bi are given as

Bi =
1
2

i

∑
j=1

i

∑
k=1

β jk
M j

L3
j

Mk

L3
k
, (25)

and the average diameter of all the new-born particles in
the ith class is

L̄i =

∑
i
j=1 ∑

i
k=1 β jk

M j

L3
j

Mk
L3

k

(
L3

j +L3
k

)
∑

i
j=1 ∑

i
k=1 β jk

M j

L3
j

Mk
L3

k


1
3

. (26)

With TR being the retention time, Ṁeγe =
Mi
TR

.
In this paper, agglomeration kernels (β jk and βik) are

defined using the Kapur model (Kapur, 1972) with a = 1
3

and b = 0; this is one of the most widely used kernels for
drum granulation. With the diameter-based formulation,
the agglomeration kernels are given as

βxy =

(
6
π

) 2
3 1

ρ
β0Kxy =

(
6
π

) 2
3 1

ρ
β0
(
L3

x +L3
y
) 1

3 . (27)

The term
( 6

π

) 2
3 1

ρ
arises during the conversion from the

number-based formulation to the mass-based formulation
of PBEs. Subscript xy means either jk or ik. β0 is the
particle size independent part of the agglomeration kernel.
K jk and Kik are the parts of the agglomeration kernel which
are particle size dependent as shown in Eq. (27).

4.3 Combined Process
In the case of the combined process, a change in the par-
ticle size is a result of both particle growth due to layer-
ing, and particle binary agglomeration. The number-based
PBE for the combined process is represented by (2). For
conversion to the mass-based PBE, (13) is used. Size dis-
cretization for the growth term (G) is performed using the
Koren flux limiting scheme as discussed in Section 4.1.
Particle birth (B) and death (D) terms are size discretized
using the cell averaging technique as was discussed in de-
tail in Section 4.2. The resulting size discretized mass-
based PBE for the combined process is written as

dMi

dt
= L3

[
Gm
(

t,Li− 1
2

)
−Gm

(
t,Li+ 1

2

)]
+L3

i [Bi−1λ
−
i (L̄i−1)H (L̄i−1−Li−1)+Biλ

−
i (L̄i)H (Li− L̄i)

+Biλ
+
i (L̄i)H (L̄i−Li)+Bi+1λ

+
i (L̄i+1)H (Li+1− L̄i+1)]

−Mi

Nc

∑
k=1

βik
Mk

L3
k
+ Ṁiγi− Ṁeγe, (28)

where all symbols in (28) are described in previous Sec-
tions 4.1 and 4.2.

5 Simulation Results and Discussion
5.1 Simulation Setup
The discretized PBEs for a continuous drum granulation
process described by Eqs. (14), (24), and (28) are solved
using a 4th order Runge-Kutta method with fixed time
step. Dynamic simulations are performed using MATLAB
(MATLAB, 2017). Simulations for continuous drum gran-
ulation are performed using parameters summarized in Ta-
ble 2.

Table 2. Simulation setup parameters.

Parameter Value

Range of L [mm] 0-8
Number of classes 80
ρ [kg ·m−3] 1300
β0 [s−1] 8.5 ·10−11

TR [s] 360
ṁsl,i [kg · s−1] 250
Xsl,i 0.1
Time step for RK4 [s] 10
Simulation time [h] 2.5
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Figure 3. Influent and effluent PSD of the drum granulator for
pure layering.
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Figure 4. Change of the average particle size for pure layering.

5.2 Simulation Results for Pure Layering and
Pure Agglomeration

In this paper, simulations results are compared by analyz-
ing the PSD at the inlet (Gaussian distribution) and the
outlet of the drum granulator. In addition, the evolution
of the average size of the particles represented by their
d50 diameter (median diameter that corresponds to inter-
cept for 50% of cumulative mass) are also studied. Fig-
ure 3 compares the PSD of the inlet flow and the outlet
flow from the granulator after the system has reached the
steady state. The only granulation mechanisms affecting
the PSD is layering. Clearly, the PSD at the outlet of
the drum granulator has changed and has become slightly
wider compared to the inlet distribution. The fraction of
coarser particles increases due to layering, and, thus more
of large particles are produced. Figure 4 shows that the av-
erage size of the particles has increased from 1.45 mm to
1.52 mm when only the layering is the driving mechanism
for particle size change. Thus, in average, particles have
grown by ∼ 5% using the model parameters summarized
in Table 2.

However, when agglomeration was chosen as a gran-
ulation mechanism, the average particle size has grown
by ∼ 30% compared to its initial value (Figure 5). This
increase in particle size (d50 to 1.85 mm) was observed
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Figure 5. Change of the average particle size for pure agglom-
eration.
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Figure 6. Influent and effluent PSD of the drum granulator for
pure agglomeration.

when agglomeration was modeled using a constant (size-
independent) agglomeration kernel. The inclusion of par-
ticle size-dependency on the agglomeration rate has in-
creased the average particle size even more (Figure 5).
The d50 has grown from 1.45 mm (at the inlet) to 2.28
mm at the outlet of the granulator (with size-dependent
agglomeration kernel). This gives ∼ 58% increase in the
average particle size. As expected, the same trend is ob-
served in PSDs of the inlet and outlet mass flow rates (Fig-
ure 6).

Granulation produces larger particles when the agglom-
eration rate is assumed to be dependent on particle size
compared to size-independent agglomeration rate. As
shown in Figure 6, agglomeration with the size-dependent
kernel has produced particles whose size are as large as 5
mm, while no particles with this size are produced with
the size-independent kernel.

5.3 Simulations Results for Combined Process
To simulate the combined process, simultaneous particle
binary agglomeration and particle growth due to layer-
ing is considered to be taking place in the drum granu-
lator. In Figure 7, a comparison of the PSDs between pure
agglomeration (with constant agglomeration kernel) and
combined process is shown.
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Figure 7. PSDs for pure agglomeration and combined process
with size-independent kernel.
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Figure 8. Change in d50 for pure agglomeration and combined
process with size-independent kernel.

For the combined process, the PSD at the outlet is wider
compared to the pure agglomeration granulation process.
The mass fractions of coarser particles (>2 mm) become
larger, and hence, larger particles are produced with the
combined process. The comparison of these two granu-
lation processes with the d50 plot (Figure 8) confirms the
PSD shown in Figure 7. With the combined process, a
higher value of d50 is obtained as compared to the pure
agglomeration.

The d50 of the particles has increased by ∼ 7% (with a
constant agglomeration kernel) for the combined process
compared to the pure agglomeration process. A similar
trend of the particle size change is observed for processes
when a size-dependent agglomeration kernel is used in the
simulations (Figures 9 and 10). The PSD is wider, and
larger particles are produced when the combined process
is simulated (Figure 9). The latter is also reflected in the
d50 plots (Figure 10). Interestingly, the value of d50 has
grown from 2.28 mm for the pure agglomeration process
to 2.52 mm for the combined process (Figure 10). This
gives ∼ 10% difference in average particle size for the
pure and the combined process compared with the size-
dependent kernel. This difference is ∼ 7% when simula-
tions are performed with the constant agglomeration ker-
nel. Thus, particle enlargement and hence the total change
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Figure 9. Comparison of PSD for pure agglomeration and com-
bined process.
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Figure 10. Comparison of d50 for pure agglomeration and com-
bined process.

in PSD for the combined process is more intensive if par-
ticle agglomeration is driven by a size-dependent agglom-
eration kernel.

The plots of PSDs (Figure 9) reveal the same pattern
(larger particles are produced with the combined processes
compared to pure agglomeration). The PSDs of differ-
ent processes start to deviate from each other when par-
ticle size fractions are larger than 1.2 mm. Granulation
processes that are simulated with the constant agglomer-
ation kernel produce more particles that are in the range
of [1.2, 3.2] mm of size, compared to those processes that
are simulated with the size-dependent agglomeration ker-
nel. In contrast, the processes that are simulated by as-
suming size-dependent agglomeration kernels, result in a
larger amount of coarse particles (≥ 3.2 mm), e.g., simu-
lations with the size-dependent kernel produces particles
with sizes as high as 6 mm, while no particles with such
size is produced when the size-independent kernel is used
(true for both pure agglomeration and combined process).

Based on the simulation results discussed above, the
particle growth in drum granulators due to layering seems
to play a minor role compared to the granulation mech-
anism for the particle binary agglomeration. This trend
was indicated in others works (Wang et al., 2006; Wang
and Cameron, 2007).
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The agglomeration kernel is indeed an important pa-
rameter for modeling drum granulation processes. Not
only the proper formulation of the size-independent part is
needed, but also the dependency of agglomeration rate to
particle size should be analyzed in order to obtain a proper
model of the real plant.

6 Conclusions
In this paper, a comparative study on various model forms
for representing a drum granulation process is given. Dif-
ferent granulation mechanisms are compared based on
simulation results represented by particle size distribu-
tions and the d50 diameter (to reflect the average size of
particles) at the influent and the effluent of the drum gran-
ulator. For the drum granulator under consideration, the
simulation results lead to the following conclusions:

• Particle growth due layering has very small effect on
the change of the particle sizes compared to particle
binary agglomeration.

• Inclusion of the particle size dependency on the
agglomeration kernel affects the mass distribution
function, i.e., particles with a wider PSD and larger
particles are produced compared to simulations with
a constant agglomeration kernel.

• The combined process increases the growth of parti-
cles by ∼ 7% (with size-independent kernel) and by
∼ 10% (with size-dependent kernel) compared to a
pure agglomeration process.

The choice of the agglomeration kernel directly affects the
PSD of the particles. The size-independent part of the ker-
nel should be calculated by taking into account the opera-
tional parameters of the actual drum granulator.
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Abstract
In this paper, a dynamic model for a granulation process
is developed. A population balance is used to capture dy-
namic particle size distribution in the spherodizer model
and in the rotary drum granulator model. Particle growth
due to layering is assumed in the spherodizer simulation
model, while particle binary agglomeration is taken as the
main granulation mechanism in the rotary drum simula-
tion model. The developed models are 2-dimensional(2D)
models that are discretized in terms of its internal coordi-
nate (particle diameter), external coordinate (axial length
of the granulators). Simulations using the developed mod-
els provide valuable data on dynamic fluctuations in the
outlet particle size distribution for the granulators. In ad-
dition, the simulations results give a valuable information
for the control studies of the granulation process. The
simulation results showed that the extension of the model
from 1D model to 2D model using the discretization of
the external coordinate in the model, introduces a trans-
port delay that is important in control studies.
Keywords: spherodizer, rotary drum, population balance,
dynamic model, time delay

1 Introduction
Granulation processes are used in a wide range of indus-
trial applications, including fertilizer industries. Fertil-
izer manufacturing using the granulation process has re-
ceived considerable research interest during the last few
decades, due to (i) the increasing requirements for effi-
cient production of high quality fertilizers for increased
food production in a growing global population, and (ii)
difficult process control and operation, e.g., among oth-
ers (Herce et al., 2017; Ramachandran et al., 2009; Vali-
ulis and Simutis, 2009; Wang et al., 2006) and (Cameron
et al., 2005) have focused their research on granulation
processes. This paper is focused on the last part of the
mineral fertilizer production, i.e. on the granulation loop.
The granulation loop is used to produce different grades
of fertilizers. A typical schematic of a granulation pro-
cess with the recycle loop is shown in Figure 1. The
granulation loop consists of a granulator, granule classi-
fier (screener), and a crusher. The granulator receives the
fines from the external particle feed, as well as from the

recycled styream. These particle feeds are sprayed with
a fertilizer liquid melt (slurry), and granules are formed.
Different granulation mechanisms depending on the gran-
ulator type and conditions are responsible for these gran-
ule formation.

Process control of granulation loops is challenging.
Typically, the PSD of the granules leaving the granulator
is wider compared to the required PSD of the final prod-
uct. A typical recycle ratio between the off-spec parti-
cles (80 %) and the required product-sized particles (20
%). Thus, it is important to develop a dynamic model that
could further be used in control relevant studies. This pa-
per is focused on developing dynamic models of two types
of granulators, namely spherodizers and rotary drums.
Depending on the granulator type and operating condi-
tions, different granulation mechanisms (granule forma-
tion mechanism) are predominant. In spherodizers, the
main granulation mechanism is particle growth due to lay-
ering. Layering is a continuous process during which par-
ticle growth occurs due to a successive coating of a liq-
uid phase onto a granule. In rotary drum granulators, on
the other hand, particle collision occurs, and thus parti-
cle agglomeration contributes significantly to particle size
change. In this paper, binary particle agglomeration is as-
sumed for population balance (PB) modeling. Binary ag-
glomeration refers to a granule formation mechanism that
occurs due to successful collision of two particles, result-
ing in the formation of a larger, composite particle (Litster
and Ennis, 2004; Vesjolaja et al., 2018).

This paper is an extension of our previous study that is
summarized in (Vesjolaja et al., 2018). Here, the dynamic
model of the granulator is improved by increasing the di-
mensionality of the model, i.e., a 2D model instead of a
1D model is developed. The improved dynamic model
provides valuable data on dynamic fluctuations in the out-
let particle size distribution for the granulators. Thus, the
contributions of this paper are: (i) the 1D model is ex-
tended to the 2D model (ii) developed 2D models are ap-
plied for two types of granulators, spherodizers and rotary
drums, and (iii) two different numerical schemes, a finite
volume scheme and a sectional scheme, are applied to the
developed 2D dynamic models.

SIMS 61

DOI: 10.3384/ecp20176172 Proceedings of SIMS 2020
Virtual, Finland, 22-24 September 2020

172



Granulator: 

spherodizer or 

drum granulator

Slurry feed

R
e

c
yc

le
 f

e
e
d

 Crushed oversized and undersized particles

Screen 1

Screen 2

Product is collected

Roll 

crusher

Oversized particles

Product-sized 

particles

Undersized particles
Crushed oversized

 particles

Elevator

Figure 1. Schematic diagram of granulation loop.
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Figure 2. Graphical representation of the perfectly mixed gran-
ulator.
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Figure 3. Graphical representation of the multi-compartment
granulator. Abreviations: Nz is the number of the compartments
in the granulator; Lg is the length of the granulator.

2 Application of PBE to granulation
process in spherodizers

In the fertilizer production plant under consideration, a
continuous granulation process is used. In an industrial
application, it is relatively easier to work with mass based
population balance equations (PBEs) instead of number
based PBEs due to (i) the PSD in a real plant is typically
measured by sieving and weighting, and (ii) mass based
PBE is more convenient to use from a numerical point
of view due to a huge number of particles compared to
their mass. In addition, the size of the particles is repre-
sented in terms of their diameters (L) since measuring of
PSDs in the plant are based on sieve diameter. A num-
ber based PBE with particle volume as internal coordi-
nate is described in (Ramkrishna, 2000). Thus, it is essen-
tial to convert PBEs from their volume based formulations
to length based formulations. In addition, number based
PBEs should be converted into mass based PBEs. The
mass based PBE for the spherodizer (continuous layering
process) taking particle diameter as the internal coordi-
nate, is formulated as

∂m(L,z, t)
∂ t

=−L3 ∂

∂L

[
G

m(L,z, t)
L3

]
− ∂

∂ z

[
dz
dt

m(L,z, t)
]
.

(1)
where m is the mass density function

[
kg

mm3·[mm

]
. The

first term on the right hand side represents the particle
growth due to layering, while the last term represents a
continuous process and gives the flow of particles through
the granulator. G is the growth rate

[mm
s

]
. Equation 1

is derived by assuming that all particles are ideal spheres
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with a constant solid density ρ .
Here, the particle growth rate for layering (G) is

modeled assuming a linear size-independent growth rate.
Mathematical expressions for a linear size-independent
growth rate are given in Equation 2.

G =
2ṁsl(1−Xsl,i)

ρAp,tot
,

Ap,tot = πn
∫ L=∞

L=0
L2dL,

(2)

where ṁsl is the fresh fertilizer spray rate, Xsl,i is the mois-
ture fraction in the slurry and total Ap,tot is the surface area
of the particles.

2.1 Internal coordinate
Integration of Eq. 1 for i-th size class gives

dMi

dt
= L3

i G ·
[
m
(

t,Li− 1
2

)
−m

(
t,Li+ 1

2

)]
. (3)

For simplicity, in Equation 3, the particle flux term is ne-
glected as it is dependent on the external coordinate (the
discretization of the external coordinate is described in
Section 2.2).

Discretization of the internal coordinate, i.e., discretiza-
tion of the growth term for particle diameter, has been
performed using a finite volume scheme extended by a
flux limiter function. High resolution schemes are consid-
ered to attain higher accuracy than the first order upwind
schemes. In addition, these methods avoid spurious oscil-
lations by applying a high order flux in the smooth regions
and a low order flux near discontinuities (Koren, 1993;
Kumar, 2006). In this paper, a Koren flux limiter function
(KFL) is used to achieve a robust upwind discretization
scheme to Eq. 3. Discretization of the internal coordinate
is performed on a linear grid using the KFL scheme. KFL
scheme for the mass based PBE with the particle diameter
(not volume) as internal coordinate is given in (Vesjolaja
et al., 2018).

2.2 External coordinate
For a continuous granulation process, a plug flow along
the axial direction is assumed. Here, the external coordi-

nate (particle fluxes in and out of the granulator), given by
the term ∂

∂ z

[ dz
dt m(L,z, t)

]
is treated in two different ways

as described below as Case I and Case II, respectively.
Case I: In this simplified case, a concept of output

equivalent inside the granulator is used (Figure 2). This
means that the entire granulator is treated as perfectly
mixed throughout its length (Lg). The whole granulator
is treated as a single compartment with Nz = 1 where Nz
denotes the number of compartments. Thus, the particle
flux term reduces to

∂

∂ z

[
dz
dt

m(L,z, t)
]
= ṁiγi − ṁeγe, (4)

where the particle flux out from the granulator is defined
as

ṁeγe =
mi

τ
γe. (5)

Here, ṁi is the mass flow rate of particles entering the
granulator (influent), ṁe is the mass flow rate of particles
leaving the granulator (effluent), γi is the size distribution
function of the influent, γe is the size distribution function
of the effluent, mi is the mass of the i-th particle size class,
and τ is the retention (residence) time.

Case II: In this case, the granulator is divided into Nz
equally sized compartments, Figure 3. The influent to the
granulator enters the 1-st compartment and the effluent
leaves the granulator from the Nz-th or the last compart-
ment. The particle flux term is discretized by using one of
the finite volume schemes. In this paper, a high resolution
scheme with Koren flux limiter function (KFL) is used to
discretize the spatial domain. For this, the granulator is
divided into Nz uniformly spaced compartments, and each
compartment is assumed to be perfectly mixed. Integration
of the particle flux term for Nz compartments gives

∂

∂ z

(
dz
dt

mi,z

)
= w

∂

∂ z
(mi,z) = w

[
mi,z− 1

2
−mi,z+ 1

2

]
, (6)

where dz
dt = w is the particle velocity along the granulator

and is assumed to be constant inside the granulator. The
approximation of the terms mi,z± 1

2
is then performed using

a KFL scheme (Koren, 1993). The approximation of the
terms mi,z± 1

2
using the KFL scheme is given by Eq. 7 and

Eq. 8.

mi,z− 1
2
≈ 1

∆z

{
Mi,z−1

Li
+

1
2

φ

(
θi− 1

2

)
×
(

Mi,z−1

L3
i

−
Mi,z−2

L3
i

)}
,

(7)

mi,z+ 1
2
≈ 1

∆z

{
Mi,z

Li
+

1
2

φ

(
θi− 1

2

)
×
(

Mi,z

L3
i
−

Mi,z−1

L3
i

)}
,

(8)
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where, Mi is the total mass of the particle in the ith class
and ∆z = Lg

Nz
is the length of the each section in the granu-

lator (Figure 3). The limiter function φ in Eq. 7 and Eq. 8
is defined as

φ (θ) = max
[

0,min
(

2θ ,min
(

1
3
+

2θ

3
,2
))]

, (9)

and parameter θ is defined as

θi− 1
2
=

Mi,z
L3

i
− Mi,z−1

L3
i

+ ε

Mi,z−1
L3

i
− Mi,z−2

L3
i

+ ε

, θi+ 1
2
=

Mi,z+1
L3

i
− Mi,z

L3
i
+ ε

Mi,z

L3
i
− Mi,z−1

L3
i

+ ε

.

(10)

The constant ε is a very small number to avoid division by
zero, e.g. ε = 10−8.

3 Application of PBE to granulation
process in rotary drums

The model for the rotary drum granulator (continuous ag-
glomeration process) includes binary agglomeration of the
particles and is given as

∂m(L,z, t)
∂ t

= B(L,z, t)−D(L,z, t)− ∂

∂ z

[
dz
dt

m(L,z, t)
]
.

(11)
To solve the model, the entire particle size range is divided
into uniformly distributed classes. The particle flux term
(the last term on the right hand side of Eq. 11) is treated
in two different ways as described in detail in Section 2.2.
The agglomeration terms (the first two terms on the right
hand side of Eq. 11) are discretized using the cell aver-
age scheme (Kumar et al., 2006; Kumar, 2006) as well as
Kumar et al.’s new finite volume scheme (Kumar et al.,
2016).

The cell average (CA) scheme was introduced by Ku-
mar (Kumar et al., 2006; Kumar, 2006) and it belongs to
the sectional methods of discretization. In the CA scheme,
at first the total birth of particles in each cell denoted is
computed. Then the average volume of the newly formed

particles in each cell is calculated. The next step in the
CA scheme is to assign the total birth of particles appro-
priately to different cells depending on the position of the
average volume of all newborn particles relative to the
cell center volume. However, the CA scheme discussed
in (Kumar et al., 2006; Kumar, 2006) is valid when the
particle volume represents the internal coordinate. Thus,
the volume based formulation of the CA scheme should
be transformed into the diameter based formulation of the
CA scheme. For this, the zeroth moment (total number of
particles), and the third moment (total mass of particles)
has been chosen to be conserved (compared to zeroth and
first moments for volume based definition). Mathemati-
cal expressions of diameter based formulation for the CA
scheme are given in (Vesjolaja et al., 2018).

Kumar et al.’s new finite volume scheme (Kumar et al.,
2016) is based on the finite volume approach proposed by
(Forestier and Mancini, 2012). Recently, new approach
of solving PBE was proposed in (Kumar et al., 2016).
This scheme is an accurate and efficient discretization
method for agglomeration tern discretization. It has an
improvement over the finite volume scheme proposed by
(Forestier and Mancini, 2012) since it provides better so-
lution of several moments in addition to the mass conser-
vation property. Mathematical formulations are given in
(Kumar et al., 2016).

Table 1. Parameters used for simulating granulation in
spherodizers

Parameter Spherodizer

Range of L [mm] 0-8
Number of cells 80
Grid type linear
ρ [kg· m−3] 1300
Length of granulator [m] 10
τ [min] 10
ṁsl,i [kg· h−1] 100
Xsl,i 0.05
Time step for RK4 [s] 20

In this paper, the agglomeration kernel (β ) is defined
using the Kapur agglomeration kernel model (Kapur,
1972) by taking a= 2 and b= 1. Using the diameter based
formulation, the agglomeration kernel takes the form

βik =

(
6
π

) 2
3 1

ρ
β0Kik, (12)

where the term
( 6

π

) 2
3 1

ρ
arises during the conversion from a

number-based formulation to the mass-based formulation
of PBEs, β0 is the particle size independent part of the ag-
glomeration kernel, and Kik is the particle size dependent
part of the agglomeration kernel as shown in Eq.13.

Kik =
(Li +Lk)

2

LiLk
, (13)
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Figure 6. PSDs at the outlet of the spherodizer for different number of compartments.

4 Simulation Results and Discussion
4.1 Simulation Setup
The semi-discrete form (set of ODEs) of the PBEs ob-
tained from particle class size and spatial discretizations
are solved using a 4-th order Runge-Kutta method with
fixed time step. Dynamic simulations are performed us-
ing MATLAB (MATLAB, 2017). The parameters used to
simulate the application of PBE to the fertilizer granula-
tion process in spherodizers and rotary drums are given in
Table 1 and Table 2 respectively .

Table 2. Parameters used for simulating granulation in rotary
drums.

Parameter Rotary drum

Range of L [mm] 0-8
Number of cells 80
Grid type linear
ρ [kg· m−3] 1300
β0 [s−1] 1.0 ·10−11

Length of granulator [m] 6
τ [min] 6
ṁsl,i [kg· h−1] 100
Xsl,i 0.05
Time step for RK4 [s] 20

4.2 Simulation results for granulation in
spherodizers

The granulation process in spherodizers is simulated for
two simulation cases: Case I where the entire granulator

Table 3. Comparison of the computational time (in seconds)
with different numerical schemes for rotary drum simulations.

Numerical scheme β = β0 β = βik

CA with Nz = 1 3.3 6.0
CA with Nz = 3 9.0 17.0

NFV with Nz = 1 3.6 6.2
NFV with Nz = 3 9.1 17.3

is assumed ’perfectly mixed’, and Case II where the entire
granulator length is divided into uniformly sized compart-
ments as described in Section 2.2.

The mass based formulation of the PBE with diameter
representing the particle size, is used, and the spherodizer
is a continuous process with influent and effluent. Table 1
lists the simulation settings and parameters values. Sim-
ulation results are presented by particle size distribution
(PSD) plots in terms of particle diameter, as well as by
particle median diameter d50. The values of d50 are ob-
tained from the cumulative mass distribution. Linear in-
terpolation is used to extract d50 values that correspond to
intercept for 50 % of cumulative mass.

Simulation results obtained for the application of the
PBEs in spherodizers is depicted in Figure 4, Figure 5
and Figure 6. Figure 4 and Figure 5 shows the change
in particle sizes that occurs during a continuous granu-
lation process in the perfectly mixed spherodizer (solu-
tion of the PBE is found using KFL scheme). Clearly,
the particles grow in size inside the granulator. As a re-
sult, d50 of the effluent is larger than d50 of the influent,
Figure 4, and more of coarse-sized particles is produced,
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Figure 7. d50 at the outlet of the spherodizer for different number of compartments.
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mixed drum granulator.

Figure 5. Simulation results with the inclusion of spa-
tial discretization of the granulator are depicted in Fig-
ure 6 and Figure 7. In Figure 6, PSDs of the effluent at
the outlet of the granulator with different number of com-
partments (Nz) are compared. The PSD plot with Nz = 50
can be considered as a reference plot since no change in
PSD is observed when increasing the number of compart-
ments in the granulator (PSD plot with Nz = 100). Dif-
ferences in PSDs appear mainly for the coarser particle
fractions (with L > 1.5 mm), while for the finer particles
(with L < 1.5 mm), the perfectly mixed granulator gives
accurate enough results. Figure 7 shows d50 of the efflu-
ent as a step change in the influent is given. In a multi-
compartment granulator a time delay is introduced as a
step change of d50 in influent is given. Thus, inclusion of
the spatial discretization could be important for develop-
ment of a control-relevant dynamic model of the graula-
tor. Based on Figure 6 and Figure 7, it can be concluded
that diving the whole granulator space in 3 compartments
could be sufficient to achieve a sufficiently accurate model

compared to the perfectly mixed granulator (Nz = 1). The
only disadvantage of discretizing the granulator in space
is the increased computational time. As the value of Nz
increases, i.e., as the number of compartments in the gran-
ulator increases, the computational time also increases. In
particular, with a standard PC used for the simulation (i5
with 4 cores, 8 GB RAM and 2.1 GHz CPU), the com-
putational time for one-compartment granulator was 0.5 s,
and for the three-compartment granulator was 0.9 s (about
2 times more).

4.3 Simulation results for granulation in ro-
tary drums

The granulation process in drum granulators is simulated
using the CA scheme, as well as the NFV scheme. Similar
to the spherodizers, the simulations have been performed
for a multi-compartment drum granulator model and also
with the perfectly mixed assumption. The mass based for-
mulation of the PBE with particle diameter representing
the size, is used to assess the PSD. The simulation results
are also compared for a size-independent (β = β0) and a
size-dependent (β = βik) agglomeration kernel.

With the perfectly mixed assumption, i.e., for Nz = 1,
the simulation results are depicted in Figure 8. As ex-
pected, the CA scheme and the NFV scheme produce
similar results (d50 of the effluent) for both the size-
independent and the size-dependent agglomeration ker-
nels. Due to binary agglomeration, the particles grow
in size. However, with the size-dependent agglomeration
kernel, the d50 of the effluent is higher than with the size-
independent constant kernel.

Simulation results for the multi-compartment drum
granulator model are shown in Figure 9. Figure 9 com-
pares the PSD of the influent, as well as PSDs of the ef-
fluents that correspond to each of the compartments of the
granulator. Clearly, particles in the first compartment are
smaller in size compared to the second and third compart-
ments of the granulator. Particles increase in their sizes
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as they are transported along the granulator, and as a re-
sult, the coarser fractions of the particles increase while
their finer fractions decrease. The computational time is
also compared for different choices of Nz as listed in Ta-
ble 3. As expected, the computational time needed for
solving the model increases with increasing the number
of compartments in the drum granulator. This observation
is valid with both the CA and the NFV schemes used to
solve the model, and for both types of agglomeration ker-
nels. However, inclusion of the size-dependent agglomer-
ation kernel increase the computational time significantly:
it takes almost twice the time to obtain the solution with
size-dependent agglomeration kernel (β = βik) compared
to the size-independent kernel β = β0.

5 Conclusions

In this paper, the population balance equations for the
spherodizer and the rotary drum granulator were devel-
oped. To account for property inhomogeneity in the
granulators, multi-compartment models of the granulators
were also developed. The simulation results showed that
the discretization of the external coordinate (axial length
of the granulator) in the model, introduces a transport
(time) delay from the inlet of the granulator to its out-
let. Inclusion of the correct transport delay is important
for control studies. However, the ability of the model to
capture transport delay inside the granulator comes with
the cost of increased computational time. Two different
discretization schemes, namely Kumar’s new finite vol-
ume scheme and the cell average scheme showed similar
simulation results in terms of the model solution accuracy
and computational time. Model solution was obtained rel-
atively fast for both simulation scenarios: with the con-
stant agglomeration kernel and with the size-dependent
agglomeration kernel. Thus, the developed models and
model solution techniquies can be used for further control-
relevant studies.
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Abstract

In this paper, a dynamic model for a rotary drum granulation loop with external product separator is
developed. A population balance is used to capture dynamic particle size distribution in the 3-compartment
rotary drum granulator model. Particle agglomeration along with particle growth due to layering are
assumed as granulation mechanisms in the rotary drum. The model of the granulation loop includes
models of the drum, screens and a crusher. Simulations using the developed model provide valuable
data on dynamic fluctuations in the inlet and the outlet particle size distribution for the rotary drum.
Simulation results showed that at smaller crusher gap spacings, the instabilities of the drum granulation
loop occur, and damped oscillations are observed. Above the critical crusher gap spacing, sustained
periodic oscillations are observed. The reason for oscillations is the off-spec particle flow that is recycled
back to the granulator.

Keywords: granulation loop; population balance; layering; agglomeration

1 Introduction

Granulation processes are used in a wide range of in-
dustrial applications, such as those in pharmaceutical
and fertilizer industries (Litster and Ennis, 2004). This
paper is focused on the last part of NPK (Nitrogen,
Phosphorus, Potassium) fertilizer production. A gran-
ulation loop is used to produce different grades, i.e.,
various N:P:K ratios, of fertilizers. The NPK fertil-
izer is a high value type of fertilizer containing the
three main elements essential for crop nutrition. Var-
ious NPK grades are specially developed for different
crops growing in different climates and soils. Fertil-
izer manufacturing using the granulation process has
received considerable research interest during the last
few decades, due to (i) the increasing requirements for
efficient production of high quality fertilizers for in-
creased food production in a growing global popula-
tion, (ii) difficult process control and operation, e.g.,

among others Bück et al. (2016); Ramachandran and
Chaudhury (2012); Herce et al. (2017); Ramachandran
et al. (2009); Valiulis and Simutis (2009); Wang et al.
(2006) and Cameron et al. (2005) have focused their re-
search on granulation processes. The granulation loop
studied in this paper consists of a rotary drum granu-
lator, a granule classifier (screens), and a roll crusher.
A typical schematic of a granulation process with a
recycle loop is shown in Figure 1. Rotary drums as
granulation units are frequently used in fertilizer in-
dustries due to the ability of rotary drums to handle
large amount of material.

During the granulation process, a slurry of liquid
ammonium nitrate and partly dissolved minerals is so-
lidified to form granules. Granules that are too small
(under-sized particles) are recycled to the granulation
unit and granules that are too large (over-sized parti-
cles) are first crushed and then recycled back to the
granulator. The recycle feed is an integral part of the

doi:10.4173/mic.2020.2.3 c© 2020 Norwegian Society of Automatic Control
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Figure 1: Schematic diagram of granulation loop.

granulation process. The recycle feed flow rate as well
as its particle size distribution (PSD) are important
for proper process operation. The recycle of off-spec
(under-sized and over-sized) particles is needed to seed
the granulator. Another reason to recycle the feed is a
wide PSD of the granules at the granulator discharge.
Typically, the PSD of the granules leaving the granula-
tor is wider compared to the required PSD of the final
product. In addition, the off-spec granules cannot be
considered as a waste material, and must be recycled
from an economic and environmental point of view.
Unfortunately, for some granulation technologies, the
amount of the recycled material is large. A typical re-
cycle ratio in granulation plants is 4:1. This implies a
high ratio between the off-spec particles (∼ 80%) and
the required product size particles (∼ 20%).

Process control of granulation loops is challenging.
Granulation loops may show oscillatory behavior for
certain operating points. Instability is linked to the
entire granulation loop, since the granulator receives
as input a fluctuating recycled stream. Similar oscil-
lations in granulation loop are reported in Drechsler
et al. (2005) and Radichkov et al. (2006); the authors
have analyzed granulation loop dynamics for fluidized
bed granulators. Particle size change in fluidized beds
has been assumed to be caused by particle layering
and attrition mechanisms. Particle agglomeration is
neglected in Drechsler et al. (2005) and Radichkov et al.
(2006).

The contributions of this paper are (i) proposing a
control relevant model of the granulation loop with a
rotary drum granulator, (ii) including both particle ag-
glomeration and particle growth by layering in the ro-
tary drum model by using a population balance equa-
tion, (iii) developing a 3-compartment rotary drum
model for simulations of granulation loop, and (iv) an-
alyzing and suggesting possible improvements for sta-
bility of the drum granulation loop.

The paper is organized as follows: In Section 2, a
mathematical model of a granulation loop, including
models of a rotary drum, screens, and a crusher, is
given. In Section 3, the numerical solution methods for
the developed model are provided. Simulation setup,
results, and discussions are given in Section 4, while
conclusions are drawn in Section 5.

2 Model development

2.1 Model for granulator

In this study, population balance principles have been
used to develop a mathematical model of a granula-
tor suitable for control purposes. Population balance
(PB) is frequently used to describe dynamics of par-
ticle property distributions. In the granulator model,
a mass based population balance equation (PBE) with
particle diameter as the internal coordinate is used.
This choice of PBE is made because the PSD in a real
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Figure 2: Multi-compartment rotary drum model.

plant is typically measured by sieving and weighting.
The general form of a mass based PBE with particle di-
ameter (L) as the internal coordinate, spatial variation
(z) as the external coordinate, and time coordinate (t)
is represented as

∂m(L, z, t)

∂t
= −L3 ∂

∂L

[
G
m (L, z, t)

L3

]
+B (L, z, t)

−D (L, z, t)− ∂

∂z

[
dz

dt
m (L, z, t)

]
, (1)

where m(L, z, t) is the mass density function, L is the
particle diameter, G is the particle growth rate, B is
the particle birth rate, and D is the particle death rate
(Ramkrishna, 2000). The first term on the right hand
side represents the particle growth due to layering, the
second and third terms stand for particle birth and
death, respectively, due to agglomeration, and the last
term represents a continuous process and gives the flow
of particles through the granulator. Equation 1 is de-
rived by assuming that all particles are ideal spheres
with a constant solid density.

Particle growth due to layering (G) is a continuous
process during which particle growth occurs by succes-
sive coating of a liquid phase onto a granule (Litster
and Ennis, 2004; Iveson et al., 2001). In a given case,
a fresh fertilizer melt (slurry) is added to the rotary
drum to ensure particle growth. As a result, the parti-
cle mass grows, and the volume increases, but the num-
ber of particles in the system remains unchanged. As-
suming a size-independent linear growth (Mörl, 1981;
Mörl et al., 1977), i.e., assuming that each granule has
the same exposure to a slurry material, the layering
term is modeled as

G =
2ṁsl(1−Xsl,i)

ρAp,tot
, (2)

Ap,tot = πm

∫ L=∞

L=0

L2dL. (3)

Here, m is the mass of the particles, ṁsl is the slurry
flow rate, Xsl,i is the moisture fraction in the slurry,
and Ap,tot is the total surface area of the particles as
given by Equation 3.

In rotary drum granulators, particle collision cannot
be avoided, and thus should be included in the model.
In this paper, for simplicity, binary particle agglom-
eration is assumed. Binary agglomeration refers to a
granulation mechanism that occurs due to successful
collision of two particles, resulting in the formation of a
larger, composite particle. Agglomeration is a discrete
(sudden) process event that changes the total number
of particles: two particles die, and a new particle is
born as a result of collision of two particles. Thus, the
agglomeration results in a reduction of the total num-
ber of particles, while the total mass remains conserved
(Litster and Ennis, 2004; Iveson et al., 2001). Here,
the particle birth (B) and death (D) due to binary
agglomeration are modeled using Hulburt and Katz’
formulation (Hulburt and Katz, 1964). The B and D
terms in Equation 1 are modeled using Equation 4 and
5, respectively.

B =
L2

2
·

∫ L

0

β
((
L3 − λ3

) 1
3 , λ, t

)
·m
((
L3 − λ3

) 1
3 , t
)
·m (λ, t)

(L3 − λ3)
2
3

·

dλ, (4)

D = m (L, t)

∫ ∞
0

β (L, λ)m (λ, t) dλ. (5)

Here, the B term represents the particle birth of diam-
eter L, while the D term represents the disappearance
(death) of particle of diameter L, and β is the agglom-
eration rate (kernel) that defines the collision frequency
of the two particles with diameters λ and L − λ. In
this paper, the agglomeration kernel is defined using
the Kapur agglomeration kernel model (Kapur, 1972)
by taking a = 2 and b = 1:

β =

(
6

π

) 2
3 1

ρ
β0βjk, (6)

where the term
(

6
π

) 2
3 1
ρ arises during the conversion

from a number-based formulation to the mass-based
formulation of PBEs, β0 is the particle size indepen-
dent part of the agglomeration kernel, and βjk is the
particle size dependent part of the agglomeration ker-
nel as shown in Equation 7.

βjk =
(Lj + Lk)

2

LjLk
. (7)
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Figure 3: Simplified flow diagram of the drum granulation loop. Here,ṁsl is the slurry flow rate, ṁi, ṁe, ṁo,
ṁu, ṁp, ṁcrush are the mass flow rates of influent, effluent, over-sized, under-sized, product-sized
and crushed particles respectively. The corresponding distribution functions of the influent, effluent,
over-sized, under-sized, product-sized and crushed particles particles are denoted with γi, γe, γo, γu,
and γp, γcrush, respectively.

The effluent from the granulator is calculated by as-
suming a 3-compartment granulator model. For this,
the length of the granulator Lg is divided into 3 equally
sized sections (compartments) which are numbered by
l ∈ {1, 2, 3}, as shown in Figure 2. In each of the com-
partments the concept of perfect mixing is assumed.
The influent to the granulator (recycled particles), ṁi,
enters the 1st compartment and the effluent, ṁe, leaves
the granulator from the 3rd (last) compartment. The
particle velocity is assumed constant in all three com-
partments and is calculated as

dz

dt
=
Lg

τ
, (8)

where τ is the particle retention (residence) time in the
granulator.

2.2 Model for upper and lower screen

The mass flow rates out from the screens are described
using probability function Pupp and Plow from Molerus
and Hoffmann (1969). If P is the probability with
which particles remain lying on the screen (do not pass
the screen) and (1 − P ) is the probability with which
particles pass through the screen, then the mass flow
rates from the screen are calculated as

ṁoγo = Puppṁeγe, (9)

ṁuγu = (1− Pupp) (1− Plow) ṁeγe, (10)

ṁpγp = (1− Pupp)Plowṁeγe. (11)

Here, ṁo, ṁu, ṁp are the mass flow rates of over-
sized, under-sized, and product-sized particles, respec-
tively. The corresponding distribution functions of the
over-sized, under-sized, and product-sized particles are
denoted with γo, γu, and γp, respectively. The screen-
ing probability functions Pupp and Plow defined by
Molerus and Hoffmann (1969) and also given in Hein-
rich et al. (2003) are calculated using Equation 12 and
13.

Pupp =
1

1 +
(
Lm, upp

L

)2

exp

(
Keff, upp

(
1−

(
L

Lm, upp

)2
)) ,

(12)
and

Plow =
1

1 +
(
Lm,low

L

)2

exp

(
Keff,low

(
1−

(
L

Lm,low

)2
)) ,
(13)

where Lm is the mesh size of the screen (sieve diame-
ter), L is the particle diameter, and Keff is the screen
separation efficiency.

2.3 Model for crusher

A mathematical model of the crusher represents the
distribution function (Equation 14) that re-distributes
the total over-sized mass flow (ṁoγo) with the new
distribution function γcrush. This distribution function
γcrush reassigns the net over-sized flow rate to lower
sized classes. Having a crusher gap spacing and a stan-
dard deviation as design choices, the crusher distribu-
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tion function is defined as

γcrush =
1√

2πσ2
crush

exp(− (L− Lcrush)
2

2σ2
crush

). (14)

Here, σcrush is the standard deviation, and Lcrush is the
crusher diameter, which is the mean size of the crushed
particle distribution such that Lcrush > 0. In addition,
L is bounded, 0 < L ≤ Lmax. For proper choice of
σcrush, Lcrush and L, γcrush ≥ 0. The total over-sized
particle flow rate is then calculated as

ṁcrushγcrush =
(∑

ṁoγo

)
· γcrush. (15)

The mass flow rate that is recycled back to the gran-
ulator, i.e., the mass flow of the off-spec particles, is
given as

ṁiγi = ṁcrushγcrush + ṁuγu. (16)

The overall balance scheme for the drum granulation
loop is given in Figure 3.

3 Model solution

The solution to PBEs is found by transforming the par-
tial differential equation (PDE) into a system of ordi-
nary differential equations (ODEs) that further can be
solved using an appropriate time integrator. The PDEs
for PBE are discretized in terms of the internal coor-
dinate, i.e., particle diameter, and also in terms of the
external coordinate, i.e., the length of the drum gran-
ulator. The discretization is 2-dimensional. For the
internal coordinate discretization, particles are clas-
sified into Ni particle classes using a linear grid and
are numbered by i ∈ {1, 2, ...Ni}. On the other hand,
for the external coordinate discretization, the granula-
tor length in axial direction is divided into l equally
sized compartments (sections) and are numbered by
l ∈ {1, 2, 3}.

Numerical solution for the layering term

L3 ∂
∂L

[
Gm(L,z,t)

L3

]
is found by applying a high

resolution finite volume scheme. In particular, a
finite volume scheme extended by a Koren flux limiter
function is used to discretize the layering term in terms
of its internal coordinate. The Koren flux limiter
scheme is described in Koren (1993) and applied for
granulation process in Vesjolaja et al. (2018).

Finding a sufficiently accurate solution for the ag-
glomeration terms (Equation 4 and 5) is challenging.
Agglomeration is a discrete event, and as shown by
Equation 4 and 5, PB modeling of the agglomeration
terms result in partial integro-differential equations. In
this paper, approximation of the birth and death terms
is performed by applying one of the sectional schemes.
In particular, the cell average scheme that is introduced
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Figure 4: PSD in the 1st, 2nd and 3rd compartments
of the 3-compartment granulator for Lcrush =
1.5 mm.

by Kumar et al. (2006) is used to find a numerical solu-
tion. A detailed explanation of the cell average scheme
is given in Kumar (2006). The cell average scheme
has shown higher accuracy and faster solution com-
pared to other frequently used sectional methods as
the Hounslow scheme (Hounslow et al., 1988) and the
Fixed Pivot scheme (Kumar and Ramkrishna, 1996).

In this paper, the proposed by Kumar et al. (2006)
cell average scheme is re-formulated to give a numerical
solution for a mass based PBE with the particle diam-
eter as internal coordinate. To achieve this, the zeroth
moment (total number of particles), and the third mo-
ment (total mass of particles) has been chosen to be
conserved (compared to zeroth and first moments for
volume based description, Kumar et al. (2006); Ku-
mar (2006)). Mathematical expressions are reported
in Vesjolaja et al. (2018).

Spatial discretization of the granulator length is per-
formed by using a high resolution scheme with Koren
flux limiter function (KFL). For this, the granulator is
divided into Nz uniformly spaced compartments, and
each compartment is assumed to be perfectly mixed.
Integration of the particle flux term for Nz compart-
ments gives

∂

∂z

(
dz

dt
mi,z

)
= w

∂

∂z
(mi,z) = w

[
mi,z− 1

2
−mi,z+ 1

2

]
,

(17)
where dz

dt = w is the particle velocity along the granu-
lator and is assumed to be constant inside the granu-
lator. The approximation of the terms mi,z± 1

2
is then

performed using a KFL scheme (Koren, 1993). The ap-
proximation of the terms mi,z± 1

2
using the KFL scheme
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is given by Equation 18 and Equation 19.

mi,z− 1
2
≈ 1

∆z

{
Mi,z−1

Li
+

1

2
φ
(
θi− 1

2

)
×
(
Mi,z−1

L3
i

− Mi,z−2

L3
i

)}
,

(18)

mi,z+ 1
2
≈ 1

∆z

{
Mi,z

Li
+

1

2
φ
(
θi− 1

2

)
×
(
Mi,z

L3
i

− Mi,z−1

L3
i

)}
,

(19)

where, Mi is the total mass of the particle in the ith

class and ∆z =
Lg

Nz
is the length of the each section in

the granulator (Figure 2). The limiter function φ in
Equation 18 and Equation 19 is defined as

φ (θ) = max

[
0,min

(
2θ,min

(
1

3
+

2θ

3
, 2

))]
, (20)

and parameter θ is defined as

θi− 1
2

=

Mi,z
L3

i
− Mi,z−1

L3
i

+ ε

Mi,z−1

L3
i
− Mi,z−2

L3
i

+ ε
, θi+ 1

2
=

Mi,z+1

L3
i
− Mi,z

L3
i

+ ε

Mi,z

L3
i
− Mi,z−1

L3
i

+ ε
.

(21)

The constant ε is a very small number to avoid division
by zero, e.g. ε = 10−8.

4 Simulation Results and
Discussion

4.1 Simulation Setup

The numerical solution of PBE described by Equa-
tion 1 is found by applying the Koren flux limiter
scheme and the cell average schemes as discussed in
Section 3. Particles are classified into 80 size classes
and the drum length is divided into 3 equally sized com-
partments. Thus, the PDE represented by Equation 1
is transformed into a set of 240 ODEs which are further
solved using a 4-th order Runge-Kutta method with
fixed time step. Dynamic simulations are performed
using MATLAB and Simulink (MATLAB, 2017a). The
parameters used to simulate the drum granulation loop
process are listed in Table 1.

Initialization of the mass distribution function inside
the granulator is performed using a Gaussian normal
distribution function given by Equation 14. For com-
parison of simulation results, the evolution of the av-
erage size of the particles is represented by their d50

diameter (median diameter that corresponds to inter-
cept for 50% of cumulative mass).
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Figure 5: d50 of the influent/effluent as a response to
the step-by-step change of the crusher gap
Lcrush = 1.5→ 1.4→ 1.3→ 1.2→ 1.1 mm.

Table 1: Simulation parameters.

Parameter Value

Range of L [mm] 0-8
Number of particle classes 80
Length of granulator [m] 10
Number of compartments 3
ρ [kg· m−3] 1300
β0 [s−1] 1.0 · 10−13

τ [min] 10
ṁsl,i [kg· h−1] 100
Lscreen, upp [mm] 1.5
Lscreen, low [mm] 0.9
Keff, upp 45
Keff, low 45
Lcrush [mm] 1.7-0.3
σcrush 0.25
Xsl,i 0.05
Time step for RK4 [s] 20
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Figure 6: Mass flow rates of over-sized, product-sized
and under-sized particles as a response to
the step-by-step change of the crusher gap
(Lcrush = 1.5 → 1.4 → 1.3 → 1.2 → 1.1
mm).

4.2 Growth of particles inside the
3-compartment drum granulator

Simulations are performed by applying a 3-
compartment drum granulation loop model. This is
done to achieve (i) higher accuracy of the developed
model, and thus to account for property inhomo-
geneity inside the granulator, and (ii) the developed
granulation loop model will be further used in control
studies where spatial discretization is significant to
achieve proper system dynamics, e.g., to include some
effect of time delay.

Figure 4 shows evolution of particle growth in 3 dif-
ferent compartments of the drum granulator. In the
first compartment, particles begin to grow and to col-
lide with each other. In the second compartment, fur-
ther grow and collision of particles occur. This results
in the larger amount of coarser particles in the second
compartment of the drum granulator compared to the
first one. As particles are transferred to the third com-
partment, the more time they spend in the granulator,
and, thus, the more time they have to agglomerate and
to grow. As a result, the third compartment contains
the largest amount of coarser particles among all the 3
compartments. The PSD in the flow of the 3rd com-
partment corresponds to the PSD in the effluent flow
from the granulator, that is further sent to screens to
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Figure 7: Total mass flow rates of the influent/effluent
as a response to the step-by-step change of
the crusher gap (Lcrush = 1.5→ 1.4→ 1.3→
1.2→ 1.1 mm).
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Figure 8: Total mass flow rates of the influent/effluent
as a response to the step-by-step change of
the crusher gap (Lcrush = 1.1→ 1.0→ 0.9→
0.8 mm).
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Figure 9: Mass flow rates of over-sized, product-sized
and under-sized particles as a response to
the step-by-step change of the crusher gap
(Lcrush = 1.1→ 1.0→ 0.9→ 0.8 mm).

separate the flow into the size fractions (under-sized,
over-sized, and product-sized particle fractions).

4.3 Effect of crusher gap on granulation
loop stability

The dynamic behavior of the granulation loop is in-
evitably connected with the crusher parameters. In
particular, a crusher gap (also called mill grade) plays
a significant role in understanding the dynamics of the
granulation loop. As is shown in Figure 5, particles
are growing inside the drum granulator, and as a re-
sult, the average diameter d50 of the particles leaving
the granulator (effluent) is larger compared to the d50

of the particles that are sent to the granulator with the
recycle feed (influent).

Stable granulation loop process is observed when a
step-by-step change of Lcrush = 1.5 → 1.4 → 1.3 →
1.2 → 1.1 mm are given to the system. This includes
stable mass flow rates and d50, for the main granulation
loop units, i.e., granulator, screens, crusher (Figure 6
and 7). In particular, stable mass flow rates of both
the product-sized particles, off-spec particles, as well
as the total mass flow rates in and out of the drum
granulator are observed.

Relatively high values of crusher gap spacings
(Lcrush > 1.2 mm) produce larger particles at the out-
let of granulator, that therefore results in the higher
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Figure 10: d50 of the granulator influent/effluent as a
response to a step-by-step change of the
crusher gap (Lcrush = 1.1 → 1.0 → 0.9 →
0.8 mm).
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Figure 11: Sustained oscillations at Lcrush = 0.8 mm
versus at Lcrush = 0.7 mm.
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At smaller crusher gaps, granulator receives 
large amount of small particles

Large amount of particles have a 
large total surface area

Particle growth rate decreases

Over-sized particle flow rate 
decreases

The recycle flow rate starts to decrease

Total surface area of 
particles drops

Particle growth rate increases

Recycle flow rate increases

Figure 12: Explanation of the oscillations.

mass flow rate of the over-sized particles leaving the
screens. As shown in Figure 6, at crusher gap spacing
larger than 1.2 mm, the flow rate of over-sized parti-
cles are larger than the product-sized particles. This
case is not desirable in industrial granulation plants
since less of product is produced. However, over-sized
particle flow contributes to the total recycle flow that
acts as a seed to the granulator, and hence a larger
over-sized fraction maintain the high flow rate of the
influent to the drum granulator. Note that separation
efficiency Keff of lower and upper screens are set to
∼ 45% that lead to the appearance of the under-sized
particles at Lcrush ≤ 1.2 mm. The screen efficiency of
∼ 45% is applied in simulations to achieve higher ac-
curacy of the mathematical model with the real plant
operation. In the plant, performance of the screens are
not ideal, i.e., the under-sized-particles may remain on
the upper screen with the over-sized particles and, vice
versa, larger particles (e.g., product-sized) may occur
in the under-sized fraction. As expected, the smaller
the crusher gap is, the smaller is the recycle feed, and
the flow of the effluent from the granulator (Figure 7).
At smaller crusher gaps, more of the product is pro-
duced, and thus, more of particles are collected and
taken out from the drum granulation loop.

A decrease in the crusher gap spacing from 1.1 mm
to 1.0 mm introduces some damped oscillations in the

process (Figure 8, 9 and 10 at simulation time t / 10
h). At the latter crusher gap spacing, more of fine
particles are produced, as a result of which the mass
flow rate of under-sized particles increases (Figure 9),
and d50 in the recycle feed starts to fluctuate (Fig-
ure 10). Consequently, d50 of the effluent from the
granulator also starts to fluctuate. These fluctuations
are not sustained (see simulation time t / 10 h) and
quickly the system reaches stable steady state. As the
crusher gap is reduced, more of the under-sized par-
ticles are formed, and the amplitude of fluctuations
increases. Damped oscillations are observed at 0.9 mm
crusher gap when the granulation loop produces simi-
lar amount of product as the under-sized particles (see
simulation time t ≈ 18 h). These damped oscillations
are seen both in the mass flow rates, as well as in the
d50 of the granulator influent and effluent. A further
step change of Lcrush to 0.8 mm gives a rise in the am-
plitude of the oscillations, and consequently, sustained
oscillations are observed (see simulation time t ' 58
h).

Interestingly, the period of oscillations changes as
crusher gap is changed. In Figure 11, a close look at
sustained oscillations for 0.8 mm and 0.7 mm crusher
is shown. The period of the sustained oscillations is
larger in the case of 0.7 mm crusher gap compared to
the case of 0.8 mm crusher gap. Periodic oscillations in
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Figure 13: Zoomed oscillations in the process variables.

the granulation loop process can be explained by the
recycle stream that is fed back to the granulator. Or,
more precisely, with the large amount of fine (under-
sized) particles that constitute to a large total surface
area of particles in the granulator (Figure 12). For
illustration, consider the following numerical example.
Assume that there is one particle (sphere) with radius
of r1 = 1 mm. This particle will have a volume V1 and
a surface area A1 as follows:

V1 =
4

3
πr3

1 = 4.1888e− 09 (22)

A1 = 4πr2
1 = 1.2566e− 05. (23)

Next, assume that this single particle is crushed into
smaller particles of radius r2 = 1

2r1. The volume V2

and area A2 of one such smaller particle is

V2 =
4

3
πr3

2 = 5.2360e− 10 =
1

8
V1 (24)

A2 = 4πr2
2 = 3.1416e− 06 =

1

4
A1. (25)

Therefore, for the same volume as the single large par-
ticle there will be 8 smaller particles. These 8 smaller
particles will have the double surface area compared to
the single particle, since 8

4A1 = 2A1

When Lcrush ≤ 0.9 mm, the crusher produces a rel-
atively large amount of crushed fine particles. These
fine particles are then combined with the under-sized
particles to form the recycle feed. Thus, the recycle
feed contains a large amount of fine particles that have

a large surface area. The recycle feed containing large
amount of fines is then fed back to the rotary drum.
Inside the drum, for the large amount of fine particles
with large surface area, the particle growth rate reduces
(for a constant supply of the slurry) and the amount
of over-sized particle fraction rapidly drops. On the
other hand, this rapid drop in the mass flow rate of
the over-sized particle fraction leads to a decrease in
the total flow rate of the recycle feed (product-sized
flow rate, which is not fed back, increases). Due to a
lower flow rate of the recycle feed, the drum granulator
receives less amount of fine particles per unit time, and
consequently, the particle growth rate increases again.
This increased particle growth rate results in the be-
ginning of the new cycle of the periodic behavior. In
Figure 13, a zoomed region of oscillations is shown. An
increase in the under-sized mass flow rate results in a
decrease in the growth rate of particles. The decrease
in particle rate, in turn, results in the decrease of the
over-sized mass flow rate. As a consequence the recycle
feed decreases.

4.4 Effect of slurry feed on granulation
loop stability

As discussed in Section 4.3, the high total surface area
of large amount of fine particles limits the growth rate
of particles. Consequently, particles do not grow suffi-
ciently fast to form large particles. Thus, by increasing
the slurry feed, the process might become more stable.
To illustrate this, simulations are also performed with
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Figure 14: d50 as a response to the step-by step change
of Lcrush with ṁslurry = 500 kg/h.

the increased slurry flow rate.

Simulation results show that an increase in the mass
flow rate of slurry improve the stability of the process
(Figure 14 and 15). Periodic oscillations with the in-
creased slurry flow rate appear at smaller crusher gap
compared to the simulation results with the original
value of the slurry flow rate. When the slurry feed ṁsl

is increased to 500 kg/h (Figure 14), significantly less
oscillations (more damped oscillations) are observed at
Lcrush ≤ 0.8 mm compared to the original case with
ṁsl = 100kg/h (Figure 10).

Simulations with ṁsl = 1000 kg/h (Figure 15) show
even more stable process having only a few fluctuations
even at very small crusher gaps of 0.5 mm. Typically,
for granulation plants, it is important to maintain a
constant solid-to-liquid ratio. The constant solid-to-
liquid ratio assures product quality requirements, e.g.,
moisture content, dustiness, flow-ability, etc., and thus,
slurry feed is usually kept constant and is not changed
during the operation. In addition, increased slurry feed
may result in over-wetting of the particles, i.e., parti-
cles will not stick together and will not grow. Conse-
quently, for stable granulation loop operation, at least
the crusher gap spacing should be monitored system-
atically.

5 Conclusions

A dynamic model for rotary drum granulation loop is
presented in this paper. For the analysis of dynamic
behavior, a mass based population balance equation

using particle diameter as the internal coordinate and
granulator length as the external coordinate is devel-
oped. The drum granulation loop model is able to cap-
ture two granulation mechanisms: particle growth due
to layering and particle size change due to binary ag-
glomeration. Simulation results of a granulation loop
having a 3-compartment rotary drum model show that
the crusher gap spacing has a significant influence on
the overall stability of the granulation loop. At larger
crusher gap spacings, a stable granulation process is
observed. However, as the crusher gap spacing is re-
duced, the granulation loop starts to show oscillatory
behavior, and at a certain reduced crusher gap spacing,
sustained periodic oscillations occur. The reason of the
occurring oscillations is the off-spec particle flow that
is recycled to the granulator and acts as nuclei for the
new granule generation. At smaller crusher gap spac-
ings, the granulator receives large amount of fines with
the recycle feed. In the granulator, large amount of
fines have a large total particle surface that slows down
the particle growth. Thus, the growth rate and d50 of
particles decreases. On the other hand, slower growth
rate contributes to the rapid drop in the production
of coarse (over-sized) particles, that in turn, reduce
the total recycle feed to the granulator. As a result,
the granulator receives smaller amount of fine particles
that now have smaller particle total surface area. Thus,
the growth rate and d50 of particles again increases
and gives the start of the new cycle of periodic oscilla-
tions. To illustrate the effect of deficiency of slurry feed
on the total granulation loop stability, simulations are
also performed with the increased slurry feed. These
simulation results show that increased slurry feed has
a positive effect on overall stability of the loop. The
higher the flow rate of slurry is, the less oscillations oc-
cur. However, the increased slurry feed may result in
over-wetting of the particles, and as a result the parti-
cles will not stick to each other (agglomerate). There-
fore, crusher gap and slurry feed influence the stability
of the granulation loop, and both should be properly
controlled during granulation loop operation. The de-
veloped dynamic granulation loop model in this study
can be further used to develop control strategies for
granulation loops applicable to different configurations
of such loops.
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Abstract: The operation of granulation plants on an industrial scale is challenging. Periodic instability
associated with the operation of the granulation loop causes the particle size distribution of the
particles flowing out from the granulator to oscillate, thus making it difficult to maintain the desired
product quality. To address this problem, two control strategies are proposed in this paper, including a
novel approach, where product-sized particles are recycled back to maintain a stable granulation
loop process. A dynamic model of the process that is based on a population balance equation is
used to represent the process dynamics. Both of the control strategies utilize a double-loop control
structure that is suitable for highly oscillatory systems. The simulation results show that both control
strategies, including the novel approach, are able to remove the oscillating behaviour and stabilize
the granulation plant loop.

Keywords: automatic control; oscillatory behaviour; dynamic simulation; granulation; population balance;
PID controller

1. Introduction

Granulation is a particle enlargement process during which fine particles and/or atomizable
liquids are converted into granules via a series of complex physical processes [1]. Granulation processes
are used in a wide range of industrial applications, including the fertilizer industry.
Fertilizer manufacturing using the granulation process has received considerable research interest
during the last few decades, due to (i) the increasing requirements for efficient production of high
quality fertilizers for increased food production in a growing global population and (ii) difficult process
control and operation, e.g., among others [2–6], have focused their research on granulation processes.

This paper is focused on the last part of NPK (Nitrogen, Phosphorus, Potassium) fertilizer
production. A granulation loop is used in order to produce different grades, i.e., various N:P:K ratios,
of fertilizers. The NPK fertilizer is a high value type of fertilizer containing the three main elements
that are essential for crop nutrition. Various NPK grades are specifically developed for different
crops growing in different climates and soils [7]. The granulation loop that was studied in this paper
consists of a rotary drum granulator, a granule classifier (screens), and a roll crusher. Figure 1 shows a
typical schematic of a granulation process with a recycle loop. Rotary drums, as granulation units,
are frequently used in fertilizer industries due to the ability of rotary drums to handle large amounts
of material.

During the granulation process, a slurry of liquid ammonium nitrate and partly dissolved minerals
is solidified to form granules. Granules that are too small (under-sized particles) are recycled to the
granulation unit and granules that are too large (over-sized particles) are first crushed and then recycled
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back to the granulator. The recycle feed is an integral part of the granulation process. The recycle feed
flow rate, as well as its particle size distribution (PSD), are important for proper process operation.
The recycle of off-spec (under-sized and crushed over-sized) particles is needed in order to seed the
granulator. Another reason to recycle the feed is to follow the regulations: the off-spec granules cannot
be considered as a waste material, and must be recycled from an environmental and economic point of
view [7].

Granulator: 

spherodizer or 

drum granulator

Slurry feed

R
e

c
yc

le
 f

e
e
d

 Crushed oversized and undersized particles

Screen 1

Screen 2

Product is collected

Roll 

crusher

Oversized particles

Product-sized 

particles

Undersized particles
Crushed oversized

 particles

Elevator

Figure 1. Schematic diagram of a rotary drum granulation loop [7].

For some granulation processes, drum processes are operated below design capacity and the
amount of the recycled material is large. A typical recycle ratio in granulation plants is 4:1. This indicates
a high ratio between off-spec and on-spec particles. Moreover, granulation loops may show oscillatory
behavior for certain operating points. Characteristic oscillatory behavior that is faced in a granulation
process industry is shown in Figure 2. In Figure 2, the PSD is represented while using the particle
median diameter d50 (diameter that corresponds to the intercept for 50% of cumulative mass).

Figure 2. Oscillatory behavior of d50 in an industrial granulation loop plant.

The observed instability (oscillatory behavior) is linked to the entire granulation loop, since the
granulator receives a fluctuating recycled stream as input. This leads to additional challenges in the
fertilizer production industry. The need to guarantee that the product complies with the specifications
motivates the use of process control systems in the operation of the granulation loop. Thus, it is
essential to design a proper control strategy that enables the production and increase the efficiency of
the granulation loop.

Granulation processes have been ubiquitous in the industry for many years with significant
research being undertaken to gain further insight into designing a control strategy for improved plant
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operation. Oscillatory behavior in granulation loops are reported in [8–10]; the authors have analyzed
granulation loop dynamics for fluidized bed spray granulators with internal and external classification.
Drum granulation processes were extensively studied at University of Queensland, Brisbane, Australia.
Some of their published contributions include [5,11,12]. These works focused on the dynamics and
control of the drum granulator itself, not on the entire granulation loop. The control of the granulation
loop using model-based design is reported in [8,13,14], while studies on the stabilization of granulation
loops using H∞-theory and discrepancy-based control are presented in [15–17].

The main objective of this study is to design the control structure to stabilize the granulation
loop process, i.e., to propose possible control structures that would reduce or remove the oscillatory
behaviour and possibly make granulation loops more steady to operate. To achieve this objective,
a feedback control structure using double loop PID controllers reported in [18,19] is applied. In addition,
a novel approach where product-sized particles are recycled back to maintain a stable granulation loop
process is presented.

The paper is organized, as follows: in Section 2, a mathematical model of a granulation loop,
including models of a rotary drum, screens, and a crusher, is given. In Section 3, the system
dynamics of the granulation loop process are studied. Two control strategies to suppress the oscillating
behavior of the process are proposed in Section 4. In Section 5, the double-loop control structure
for composition controller is discussed. Closed loop simulation results and discussions are given in
Section 6, while conclusions are drawn in Section 7.

2. Granulation Loop Model

2.1. Rotary Drum

In this study, a rotary drum was modeled using population balance principles. The developed
models are two-dimensional (2D) models that are discretized in terms of its internal coordinate (particle
diameter) and external coordinate (axial length of the granulator). A mass based population balance
equation (PBE) was used, since in an industrial application, it is relatively easier to work with mass
based PBEs than number based PBEs. The general form of a mass based PBE with particle diameter (d)
as the internal coordinate, spatial variation (z) as the external coordinate and time (t) is represented as

∂m(d, z, t)
∂t

= −d3 ∂

∂d

[
G

m (d, z, t)
d3

]
+ B (d, z, t)− D (d, z, t)− ∂

∂z
[v ·m (d, z, t)] , (1)

where m(d, z, t) is the mass density function, d is the particle diameter, G is the particle growth rate,
B is the particle birth rate, D is the particle death rate, and v is the velocity of the particles in the
granulator [20]. The first term on the right hand side represents the particle growth due to layering,
the second and third terms stand for particle birth and death, respectively, due to agglomeration, and
the last term represents a continuous process and it gives the flow of particles through the granulator.
In this study, the particle velocity is the same for all particle sizes (particle size classes). Equation (1) is
derived by assuming that all of the particles are ideal spheres with a constant solid density.

In this study, the rotary drum model is based on the one-dimensional (1-D) model that was
reported in [21]. However, in this study, a 2-D model reported in [7] is used in simulations. The
extension of the 1-D model to the 2-D model is performed by including the spatial variations in
property through the axial direction of the granulator. For this, the length of the granulator Lg is
divided into equally sized sections (compartments). Detailed formulations for a three-compartment
granulator model is given in [7].

Particle growth G due to layering was modeled while using a size-independent linear growth
model reported in [22,23] and used in [7,21]. The layering term was then discretized using a finite
volume scheme that was extended by a Koren flux limiter function [24]. Particle agglomeration (B and
D) was modeled using Hulburt and Katz’ formulation [25], as given in [7,21]. The discretization of the
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agglomeration term was then performed by applying one of the sectional schemes—the cell average
scheme reported in [26,27].

2.2. Screens

The mass flow rates out from the screens are described while using probability function Υupp and
Υlow from [28]. The mass flow rates from the screen are then calculated as

ṁoγo = Υuppṁeγe, (2)

ṁuγu =
(
1− Υupp

)
(1− Υlow) ṁeγe, (3)

ṁpγp =
(
1− Υupp

)
Υlowṁeγe. (4)

Here, ṁo, ṁu, ṁp are the mass flow rates of over-sized, under-sized, and product-sized
particles, respectively. The corresponding distribution functions of the over-sized,
under-sized, and product-sized particles are denoted with γo, γu, and γp, respectively. The screening
probability functions Υupp and Υlow defined by [28] and also given in [29] are calculated while using
Equations (5) and (6)

Υupp, low =
1

1 +
( dscreen, upp, low

d

)2
exp k

(5)

and

k =

Keff, upp, low

1−
(

d
dscreen, upp, low

)2
 , (6)

where dscreen is the mesh size of the screen (sieve diameter), d is the particle diameter, and Keff is the
screen separation efficiency.

2.3. Crusher

A mathematical model of the crusher is the distribution function (Equation (7)) that re-distributes
the total over-sized mass flow (ṁoγo). Thus, over-sized particles with γo distribution flowing into
the crusher, leave the crusher with the γcrush distribution. Having a crusher gap spacing and a
standard deviation as the design choices, the crusher distribution function is defined as a Gaussian
distribution, as

γcrush =
1√

2πσ2
crush

exp

(
− (d− dcrush)

2

2σ2
crush

)
. (7)

Here, σcrush is the standard deviation and dcrush is the crusher diameter, which is the mean size of
the crushed particle distribution. The total over-sized particle flow rate is then calculated as

ṁcrushγcrush =
(
∑ ṁoγo

)
· γcrush. (8)

The mass flow rate that is recycled back to the granulator, i.e., the mass flow of the off-spec
particles, is given as

ṁiγi = ṁcrushγcrush + ṁuγu. (9)

An elevator that is used to transfer under-sized particles, together with the crushed over-sized
particles to the recycle belt, is modeled as a transport delay.
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3. System Dynamics

3.1. Simulation Setup

For studying the system dynamics, particles are classified into 80 size classes and the drum length
is divided into three equally sized compartments. The PDE given by Equation (1) is transformed into
a set of 240 ODEs by applying the Koren flux limiter scheme [24] for the layering term discretization
and the cell average scheme [26,27] for the agglomeration term discretization. Obtained ODEs are then
solved using a fourth order Runge–Kutta method with fixed time step. The simulations are performed
using MATLAB and Simulink [30]. The parameters used to simulate the granulation loop process are
listed in Table 1.

Table 1. Simulation parameters.

Parameter Value

Range of d [mm] 0–8
Number of particle classes 80
Grid type linear
Length of granulator [m] 10
Number of compartments 3
ρ [kg·m−3] 1300
β0 [s−1] 1.0× 10−13

ṁsl,i [kg·h−1] 1000
dscreen, upp [mm] 3.3
dscreen, low [mm] 1.9
Keff, upp 45
Keff, low 45
dcrush [mm] 2.0–1.3
σcrush 0.25
TR [s] 600
Transport delay [s] 600
Time step for RK4 [s] 20

The initialization of the mass distribution function inside the granulator is performed using a
Gaussian normal distribution function given by Equation (7). For a comparison of simulation results,
the evolution of the average size of the particles is represented by their d50 diameter.

3.2. Effect of Crusher Gap Parameters on Process Dynamics

During granulation, the particles are growing inside the drum granulator, and as a result, the
average diameter d50 of the particles leaving the granulator (effluent) is larger compared to the d50 of
the particles that are sent to the granulator with the recycle feed (influent). In Figures 3–5, a step-by-step
change of the crusher gap spacing (dcrush) is given to the system.

At larger crusher gap spacings, a stable granulation process is observed (dcrush ≥ 2 mm in
Figure 3). However, as the crusher gap spacing is reduced (dcrush < 2 mm in Figures 4 and 5),
the granulation loop starts to show oscillatory behavior and, at a certain reduced crusher gap spacing
(dcrush = 1.3 mm), sustained periodic oscillations occur. Oscillations occur not only in the product
quality, i.e., d50, but also in the product-sized, off-spec, and total mass flow rates (Figures 4–6). Thus,
the dynamic behavior of the granulation loop is inevitably connected with the crusher parameter,
i.e., with the crusher gap spacing.

The probable reason for the occurrence of oscillations is the off-spec (over-sized and under-sized)
particle flow that is recycled to the granulator and acts as nuclei for the new granule generation.
At smaller crusher gap spacings, the granulator receives a large amount of fines with the recycle feed.
In the granulator, a large amount of fines has a large total particle surface area that slows down the
particle growth. Thus, the growth rate and d50 of particles decreases. On the other hand, slower growth
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rate contributes to the rapid drop in the production of coarse (over-sized) particles, which, in turn,
reduces the total recycle feed to the granulator. As a result, the granulator receives smaller amounts of
fine particles that now have lower total surface area. Thus, the growth rate and d50 of particles again
increases and gives the start of the new cycle of oscillations [7].

40 80 120 160

2

3

4

40 80 120 160

2

2.5

3

Figure 3. d50 of the influent/effluent as a response to the step-by-step change of the crusher gap
dcrush = 3.0→ 2.7→ 2.4→ 2.1→ 2.0 mm.

40 80 120 160
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2.5

3

3.5

40 80 120 160

1.3

1.5

1.7

1.9

2.1

Figure 4. d50 of the influent/effluent as a response to the step-by-step change of the crusher gap
dcrush = 2.0→ 1.7→ 1.5→ 1.3 mm.
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Figure 5. Total mass flow rates of the influent/effluent as a response to the step-by-step change of the
crusher gap dcrush = 2.0→ 1.7→ 1.5→ 1.3 mm.
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Figure 6. Mass flow rates of over-sized, product-sized and under-sized particles as a response to the
step-by-step change of the crusher gap dcrush = 2.0→ 1.7→ 1.5→ 1.3 mm.

3.3. Recycle of Product-Sized Particles

In these open loop simulation, some of the product-sized particle flow was recycled back to the
granulator. In particular, some fraction of the product-sized particle flow was sent to the recycle belt
and then added to the off-spec (crushed over-sized and under-sized) particle flows.

In Figure 7, after obtaining the sustained oscillations, 20 % of the product-sized particle flow is
recycled. As a result, a stable operation of the process was obtained (Figure 7). A stable operation
is achieved, since the PSD distribution, measured as particle d50, becomes more narrow when some
fraction of product-sized particles are combined with the off-spec particles and the recycle stream
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contains less (proportion wise) under-sized particles. One of the aims of the paper is to exploit this
particular dynamic behaviour of the process in order to design a control structure for stabilizing the
granulation plant.

100 150 200

1.5

2

2.5

3

100 150 200

0

0.1

0.2

0.3

Figure 7. d50 of the influent/effluent as a response to the step change of the product-sized particle flow:
between 92 < t < 165 20% of the particle-sized flow rate was recycled.

4. Control Strategies

4.1. Background

The main goal of controlling the granulation plant is to stabilize the process operation by reducing
or removing the oscillatory behaviour that occurs in the product quality (PSD) and quantity (mass
flow rates), as stated in Section 1. In this paper, two control strategies (CS) are designed. In both
CSs, the controlled variable is the granule PSD distribution, as measured by d50, coming from the
rotary drum (effluent from the granulator). The choice of manipulatable variable depends on the plant
configuration. In some industrial-scale rotary drum granulation loop plants, the crusher gap spacing
can be easily manipulated by operators from the control room. In other rotary drum granulation
loop plants, the crusher gap spacing can only be changed manually by operators on the plant itself,
and, thus, the crusher gap spacing can not be chosen as manipulatable variable. A novelty of this
paper is to show that product-to-recycle ratio can also be used as a manipulated variable in order to
stabilize the granulation plant.

4.2. Control Strategy 1

The first control strategy (CS1) is based on the open loop simulations that are given in Section 3.2
and can be applied in the granulation plants where crusher gap spacings can be controlled by operators
from the control room. In this control strategy, the controlled variable is the PSD distribution, as
measured by d50, of the granules coming from the rotary drum before the granules are sieved. The
manipulatable variable is the crusher gap spacing. Figure 8 shows the schematic diagram of the
proposed CS1.
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Granulator Sieves

Oversized particles

Recycle belt

Undersized
 particles

CT CC

Product

Product belt

slurry

Crusher

Set Point

Figure 8. Schematic diagram of CS1. CT—composition (d50) transmitter; CC—composition (d50) controller.

4.3. Control Strategy 2

In the second control strategy (CS2), the control of the granulation loop is performed by recycling
some of the product-sized granules. Figure 9 shows the schematic diagram of the proposed CS2.
Similarly to CS1, the controlled variable is the granule PSD distribution, as measured by d50, on the
elevator coming from the rotary drum before the granules are sieved. However, here, unlike CS1,
the manipulatable variable is the three-way valve opening α in Figure 9. When the valve is closed
(α = 0), none of the product-sized particles are recycled; when the valve is opened (0 < α ≤ 1)—some
fraction of the product-sized particle mass flow rate is added to the recycle stream, i.e., mixed with the
crushed over-sized and under-sized particle mass flow rates.

Granulator Sieves

Oversized particles

Recycle belt

Undersized

 particles

CT

Granulator Sieves

CC

Product

Product beltProduct belt

slurry

Set Point

Crusher

Figure 9. Schematic diagram of CS2. CT—composition (d50) transmitter; CC—composition (d50)
controller; α—valve opening.
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5. Double-Loop Control Structure for CC Controllers

The proportional-integral-derivative (PID) controller is still the most used control algorithm in the
industry, due to its simple structure and easiness in operation. In this paper, the CC – composition (d50)
controllers for both control strategies 1 and 2 are designed as a double-loop control structure [18,19]
for oscillatory systems.

The main idea of the control structure is to convert a given underdamped (oscillatory) system
to an overdamped system while using a proportional controller (Pdc(s)) and then use an outer PI
controller (Pc(s)) to this overdamped system to track the specified reference point. Figure 10 illustrates
the double-loop control structure.

Oscillatory 

Process

P(s)+ -

yur

+ -

Outer controller

(PI controller)

Pc(s)

Inner controller  

(P controller)

Pdc(s)

Figure 10. The proposed double-loop control algorithm. u—control signal, y—controlled variable,
r—reference point [18].

The granulation plant can be represented as an oscillatory process (a 2nd order plus time delay
process) having a transfer function

P(s) =
Kpe−τs

1 + 2ζs
ω0

+
(

s
ω0

)2 , (10)

where P(s) is the transfer function of the underdamped (oscillatory) process, Kp is the process gain, τ

is the process time delay, ω0 is the natural frequency, and ζ is the damping factor. Process parameters,
Kp, τ, ζ and ω0 were found using a simulated step-response of the granulation plant at a stable
operating range.

5.1. Inner Controller

The first step in applying the double-loop control structure is to design the inner controller, which
is a damping controller (Pdc(s) in Figure 10). In our case, a P-controller to change an underdamped
system to an overdamped system. The process parameters of the overdamped system can be found
while using the combined transfer function from u to y in Figure 10, i.e.,

Po(s) =
P(s)

1 + P(s) · Pdc(s)
, (11)

where Po(s) is the transfer function of the overdamped system and Pdc(s) = Ki
c is the

damping controller.
By approximating the time delay with exp(−τs) ≈ 1− τs and specifying the inner loop damping

factor ζi > 1, the required P-controller gain Ki
c is,

Ki
c = 2 ·

(
ζ2

i + ζτω0
)
±
√(

ζ2
i + ζτω0

)2
+ τ2ω2

0
(
ζ2

i − ζ2
)

τ2w2
0Kp

. (12)
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Here, ζi can be viewed as a design variable that should be selected appropriately. In this study,
ζi = 1.5 was used. The resulting inner loop natural frequency is

ωi = ω0

√
1 + Ki

cKp. (13)

5.2. Outer Controller

A simple PI controller was used as the outer controller. Tuning of the PI-controller was performed
while using the SIMC tuning rules for PID controllers [31]. It is possible to directly apply SIMC
tuning rules for our second order system. However, it is easier to work with a first order system.
Thus, in this paper, the 2nd order overdamped system Po(s) was changed to a 1st order system using
Skogestad’s half rule reported in [31]. According to the half rule, the 2nd order overdamped system
was approximated as a 1st order system plus time delay as

Po(s) ≈
Ki

p(1− τeffs)
(Teffs + 1)

, (14)

where the effective time delay τeff and the effective speed of the response Teff were calculated while
using expressions summarized in Table 2.

Table 2. Expressions used to find the controller parameters.

Parameter Expression

τeff τ + 0.5T2
Teff T1 + 0.5T2

T1
ζi+
√

ζ2
i −1

ωi

T2
ζi−
√

ζ2
i −1

ωi

Kc
Teff

Ki
p(Tc+τeff)

Ti min(Teff, 4(Tc + τeff))

Ki
p

Kp

1+Ki
cKp

Tc −τeff < Tc < ∞

Tuning of the PI-controller, i.e., finding controller parameters Kc and Ti in Equation (15), was then
performed using SIMC PI tuning rule for the 1st order plus time delay system. The PI controller
equation in frequency domain is

Pc(s) = Kc

(
1 +

1
Tis

)
, (15)

where Kc is the proportional gain of the PI controller and Ti is the integral time constant of the PI
controller that were calculated while using expressions summarized in Table 2.

6. Simulation Results and Discussion

6.1. Control Strategy 1

In this case, the crusher gap spacing is chosen as manipulatable variable and d50 of the particles
leaving the granulator as the controlled variable. The double-loop controller was turned on when the
sustained oscillations in the controlled variable were observed. The controller was again turned off,
as the stability in the controlled variable was achieved. Figure 11 shows the simulation results when
the controller was turned on at the maximum point of the cycle, while in Figure 12, the controller was
turned on at the minimum point of the cycle.
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Figure 11. Simulation of CS1: manipulatable variable—crusher gap, controlled variable—d50 of the
effluent. Controller is turned on at the maximum point of the cycle at t = 13 h and turned off at
t = 46 h.
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Figure 12. Simulation of CS1: manipulatable variable—crusher gap, controlled variable—d50 of the
effluent. Controller is turned on at the minimum point of the cycle at t = 11 h and turned off at t = 47 h.

Both of the simulation scenarios showed similar results: after the controller was turned on, a
steady state value (the set point) was reached after around 6 h in both simulation scenarios. For these
two cases, identical controller parameters were used. The simulation results show that the control
structure was able to eliminate the oscillatory behaviour. This resulted in a stable PSD, d50 of the
effluent and mass flow rates of both the product-sized and off-spec particles. Overall, the total mass
flow rates in and out of the granulator was stabilized (Figure 13).
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Figure 13. Simulation of CS1: stabilization of granulation loop process. Controller is turned on at the
maximum point of the cycle at t = 13 h and turned off at t = 46 h.

6.2. Control Strategy 2

Here, the closed loop simulations were performed using Control Strategy 2 (CS2), as described in
Section 4.3 and illustrated in Figure 9. The stabilization of the granulation loop (stabilization of the
oscillatory behaviour) is achieved by controlling the PSD of particles leaving the granulator. This is
achieved by recycling some of the product-size particles back to the granulator, i.e., by adding some
of the product to the recycle feed by adjusting the valve opening. Thus, the controlled variable is the
d50 of the particles leaving the granulator and the manipulatable variable is the valve opening that
controls the recycled product flow.

In Figures 14 and 15 , the controller was turned on when the granulation plant exhibited
sustained oscillations, i.e., at t = 20 h with dcrush = 1.3 mm. The oscillations were quickly damped
when the controller was turned on and the controller was able to track the d50 to its desired set point.
A stable (non-oscillating) PSD of the effluent (and hence a stable d50 of the effluent) was obtained
(Figure 14). In addition, a stable flow rate of the product-sized, over-sized, and under-sized particles
was also obtained (Figure 15). As expected, when the controller was turned off (at t = 60 h), the
sustained oscillations reappeared. A similar stabilization of d50 of the effluent, and in the mass flow
rates can be also obtained for the smaller crusher gap spacings, i.e., when dcrush < 1.3 mm. In the
case when dcrush < 1.3 mm, the controller should be re-tuned. Thus, it is possible to stabilize the
oscillatory behaviour by recycling some of the product-sized particles (control input signal in Figure 14).
Even though some of the product is recycled, it is still economically favorable: unstable operation can
lead to an increase in operational expenses due to occurances of peaks in recycled mass flow rates
(both total and product mass flow rates). This, in turn, results in higher energy consumption, i.e., cost.
In addition, unpredictable operation also increases safety concerns and may increase maintenance
costs in industrial scale plants.
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Figure 14. Simulation of CS2: manipulatable variable—valve opening, controlled variable—d50 of the
effluent. Controller is turned on at t = 20 h and turned off at t = 60 h.
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Figure 15. Simulation of CS2: mass flow rates. Controller is turned on at the minimum point of the
cycle at t = 20 h and turned off at t = 60 h.

For further understanding of the controller behavior, the controller was turned on at different
points of the sustained oscillating behaviour, at the minimum and the maximum points of the cycle.
In Figure 14, the controller was turned on at the minimum point of the cycle, while, in Figure 16 at
the maximum point of the cycle. Comparison of the controller behaviours for these two cases showed
that the steady state value after the controller is turned on can be reached faster if the controller is
turned on at the maximum point of the cycle. It took around 7 h to reach steady state value when the
controller was turned on at the minimum point (Figure 14) of the cycle, while it took around 6 h when
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the controller was turned on the maximum point of the cycle (Figure 16). In both these cases, identical
controller parameters were used for fair comparison.
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Figure 16. Simulation of CS2: Controller is turned on at the maximum point of the cycle at t = 10 h
and turned off at t = 44 h.

7. Conclusions

The dynamic model that was developed for the rotary drum granulation loop used in fertilizer
production is able to capture the main dynamics of the granulation process. Through dynamic
simulations, the model was found to reproduce unstable operation typically seen in granulation loops.
In particular, the model is able to reproduce oscillating behaviour in the particle size distribution. Two
feedback control strategies are designed in order to suppress the oscillations and remove the oscillating
behaviour. One possible and novel implementation is to recycle the product-sized particles in order to
obtain a desired PSD distribution, as measured by d50, of the granules leaving the granulator. This
novel control strategy is particularly useful in these granulation plants where the crusher gap spacing
cannot be directly manipulated. Another possibility is to control the PSD of the granules leaving the
granulator by manipulating the crusher gap spacing. If a plant configuration allows for choosing
between these two control strategies, i.e., if it is possible to manipulate the crusher gap spacing from
the control room, then the CS1 seems a better choice for obtaining stability in operation, since the
stability in the produced d50 is obtained faster with the CS1 than with CS2. Both control strategies
utilize a double-loop structure consisting of P and PI controllers, which are widely accepted and used
in process industries.
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Granulation is a particle enlargement process during which fine particles or atomizable liquids are converted
into granules via a series of complex granulation mechanisms. In this paper, two feedback control strategies are
implemented to make granulation loop processes more steady to operate, i.e., to suppress oscillatory behavior
in the produced granule sizes. In the first control strategy, a classical proportional-integral (PI) controller
is used, while in the second, a double-loop control strategy is used to control the median diameter of the
granules leaving the granulator. The simulation results showed that using the proposed control design for the
granulation loop can eliminate the oscillatory behaviour in the produced granule median diameter and make
granulation loop processes more steady to operate. A comparison between the two proposed control strategies
showed that it is preferable to use the double-loop control strategy.
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1 Introduction
Granulation is a particle design technique during
which fine particles are converted into larger parti-
cles called granules. As a result of granulation pro-
cess, granules with the desired properties are pro-
duced. The desired granule properties depend on
the product quality requirements. Some of the com-
mon granule properties of interest are particle size,
moisture content, porosity, compressibility and etc.
Granule formation and their properties also depends
on granulation mechanisms. According to Iveson et
al. [8], there are three main granulation mechanisms:
(i) particle nucleation that is the initial stage of par-
ticle formation, (ii) particle growth that can occur
due to various mechanisms such as particle layer-
ing and and particle agglomeration, and (iii) parti-
cle breakage, e.g., particle surface attrition due to
particle collision [8, 3]. This paper is focused on
the granulation process used in fertilizer industry.
A rotary drum granulator is used to produce parti-
cles with the desired particle properties. Here, the
particle property of interest is the particle size dis-
tribution (PSD). Granule growth inside the drum
granulator is assumed due to (i) particle layering,
and (ii) binary particle agglomeration as shown in
Figure 1. Here, particle layering is considered as a
continuous process during which particle growth oc-
curs by successive coating of the slurry onto a par-
ticle. Binary particle agglomeration is considered as
a process that occurs due to successful collision of
two particles, resulting in the formation of a larger,
composite particle [8, 12, 31, 30].

In fertilizer industry, there are operational chal-
lenges in the granulation processes that are of in-
terest in terms of process control view. Control of
granulation processes is needed since (i) granulation
processes are operated below design capacity, and
(ii) oscillatory behavior may occur in the produced
granule size and in the granule flow rates. This pa-
per focuses on damping and elimination of oscillatory
behavior seen on granulation loop plants.

Oscillatory behavior is observed on different, with
regard to the granulator type, granulation loop
plants. For example, studies on oscillatory behaviour

Figure 1
Particle growth due to particle layering and particle
agglomeration inside the drum granulator [31].

seen in fluidized bed granulators are given in [17, 23].
Numerous studies are focused on control of fluidized
bed granulators, including [1, 2, 4, 19, 20, 21]. The
recent studies regarding stabilization of the contin-
uous granulation loop process in the fluidized bed
are reported in [17, 18]. Similarly to fluidized bed
granulators, granulation loop processes using drum
granulators also show oscillatory behavior of particle
sizes and particle flow rates [29, 30]. Studies regard-
ing the control of the granulation processes where
the rotary drums are used as the granulators are
given in [5, 24, 29, 33, 32].

A mathematical model of the granulation pro-
cess is needed to study the possibilities for elimi-
nating the oscillatory behaviour seen on industrial
scale granulation loop plants. There are several ap-
proaches to modeling granulation processes. Typi-
cally modeling approahes are divided into (i) black
box models also referred as empirical models that are
based on actual plant data, and (ii) grey-box mod-
els called also mechanistic models that are based on
conservation principles. Mathematical modeling of
the granulation processes for control studies is com-
monly performed using the population balance (PB)
principle [26]. In [3, 18, 23, 31, 30, 7, 25, 28, 33, 32]
mechanistic models using the PB principles are de-
veloped. Generic drum granulation models are pre-
sented in [24, 25, 28]. In this paper, a mechanistic
model using the PB principles is used to model the
granulation process.

Even though numerous research works have been
performed in studying granulation processes, the
control of the granulation loop process still remains
a challenge. The motivation of this research is to de-
sign proper control strategies to make production of
granulation loop processes more steady to operate,
i.e., to eliminate the oscillatory behavior observed in
the produced particle sizes.

This paper is the extension of our previous studies
reported in [29]. In this paper, the authors extend
the previous study [29] by comparing two feedback
control strategies with the objective to eliminate the
oscillatory behaviour in the the produced particle
sizes. Thus, the main contribution of this paper is
the comparison of the double-loop control strategy
[29] with the classical PI controller. Another con-
tribution of this paper is the analysis of the system
dynamics using a bifurcation analysis.

The paper is organized as follows: In Section 2, the
description and the model of the granulation loop are
given. Open loop simulations of the dynamic model
are performed in Section 3. The design of the control
system for the granulation loop process is given in
Section 4.1. In Section 4.2, a classical PI-controller
is applied to the granulation loop process. A descrip-
tion of a double-loop control strategy is provided in
Section 4.3. Simulation results and discussion are
given in Section 5, while conclusions are drawn in
Section 6. Descriptions of the symbols used in the
paper are listed in Appendix 1.
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Figure 2
Schematic diagram of the rotary drum granulation loop used to model granulation process in fertilizer industry [30].
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2 Granulation loop
2.1 Process description
The granulation loop with the recycling studied in
this paper is shown in Figure 2. The main granula-
tion loop units are: (i) rotary drum granulator, (ii)
double-deck screen (particle classifier), and (iii) roll
crusher. The rotary drum is used to produce solid
particles (granules) by spraying a slurry melt on re-
cycled particles. In the granulation drum, particles
grow in their sizes due to various granulation mecha-
nisms. In this paper, the particle growth is assumed
to occur due to both the particle layering and the
binary particle agglomeration [8, 12, 31, 30].

Together with the granulator, the granulation
loop also consists of a product classification step
(double-deck screens). Granules that remain lying
on the upper screen (over-sized particles) are sent to
the crusher. The crushed granules act as a seed to
the granulator, and are recycled back to the granu-
lator. Granules that pass through the upper screen
but remain lying on the lower screen are the product-
sized particles that are collected for further use.
Granules that are too small to remain lying on the
upper nor on the lower screen are the under-sized
particles that are recycled back to the granulator to-
gether with the crushed over-sized particles. Thus,
the recycle feed contains both the crushed over-sized
particles and the under-sized particles.

2.2 Mathematical model
The overall flow scheme for the drum granulation
loop is given in Figure 3 (Symbol descriptions are
given in Appendix 1). A continuous granulation
process in a rotary drum was modeled using a mass

based population balance equation (PBE). Here, the
developed models are 2-dimensional models with re-
spect to particle size and position in the granula-
tor. The resulting PBE is partial differential equa-
tion (PDE) that is discretized in terms of its internal
coordinate (particle diameter) and external coordi-
nate (axial position in the granulator). The mass

Figure 3
Simplified flow diagram of the drum granulation loop
used for modeling the granulation loop [30].

based PBE with particle diameter (d) as the inter-
nal coordinate, spatial variation (z) as the external
coordinate, and time coordinate (t) is

∂m(d,z, t)
∂t

= −d3 ∂

∂d

[
G

m(d,z, t)
d3

]
+B (d,z, t)

−D (d,z, t)− ∂

∂z
[v ·m(d,z, t)] , (1)

where m(d,z, t) is the mass density function [29, 30,
31]. Equation (1) is formed by assuming the two
granulation mechanisms, particle growth due to lay-
ering and particle agglomeration. Equation (1) is
derived from a number based PBE as in [26, 31].
Derivation of Equation (1) and mathematical expres-
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sions for the G, B, D terms in Equation (1) are re-
ported in detail in [31, 30]. Mathematical models of
the screens and the crusher (Figure 3) are given in
Table 1.

2.3 Model solution

The solution to PBEs is found by discretizing the
PDE (Equation (1)) into a system of ordinary dif-
ferential equations (ODEs). The PDEs for PBE are
discretized in terms of the internal coordinate, i.e.,
particle diameter, and also in terms of the external
coordinate, i.e., the position in the drum granulator.

The two granulation mechanisms, particle layer-
ing and particle agglomeration, require different dis-
cretization algorithms. In this paper, the layering
term in Equation (1) is discretized using a finite vol-
ume scheme extended by a Koren flux limiter func-
tion (KFL) [9, 30]. The agglomeration term in Equa-
tion (1) is discretized using a cell average scheme de-
scribed in [10, 11], and applied to a mass-based PBE
in [30, 31].

If Nc is the total number of particle size classes
(cells), the discretized PBE in terms of particle size

can be written as,

dMi

dt
= d3

[
Gm

(
t,di− 1

2

)
−Gm

(
t,di+ 1

2

)]
+d3

i [Bi−1λ−
i

(
d̄i−1

)
H
(
d̄i−1 −di−1

)
+Biλ

−
i

(
d̄i

)
H
(
di − d̄i

)
+Biλ

+
i

(
d̄i

)
H
(
d̄i −di

)
+Bi+1λ+

i

(
d̄i+1

)
H
(
di+1 − d̄i+1

)
]

−Mi

Nc∑
k=1

βik
Mk

d3
k

+ ∂

∂z
(v ·mi,z) , (2)

where

m
(

z, t,di− 1
2

)
≈ 1

∆d

{
Mi−1
di−1

+ 1
2

ϕ
(

θi− 1
2

)
×

(
Mi−1
d3

i−1
− Mi−2

d3
i−2

)}
,

(3)

m
(

z, t,di+ 1
2

)
≈ 1

∆d

{
Mi

di
+ 1

2
ϕ
(

θi+ 1
2

)
×

(
Mi

d3
i

− Mi−1
d3

i−1

)}
,

(4)

with

θi− 1
2

=
Mi

d3
i

− Mi−1
d3

i−1
+ε

Mi−1
d3

i−1
− Mi−2

d3
i−2

+ε
, (5)

Table 1
Model expressions for the screens and the crusher in Figure 3.

Model unit Model expression

Screen

ṁoγo = Υuppṁeγe

ṁuγu = (1−Υupp)(1−Υlow)ṁeγe

ṁpγp = (1−Υupp)Υlowṁeγe

Υupp, low = 1

1+
(

dscreen, upp, low
d

)2
exp(k)

k =
[
Keff, upp, low

(
1−
(

d
dscreen, upp, low

)2
)]

Crusher

γcrush = 1√
2πσ2

crush
exp

(
− (d−dcrush)2

2σ2
crush

)

ṁcrushγcrush = (
∑

ṁoγo) ·γcrush

ṁiγi = ṁcrushγcrush + ṁuγu
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and

θi+ 1
2

=

Mi+1
d3

i+1
− Mi

d3
i

+ε

Mi

d3
i

− Mi−1
d3

i−1
+ε

. (6)

The birth Bi of the particles are given as

Bi = 1
2

i∑
j=1

i∑
k=1

βjk
Mj

d3
j

Mk

d3
k

, (7)

and the average diameter of all the new-born par-
ticles in the ith class is

d̄i =


∑i

j=1
∑i

k=1 βjk
Mj

d3
j

Mk

d3
k

(
d3

j +d3
k

)
∑i

j=1
∑i

k=1 βjk
Mj

d3
j

Mk

d3
k


1
3

. (8)

Agglomeration kernels (βjk and βik), the dimension-
less term λ±

i (d) and the Heaviside step function H
in Eq. 2 are defined in [30, 31].

Assuming constant particle velocity inside the
granulator space, the external coordinate discretiza-
tion is

v
∂

∂z
(mi,z) = v

[
mi,z− 1

2
−mi,z+ 1

2

]
. (9)

The approximation of the terms mi,z± 1
2

is performed
using the KFL scheme similarly to the layering term
approximation. The resulting expressions are given
in detail in [30].

3 System dynamics
3.1 Simulation setup
Dynamic simulations are performed using MATLAB
and Simulink [14]. Simulation setup is the same as
given in [29]. Simulation parameters are listed in
Table 2.

3.2 Oscillatory behavior
The dynamic model developed for the rotary drum
granulation loop is able to capture the main dynam-
ics of the granulation process. Through dynamic
simulations, the model was found to reproduce the
oscillatory behaviour typically seen in granulation
loops. In particular, the developed model is able to
reproduce oscillatory behaviour in the particle size
distribution, measured as the particle size d50 diam-
eter (median diameter that corresponds to the inter-
cept for 50% of cumulative mass), Figure 4.

Similarly to the simulation results, oscillatory be-
haviour is also observed in the industrial-scale plants
as shown in Figure 5. Oscillatory behaviour is ob-
served not only in the granule d50 but also in the
product quantity (mass flow rates). Illustrations
showing oscillatory behavior in product quantity are
given in [30] and not illustrated in this paper for the
sake of brevity.

Table 2
Simulation parameters [29].

Parameter Value
Range of d [mm] 0-8
Number of particle classes 80
Grid type linear
Length of granulator [m] 10
Number of compartments 3
ρ [kg· m−3] 1300
β0 [s−1] 1.0 ·10−13

ṁsl,i [kg· h−1] 1000
dscreen, upp [mm] 3.3
dscreen, low [mm] 1.9
Keff, upp 45
Keff, low 45
dcrush [mm] 2.0–1.0
σcrush 0.25
TR [s] 600
Transport delay [s] 600

Figure 4
Simulated PSD of the effluent from the granulator.
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Figure 5
Oscillatory behavior in PSD of an industrial
granulation loop process [29].
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Further insight into the system dynamics of the
granulation loop process is obtained from a bifur-
cation analysis. Here, a simple bifurcation analysis
based on model simulations was performed. For this,
the system was simulated until stationary conditions
were reached, and the upper and the lower d50 value
was registered when the system oscillated. In these
simulations, the crusher gap spacing dcrush was cho-
sen as a bifurcation parameter to analyse the change
in the behaviour of the PSD, being measured as d50,
in the effluent from the granulator. The simulations
were performed with the different values of dcrush,
from 2 mm to 1 mm with an interval of 0.1 mm.
Stable and unstable points (oscillatory behavior) of
dcrush were determined using the obtained amplitude
of stationary solutions at different dcrush values.

Figure 6
Bifurcation plot with the crusher gap spacing dcrush as
bifurcation variable.

1 1.2 1.4 1.6 1.8 2

1.8

2.2

2.6

3

Simulation results of the bifurcation analysis are
illustrated in Figure 6. In Figure 6, the minimum
and the maximum d50 value of the oscillations at
a certain dcrush is depicted. These simulation re-
sults showed that at larger crusher gap spacings, a
stable granulation process is observed (dcrush < 1.5
mm). However, as the crusher gap spacing is re-
duced, the granulation loop starts to show oscilla-
tory behavior, and at a certain crusher gap spacing
(dcrush < 1.4 mm), sustained periodic oscillations oc-
cur. The probable reason of the oscillatory behavior
of the granulation process is described in [30].

4 Control of the granulation
loop

4.1 Design of the control system
In this paper, the stability of the d50 diameter is
performed by implementing a controller having a 3-
way valve opening α as the control input. When the
valve α is opened, i.e., 0 < α ≤ 1, some fraction of the
product-sized particle mass flow rate is added to the

recycle flow. The control output is the particle d50
diameter in the effluent, i.e., on the elevator coming
from the granulator before the granules are sieved.
Details regarding the design of the control system
are given in [29].

4.2 Classical PI-controller
Here, a classical proportional-integral PI-controller
was used to eliminate the oscillatory behavior of the
process. The schematic diagram of the PI-controller
for the granulation loop process (oscillatory process)
is illustrated in Figure 7.

Figure 7
Classical PI-controller control strategy for granulation
loop process. u = α — control signal (valve opening); y
— controlled variable (d50 of the effluent); r —
reference point.

Oscillatory 
Process 

P(s)+ -

yαr PI-controller
Pc

I(s)
u

The granulation plant can be approximated as an
oscillatory process having a transfer function

P (s) =
Kpe−τs

1+ 2ζs
ω0

+
(

s
ω0

)2 , (10)

where P (s) is the transfer function of the under-
damped (oscillatory) process, Kp is the process gain,
τ is the process time delay, ω0 is the natural fre-
quency and ζ is the damping factor.

Process parameters Kp, τ , ζ, and ω0 were found
using a simulated step-response of the granulation
process. For this, a step-change of the valve open-
ing (ratio of the product-sized particles to be recy-
cled) is given to the system. An example of such
a step-response is shown in Figure 8. Expressions
for calculating process parameters are summarized
in Table 3.

Table 3
Model parameter identification.

Parameter Expression

ζ 1√
1+( 2π

σ )2

ω0
2π
T0

σ ln
(

A1
A2

)
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Figure 8
Illustrative example of a step-response: A change in d50
of the effluent from the granulator as a response to a
step change in the valve opening α; T0—period of the
oscillation and A1, A2—amplitudes of the first two
overshoots of the 2nd order response.
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The PI controller equation in frequency domain is
written as,

P I
c (s) = KI

c

(
1+ 1

T I
i s

)
, (11)

where KI
c is the proportional gain of the PI con-

troller and T I
i is the integral time constant of the PI

controller. The PI controller tuning parameters, KI
c

and T I
i , were found using Skogestad’s tuning rules for

oscillatory processes [13] that are given in Table 4.

Table 4
Expressions for designing the classical PI controller

P I
c (s).

Parameter Expression

KI
c

2
(

1
ω0

ζ
)

k(T I
c +τ)

T I
i 2

(
1

ω0
ζ
)

T I
c −τ < T I

c < ∞

4.3 Double-loop control strategy
In this section, a double-loop control strategy for
oscillatory systems [16, 22, 29], is applied to control
the d50 diameter in the effluent from the granulator.
The double-loop control strategy consists of two con-
trollers, an inner controller and an outer controller.
The proposed double-loop control strategy is illus-
trated in Figure 9.

Figure 9
Representation of the double-loop control strategy as:
(a) double-loop control algorithm, (b) single-loop
control algorithm [16]; u = α — control signal (valve
opening), y = d50 — controlled variable (d50 of the
effluent), r — reference point.

Overdamped 
Process
Po(s)+ -

y
ur Outer controller

(PI controller)

PII
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(b)

Oscillatory 
Process
P(s)+ -

yur

+ -

Outer controller
(PI controller)

PII
c (s)

Inner controller  
(P controller)

Pdc(s)

(a)

The inner controller (Pdc(s) in Figure 9) is used to
convert the underdamped process (P (s) in Figure 9)
to an overdamped process (Po(s) in Figure 9). The
outer controller (P II

c (s) in Figure 9), which is the
main controller, is used to achieve specified perfor-
mance. The double-loop control strategy resembles
the cascade control structure. However, the main
differences between the double-loop control struc-
ture and the conventional cascade control structure
are:

• With the double-loop control structure, the
same measurement, y, is used for both the inner
controller and the outer controller (Figure 9).
In the conventional cascade control structure,
usually the measurement used for the inner loop
controller and the measurement used for the
outer loop controller are different. The mea-
surement for the outer control loop, for the con-
ventional cascade control structure, is the con-
trolled variable of the system that needs to be
tracked to a given set (reference) point.

• With the double-loop control structure, the in-
ner and the outer control loops are usually not
categorized into slow or fast controller loops as
is usually done in the conventional cascade con-
trol structure.

The combined transfer function from u to y in
Figure 9 is

Po(s) = P (s)
1+P (s) ·Pdc(s)

= P (s)
1+P (s) ·Ki

c
, (12)

where Po(s) is the transfer function of the over-
damped system and Pdc(s) is the transfer function of
the inner (damping) controller. Here, the damping
controller is a P-controller, i.e., Pdc(s) = Ki

c.
Expressions for finding process parameters of the

overdamped system are summarized in Table 5. The
expressions listed in Table 5 are derived by using an
approximation of the time delay as e−τs ≈ 1 − τs.
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Table 5
Expressions for designing the double-loop control strategy P II

c (s) .

Overdamped system parameters

Ki
c = 2 ·

(ζ2
i +ζτω0)±

√
(ζ2

i +ζτω0)2+τ2ω2
0(ζ2

i −ζ2)
τ2w2

0Kp

ωi = ω0
√

1+Ki
cKp

Ki
p = Kp

1+Ki
cKp

ζi > 1

T1 =
ζi+
√

ζ2
i −1

ωi

T2 =
ζi−
√

ζ2
i −1

ωi

Outer controller in frequency domain P II
c (s) = KII

c

(
1+ 1

T II
i s

)

Outer controller parameters

KII
c = Teff

Kip(T II
c +τeff)

T II
i = min(Teff,4(T II

c + τeff))

−τeff < T II
c < ∞

τeff = τ +0.5T2

Teff = T1 +0.5T2

For the outer controller, the PI controller was used.
The outer controller was used to track a reference
point. Tuning of the outer controller was performed
using SIMC PI tuning rules given in [27] and applied
to the granulation control system in [29].

Expressions used to find the PI controller tun-
ing parameters, overdamped process parameters and
outer controller parameters, for the double-loop con-
trol strategy are summarized in Table 5. In over-
damped systems, the damping factor is greater than
1. In this study, the value for the inner loop damp-
ing factor is set to ζi = 1.5. Underdamped process
parameters, Kp, τ , and ω0, are calculated using ex-
pressions given in Table 3, i.e., were found using a
simulated step-response of the granulation process
shown in Figure 8.

5 Simulation Results
Feedback control strategies are applied to make
granulation loops more steady in operation. The
closed loop simulations were performed using the de-
sign of the control system of the granulation loop
process described in Section 4.1. The controller is

implemented to suppress the oscillatory behavior of
the process parameters as discussed in Section 3. In
particular, the controller is designed to control the
PSD, measured as d50, of the particles leaving the
granulator. Thus, the control output is the d50 of the
particles leaving the granulator (effluent from the
granulator). Stabilization of the oscillatory behavior
is performed by recycling some of the product-sized
particles back to the granulator. Thus, the control
input is the valve opening α that controls the recy-
cled product flow.

Two control strategies are used to control the
d50 diameter: (i) a classical PI-controller and (ii)
a double-loop control strategy. First, the closed
simulations were performed using the classical PI-
controller. The PI-controller was tuned using SIMC
tuning rules for the oscillatory systems. Then fine
tuning was done to achieve better performance of
the PI-controller.

In Figure 10 and 11, the controller was turned on
when the sustained oscillatory behavior in PSD dis-
tribution, measured as (d50), of the particles leaving
the granulator was observed. Particularly, the con-
troller was turned on at the maximum point of the
cycle, at t = 20 h with dcrush = 1.3 mm.
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Figure 10
Control input and control output when the classical
PI-controller is used: controller turned on at the
maximum point of the cycle.
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Figure 11
Product-sized mass flow when the classical PI-controller
is used: controller turned on at the maximum point of
the cycle.
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Simulation results using the classical PI-controller
showed that it is possible to use a simple PI con-
troller in order to eliminate the oscillatory behaviour
in product quality (PSDs) and quantity (mass flow
rate). When the PI controller was turned on, the os-
cillations were suppressed (damped) and the desired
reference point was tracked. However, the conver-
gence rate towards the operating point was relatively
slow (it took more than 24 h of process simulation).
This would limit the use of a such control strategy
in a industrial-scale plant.

Simulations results when the double-loop control
strategy was used are depicted in Figure 12 and
13. Similarly to simulations with the classical PI-
controller, these simulations were also performed
when the sustained oscillations in the granulation
process were observed, i.e., at dcrush = 1.3. For a
fair comparison, in Figure 12 and 13 the controller

was turned on at the same maximum point of the
cycle, at t = 20. With the double-loop control strat-
egy the oscillations were quickly damped when the
controller was turned on - a non-oscillating particle
d50 and mass flow rates of the effluent were obtained.
It took only around 6 h to reach steady state value
when the controller was turned on. Thus, with the
double control strategy it is possible to reach sig-
nificantly faster controller response compared to the
classical PI-controller.

Figure 12
Control input and control output when the double-loop
control strategy is used: controller turned on at the
maximum point of the cycle [29].
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Figure 13
Product-sized mass flow when the double-loop control
strategy is used: controller turned on at the maximum
point of the cycle.
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For further understanding of the controller behav-
ior, the controller was turned on at the minimum
point of the cycle (Figure 14). For fair comparison,
identical controller parameters were used when con-
troller was turned on at maximum and minimum cy-
cle points. These simulations were performed both
with the classical PI-controller and with the double-
loop control strategy. In Figure 14, the response in
the controlled variable for both control strategies are
shown.

Figure 14
Classical PI-controller vs double-loop control strategy:
controller turned on at the minimum point of the cycle.
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Similarly to the previous simulation results, signif-
icantly faster convergence rate towards the operating
point is achieved when double-loop control strategy
is used. As to the position in the cycle when the
controller was turned on, no significant differences
were seen for either control strategies, Figure 15 and
16. In the case of the double-loop control strategy,
a slightly faster convergence rate towards the oper-
ating point is achieved when the controller is turned
on at the maximum point of the cycle, 7h vs 6h
with the minimum and maximum points respectively
(Figure 16). To sum up, stabilization of the granula-
tion process is achieved significantly faster with the
double-loop control strategy than with the classical
PI-controller.

For both control strategies, the point of the cycle
at which the controller is turned on (maximum or
minimum point of the cycle) does not significantly
affect the closed loop response. This allows the oper-
ators to instantaneously turn on the controller with-
out having to wait for several hours to reach either
the maximum or minimum point of the cycle.

The double-loop control strategy is based on the
well-established linear system theory which is al-
ready widely excepted in the process industry. This
also allows for easier integration of this control strat-
egy in the existing control system. Implementation
requires to combine current on-line sensors for par-
ticle size distribution to provide an estimate of the
median d50. Online particle size analyzers are com-

Figure 15
Comparison of the control outputs for the classical
PI-controller: controller turned on at minimum vs
maximum point.
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Figure 16
Comparison of the control outputs for the double-loop
control strategy: controller turned on at minimum vs
maximum point.
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mercially available and often installed in granulation
plants. Such devices can analyze several properties
related to size and shape of particles, and the median
d50 is used as a measurement to a PID controller
in the Process Control System. In addition, pro-
cess must allow for direct manipulation (preferably
automatic) of the discussed control input, the frac-
tion of return flow. The double-loop control strategy
uses a combination of a P controller and a PI con-
troller, and the design of the inner loop controller
provides flexibility in the sense that the operator
can freely choose the desired damping ratio and cal-
culate the gain of the inner controller. The addi-
tional inner loop of the double control strategy does
make the control system slightly complex compared
to the classical PI controller. However, the advan-
tage with the double-loop control strategy is that
the oscillatory behaviour is suppressed significantly
faster. This also means shorter transient periods
in the plant and, hence, less production of the off-
spec particles (over-sized and under-sized particles).
Faster and tighter control of the product specifica-
tion (d50 of the effluent from the granulator) leads
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to improved operation with further means improved
profit. With the double-loop control strategy the
particle mass flow rates also converges towards the
operating point significantly faster compared to the
classical PI controller. A stable mass flow rate also
eliminates overloading or under loading of various
equipment in the granulation loop.

Figure 17 shows that the double-loop control
strategy is able to compensate for disturbances.
Here, a crusher gap spacing is used as the distur-
bance. First, disturbances are applied when the con-
troller is turned on. Second, the controller is turned
off using the last value of the control input that is
obtained while the controller was turned on. When
the controller is turned off and the disturbance is ap-
plied to the system, the oscillatory behaviour in the
particle d50 reappears (Figure 17). Like the double-
loop control strategy, the classical PI controller is
able compensate for the disturbances, however, not
illustrated in this paper for the sake of brevity.

6 Conclusions
The model presented in this paper was found to re-
produce oscillatory behaviour of the granulation loop
process seen on industrial-scale granulation plants.
According to the performed bifurcation analysis, os-
cillatory behaviour in the particle d50 occurs at

crusher gap spacing dcrush < 1.4 mm. Dynamic open
loop simulations showed that it is possible to sup-
press oscillatory behavior of granulation loop process
by recycling back some fraction of the product-sized
particles.

Two feedback control strategies are proposed to
suppress the oscillatory behavior of granulation loop
process. Both control strategies utilize the most used
control algorithm in the industry, namely the PI
controller. In the first control strategy, a classical
PI-controller is used. In the second — a double-
loop control strategy with the two controllers, a P-
controller and a PI-controller. Closed loop simula-
tion results showed that both control strategies are
able to suppress oscillatory behavior in PSD of the
granules leaving the granulator. Different simula-
tion scenarios are performed for understanding the
controllers behaviors.

Simulation results showed that there is no signif-
icant difference in the dynamic response when the
controller is turned on at the minimum point in the
cycle or at the maximum point. The comparison be-
tween the two proposed control strategies shows that
it is possible to achieve faster convergence rate to-
wards the operating point when the double-loop con-
trol strategy is used. Thus, it can be advantageous
to use the double-loop control strategy to make the
granulation loop processes more steady to operate.

Figure 17
Disturbance rejection: Disturbances are applied at t = 20 h and t = 65 h (controller is turned on), and at t = 142 h
(controller is turned off, umanual = uauto).
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Appendix 1

Symbol Description
B birth rate due to particle agglomeration
D death rate due to particle agglomeration
G growth rate due to particle layering
H Heaviside step function
Keff separation efficiency of the screen
Kc proportional gain of the controller
Ti integral time constant
Kp process gain
P (s) transfer function
d particle diameter
d50 particle median diameter
dscreen mesh size of the screen
m mass density function
ṁ mass flow rate
t time
v velocity
u manipulatable variable
y controlled variable
α valve opening
β agglomeration rate (kernel)
γ particle size distribution function
Υ probability function of the screen
ρ particle density
σ standard deviation
τ time delay
ζ damping factor
λ dimensionless term
ω natural frequency
Subscript Description
crush crusher
e effluent from the granulator
i influent to the granulator
o over-sized particles
p product-sized particles
sl slurry
u under-sized particles
upp upper screen
low lower screen
i size class
z compartment of the granulator
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1. Introduction

Granulation loop processes are frequently used in the fertilizer industry to

produce granular fertilizers. During the granulation process, particle growth oc-

curs, resulting in granule formation with the desired particle properties (particle

size, moisture content, etc.). The produced granules have several advantageous5

over a non-granule form, such as improved product flow properties and homo-

geneity, ease of handling and packaging, and storage of the product (Litster and

Ennis, 2004; Wang and Cameron, 2002).

Granule formation in a granulator depends on various aspects, such as type

of the granulation process (e.g., batch/continuous, internal/external drying of10

the particles), granulator type (e.g., spherodizer, rotary drum, pan, fluidized-

bed granulator), operating conditions, etc. According to Iveson et al. (2001),

granulation mechanisms can be divided into three main groups: (i) particle nu-

cleation, (ii) particle growth, and (iii) particle breakage. Particle nucleation is

the first step in the granulation process. In a spraying zone, the powder interacts15

with the binder spray droplets, resulting in the formation of initial aggregates.

However, nucleation is rarely identified and separated from other granulation

mechanisms (e.g., the particle growth mechanism). As to the particle growth

mechanism, particles grow inside the granulator due to two key mechanisms:

particle layering and particle agglomeration. Particle layering refers to a contin-20

uous particle growth mechanism in which particle growth occurs due to coating

of a slurry onto the particle. This mechanism produces compact and hard gran-

ules. Particle agglomeration is a second particle growth mechanism. Particle

agglomeration is a discrete particle growth mechanism that occurs due to colli-

sion of two particles, resulting in the formation of a larger, composite particle.25

The third granulation mechanism, i.e, particle breakage, is important in high

shear devices, especially in high impact mixer granulators. Particle breakage

by fragmentation is a discrete event, that changes number of particles in the

system (Iveson et al., 2001; Wang and Cameron, 2002; Litster and Ennis, 2004;

Cameron et al., 2005).30
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1.1. Granulation loop

The granulation loop studied in this paper is depicted in Figure 1. The main

granulation loop units are: a granulator, a screen, and a crusher.

 Drum granulatorSlurry feed

R
e

c
yc

le
 f

e
e
d

 Crushed oversized and undersized particles

Upper screen 

Lower screen

Product is collected

Roll 

crusher

Oversized particles

Product-sized 

particles

Undersized particles
Crushed oversized

 particles

Conveyor 

belt

Effluent

Figure 1: Process description: rotary drum granulation loop (Vesjolaja et al., 2020b).

The particle enlargement process occurs in a drum granulator. Inside the

rotary drum, a slurry melt and recycled particles are mixed together, resulting35

in formation of composite granules. As granules leave the granulator, they are

sent to the double-deck screen. The double-deck screen is used to classify the

particle flow from the granulator (effluent) into different size fractions. Particles

that are too large to pass the upper screen, i.e., particles that remain lying on

the upper screen, are sent to a roll crusher. Particles that are small enough to40

pass through the upper screen but remain lying on the lower screen, are the

product-sized particles. The product-sized particles are collected for further

use. The remaining particle flow that contain particles that pass through both

of the screens are the under-sized particles. The under-sized and the crushed

over-sized particles form the off-spec particle flow. The off-spec particles are45

recycled back to the rotary drum, acting as nuclei for new granule formation

(Vesjolaja et al., 2020a,b).
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1.2. Challenges in operation

From a process control view, there are several operational challenges that

occur in industrial-scale granulation loop processes. Some of these are: (i) oper-50

ation below the design capacity, (ii) wide particle size distribution (PSD) of the

produced particles compared to the desired product PSD, and (iii) oscillatory

behavior in the product quality (e.g., the produced median particle size d50) and

the product quantity (e.g., particle mass flow rates). This paper is concerned

with the oscillatory behaviour observed in granulation loop plants.55

In (Cotabarren et al., 2010; Radichkov et al., 2006; Drechsler et al., 2005),

and Heinrich et al. (2003), the authors have developed dynamic models of the

granulation loop process in order to study the complex dynamic behaviour of

granulation. Some studies are devoted to numerical bifurcation analysis of the

granulation process with the purpose to identify the reason of the oscillatory60

behavior. In (Radichkov et al., 2006), numerical bifurcation analysis showed

that the dynamic behaviour of the fluidized bed granulation loops strongly de-

pended on the crushed particles that are recycled back to the granulator. Since

then, several studies regarding stabilization of the granulation loop processes

have been published. In (Bück et al., 2016, 2015; Cotabarren et al., 2015; Palis65

and Kienle, 2012b,a; Bertin et al., 2011; Palis and Kienle, 2010; Neugebauer

et al., 2020, 2019), the control of the fluidized bed granulation processes have

been studied. In the most recent study (Neugebauer et al., 2020), the authors

have eliminated oscillatory behavior in a fluidized bed granulator with external

sieve mill cycle using the decentralized PI control. Oscillatory behavior in the70

produced particle size is also reported in granulation loop processes were rotary

drums are used as a granulator unit (Vesjolaja et al., 2020a,b; Ramachandran

and Chaudhury, 2012; Glaser et al., 2009; Wang et al., 2006). In Figure 2, the

oscillatory behaviour in the produced particle d50 of an industry-scale drum

granulation loop plant is shown.75
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Figure 2: Oscillatory behavior in the produced median particle size (d50) in an industrial

granulation loop plant (Vesjolaja et al., 2020a).

1.3. Research objectives

This study is focused on controlling the rotary drum granulation loop pro-

cess. The main goal is to achieve stability in operation by eliminating the oscil-

latory behaviour observed in the particle median size d50. Our previous study

(Vesjolaja et al., 2020a) showed that it is possible to eliminate the oscillatory80

behaviour in the produced particle d50, by recycling some of the product-sized

particles back to the rotary drum granulator or by manipulating the crusher gap

spacing. In Vesjolaja et al. (2020a), a double-loop control structure using the

PI control was used to control the produced particle d50 in the effluent from the

granulator. Here, we want to contribute by applying a non-linear model pre-85

dictive controller (MPC) in the granulation loop process. An MPC controller

was chosen since MPC is known for simple handling of process constraints, and

simple tuning of the controller. Potentially, the MPC controller could also show

a higher convergence rate towards an operating point in the particle d50 than

the classical PID controllers. Thus, the main goal of this paper is to apply the90

non-linear MPC controller to the rotary drum granulation loop process with the

objective to remove oscillatory behavior in produced particle d50. In addition, a

comparative study of the simulation results obtained using a double loop control

structure (Vesjolaja et al., 2020a) and the MPC will be performed.

The paper is organized as follows: In Section 2, the basis of the granulation95

loop model is given. The control strategies used to control the granulation pro-
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cess are described in Section 3, while the implementation of a non-linear model

predictive controller is given in Section 4. In Section 5, closed loop simulation

results for both control strategies are provided. Discussion of the simulation

results are given in Section 6, while conclusions are drawn in Section 7.100

2. Process modeling

2.1. Granulation loop model

The mathematical model of a rotary drum granulation loop process used in

this study is reported in Vesjolaja et al. (2020b). The developed granulation

process model is a mechanistic model that is based on the population balance105

(PB) principles. Here, a multi-compartment granulator model is used. Thus, the

resulting mass-based population balance equation over the granulator is a partial

differential equation (PDE) formulated with respect to the particle size (internal

coordinate) and the particle position in the granulator (external coordinate).

The developed model captures both of the particle growth mechanisms, i.e.,110

particle growth due to layering and agglomeration. Nucleation and breakage

effects are neglected in the model.

Particle flow through the double-deck screens is modeled using probability

functions. The model of the crusher is based on a Gaussian distribution function,

having a crusher gap spacing and a standard deviation as design choices. An115

elevator that is used to transfer off-spec particles is modeled as a transport delay.

For more details regarding mathematical modeling of the granulation loop, see

Vesjolaja et al. (2020b).

2.2. Semidiscrete process model

In order to find the solution of the PB equation that represents the granula-120

tion process, the resulting PDE is transformed into a set of ordinary differential

equations (ODEs). The PDE is discretized into 80 particle size classes using a

linear grid, while the granulator is divided into 3 equally-sized compartments.

In total 240 ODEs are obtained (80 × 3). For the internal coordinate (parti-

cle size) discretization, two different discretization schemes are applied: a high125
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resolution scheme is applied for the layering term discretization, while a cell

average scheme for the agglomeration term discretization. For the external co-

ordinate discretization, the high resolution scheme is applied. Application of

the above mentioned discretization techniques to the resulting PB equation is

given in detail in Vesjolaja et al. (2020b).130

3. Design of the control system

Here, the main purpose of studying control of the granulation loop is to

suppress and remove the oscillatory behaviour in the particle median diameter,

d50, in the effluent from the granulator, thus, to achieve stabilization in the

particle d50. By stability we mean a system to be stable at a steady operating135

point.

Similarly to Vesjolaja et al. (2020a), two control strategies, CS1 and CS2,

are utilized to achieve stabilization in the produced particle d50. A single-input-

single-output (SISO) control system is used. In both of the control strategies,

the controlled output is the produced particle d50 in the effluent from the gran-140

ulator (particle d50 before the granules are sieved). The control inputs are

different for the different control strategies.

Granulation loop processu y
dcrush or α d50  

Figure 3: Control system applied to the simulated process. Control inputs u: (i) dcrush

— crusher gap spacing, (ii) α — valve opening that defines how much of the product-sized

particles is recycled; Controlled output y — the produced particle d50 of the effluent from the

granulator, i.e., particle d50 before the granules are sieved.

Control Strategy 1 (CS1). As was shown in previous studies, e.g., in Radichkov

et al. (2006) and Vesjolaja et al. (2020b), oscillatory behvaiour in the particle d50

is strongly dependent on the size of the crushed particles that are recycled back145

to the granulator. Thus, in CS1 the crusher gap spacing, dcrush, is being utilized
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as the control input (Figure 3). The CS1 strategy assumes that the granulation

plant configuration allows operators to easily manipulate the crusher gap spacing

from the control room.

Control Strategy 2 (CS2). Our previous simulation results (Vesjolaja et al.,150

2020a) showed that it is possible to eliminate the oscillatory behvaiour in the

d50 of the effluent from the granulator by recycling some of the product-sized

particles back to the granulator. The control input is a 3-way valve opening α

(Figure 3). If the valve is closed, α = 0 and none of the product-sized particles

are recycled back to the granulator. If the valve is opened, 0 < α ≤ 1, and155

some fraction of the product-sized particles are recycled back to the granulator.

Product-sized particles are recycled by adding the product-sized mass flow rate

to the recycle stream that includes the flow of crushed over-sized particles and

the under-sized particles (Vesjolaja et al., 2020a). We refer to Vesjolaja et al.

(2020a) for details regarding the control strategies CS1 and CS2.160

4. Implementation of non-linear MPC

A model predictive controller is applied to the rotary drum granulation loop

process in order to eliminate the oscillatory behaviour seen in the particle d50

in the effluent from the granulator. The non-linear dynamic model of the gran-

ulation loop process is described in Section 2. Potentially, both linear and165

non-linear MPC could be applied. In the case of linear MPC, the model of the

granulation loop should be linearized in order to use it as the prediction model.

In this paper, a non-linear MPC is implemented. Thus, the nonlinear model of

the process is directly utilized to formulate the nonlinear optimization problem.

A simplified schematic of the implemented MPC to the simulated granulation170

process is given in Figure 4. The controller design consists of: (i) process model,

(ii) non-linear estimator, (iii) non-linear MPC controller.

In this simulation study, the process block Figure 4 is represented by the

non-linear model described in Section 2. The same non-linear model is also

used as the prediction model in the MPC block (Figure 4).175
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Figure 4: Simplified schematic diagram of the implementation of non-linear MPC; u — control

input (α in CS1 or dcrush in CS2); y — controlled output (the produced particle d50 of the

effluent from the granulator); r — reference point; x̂ — states of the prediction model used

in the MPC.

4.1. State estimator

In order to predict the future values of the states and output throughout the

prediction horizon, the prediction model needs to know the initial values of the

states at the current time step. Thus, the non-linear MPC block in Figure 4

needs to be supplied with the current values of the states. As was mentioned180

in Section 2, the process model is represented by 240 ODEs, i.e., the model

has 240 states. In real granulation plants, it is unrealistic to assume a sensor

to measure mass for each particle size class and at different locations inside

the drum granulator. Therefore, in reality the model states are not measured

or known. Thus, for a practical implementation of MPC, a state estimator is185

required to estimate the states that are needed in the non-linear MPC block in

Figure 4. The state estimator is also used to filter out the noisy measurements,

and to calculate the estimated process output. In this study, an unscented

Kalman filter (UKF) for nonlinear estimation is implemented, for details see

Simon (2006).190

Figure 5 shows application of the UKF filter: the simulated states using

the process model (with added measurement noise) and the estimated states

using the UKF filter. For the sake of brevity, only 3 arbitrary chosen (out

of 240) process states in 3 different granulator compartments are plotted in

Figure 5. According to Figure 5, the implemented UKF filter converges to the195

true value (estimated values the same as the simulated values). The zoomed-in
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Figure 5: Simulated process model (with measurement noise) vs estimated states using the

UKF filter. Simulation results showing mass in: (A) first compartment for the particle size

class 22 (d = 2.15mm); (B) second compartment for the particle size class 23 (d = 2.25mm);

(C) third compartment for the particle size class 24 (d = 2.35mm); (D) Zoomed in results for

the particle size class 24 in the third compartment (d = 2.35mm).

plot, Figure 5 (D), also shows that the UKF estimator converges to the true

simulated values relatively fast.

4.2. Objective function for MPC

The main idea of MPC is to find the optimum value of the control input by

solving a dynamic optimization problem and using a so called receding horizon

strategy. Here, the MPC objective is to regulate the output to its desired set

point. This is achieved by minimizing the sum of the squares of the errors

between the future output and the set point through the prediction horizon. In

doing so, the rate of change of control inputs (∆uk) are considered to be the

decision variables. Thus, we have a minimization problem with the following
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constrained nonlinear optimization problem:

min
∆uk

J =
1

2

N∑
k=1

(rk − yk)
T
Qe (rk − yk) + ∆uTk−1P∆u∆uk−1 + uTk−1Puuk−1

(1a)

s.t. xk+1 = F (xk, uk, σk, tk) , (1b)

∆uLB ≤ ∆uk < ∆uUB, (1c)

uLB ≤ uk < uUB (1d)

where J is the objective function, u is the control input (dcrush in CS1 and α200

in CS2); y is the controlled output (d50 of the effluent from the granulator); r

is the reference point (set point); N is the prediction horizon; Qe, P∆u and Pu

are weighting matrices.

Equation 1b is the non-linear model of the process in discrete time. This

is the prediction model for the non-linear MPC which is used to predict the205

future behaviour of the states and eventually the output in order to make the

non-linear optimization problem given by Equations 1a- 1d. Equation 1b is a

complex model obtained by solving a PB model for the drum granulator using

appropriate discretization schemes. The model used in this study is discussed in

Section 2. The details for this model is not presented in this paper for brevity;210

see Vesjolaja et al. (2020b) and Vesjolaja et al. (2020a) for details.

Equation 1c is the constraint on the rate of change of control inputs, which

says that the control inputs (crusher gap spacing dcrush or 3-way valve opening

α) can only be increased or decreased by 0.01 at each time step (∆uLB and

∆uUB in Table 1). This constraint is extremely important in practice where the215

actuators always have some physical restriction/limit as to how fast they can

be increased or decreased.

Equation 1d is the bounds on the control inputs with the LB and UB rep-

resenting the lower and the upper bound respectively. For CS1, uLB and uUB

are 0 and 3 respectively. This means the crusher gap gap opening can not be220

lower that 0 mm and higher than 3 mm. For CS2, uLB and uLB are 0 and 1

respectively. This means that the 3-way valve can be anywhere between fully
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closed, α = 0, and fully open, α = 1.

The MPC controller for the granulation loop process is implemented in

Simulink and MATLAB (MATLAB, 2019b). The prediction horizon is the same225

as the control horizon (N = 100). To reduce the computational time for solving

the optimization problem, the control inputs are grouped into 4 unequal length

groups. With this, the number of variables to optimize is 4 with grouping, in-

stead of 100 without grouping. The non-linear optimization problem is solved

using the fmincon solver in MATLAB (MATLAB, 2019b), with the Sequential230

Quadratic Programming (SQP) optimization algorithm.

5. Simulation results

5.1. Simulation setup

Simulations of the applied non-linear MPC are performed using Simulink

(MATLAB, 2019b). Both the semi-discrete process model representing the235

granulation plant and the prediction model used in the MPC are solved us-

ing a built-in ODE integrator in Simulink, namely the 4-th order Runge-Kutta

(RK-4) integrator with fixed time step. The non-linear optimization problem

is solved using the fmincon optimizer in MATLAB with the SQP optimization

algorithm. The controller parameters used in the simulations are summarized in240

Table 1. The model parameters are the same as used in Vesjolaja et al. (2020a)

when the double-loop control structure was used to eliminate the oscillatory

behaviour in the produced particle d50. In simulations, the non-linear MPC

(NMPC) controller was turned on where the sustained oscillations in the parti-

cle d50 of the effluent from the granulator were observed. Similarly to Vesjolaja245

et al. (2020a), the simulations were initiated at crusher gap spacing dcrush = 1.3

mm for the model parameter set given in Vesjolaja et al. (2020a). Figure 6

shows the sustained oscillations (without a controller) in the particle d50 of the

effluent from the granulator at dcrush = 1.3 mm.

12



Table 1: Controller parameters.

Parameter CS1 CS2

N 100 100

Qe 200 200

Pdu 0.02 0.01

Pu 75 50

uLB 0 0

uUB 3 1

∆uLB 0.01 0.01

∆uUB 0.01 0.01

Optimizer fmincon fmincon

Optimization algorithm SQP SQP

Integrator RK4 RK4

Time step for RK4 [s] 20 20

0 3 6 9
2

2.5

80 82 84 86 88 90
0

1

2 Crusher gap spacing

Figure 6: Simulated sustained oscillations in the particle d50 of the effluent from the granulator

at dcrush = 1.3mm.

5.2. Simulation results for CS1250

First, simulations were performed with the CS1 strategy in which the control

input is the crusher gap spacing, while the controlled output is the produced

particle median size d50 in the effluent from the granulator. Our previous studies

13
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Figure 7: NMPC using CS1: Simulation results showing the controlled output and the control

input when the controller in turned on. NMPC controller is turned on at t = 4 h.

(Vesjolaja et al., 2020a) showed that the point of the cycle at which the controller

is turned on, maximum or minimum point of the cycle, does not affect the closed255

loop response. In this paper, the non-linear MPC controller was turned on at

the minimum point of the cycle, at t = 4 h.

Simulation results with the controlled output and the control input are shown

in Figure 7. After 3.5 h of transients, the controlled output converged towards

the reference point and the oscillatory behaviour in the particle d50 was elimi-260

nated. The crusher gap spacing was at 1.4 mm when the oscillatory behaviour

in the particle d50 was eliminated. The controller ability to compensate for

disturbances is shown in Figure 8. Here, a slurry feed is assumed as the process

disturbance. Disturbances were applied to the process when the controller was

turned on, and when the controller was turned off (keeping the same control265

signal) . Figure 8 shows that the designed controller is able to compensate for

disturbances. However, when the disturbance is applied while the controller is

14



turned off, the oscillatory behaviour reappears.

Figure 8: Disturbance rejection using NMPC for the CS1 strategy: Simulation results showing

the produced particle d50 and the introduced disturbances (slurry feed). The NMP controller

is turned off at t = 26 h keeping the same control signal (umanual = uauto).

5.3. Simulation results for CS2

Here, the non-linear MPC controller was implemented using the CS2 control270

strategy. Thus, the control input is the valve opening α that reflects how much

of the product-sized particles is recycled to the granulator, and, the controlled

output is the produced particle d50 in the effluent from the granulator.

In Figure 9, simulation results for the controlled output and the control input

are shown. The non-linear MPC controller was turned on at t = 3.6 h when the275

simulated granulation plant showed sustained oscillations at dcrush = 1.3 mm.

Figure 9 shows the control input reached its maximum peak of 25% during the

transients (α = 0.25). However, at steady state, only 16% of the product-sized

particles are recycled back to the granulator to achieve stability in the produced
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Figure 9: NMPC using CS2: Simulation results showing the dynamic behaviour in controlled

output and the control input when the controller is turned on; NMPC controller is turned on

at t = 3.6h.

particle d50. The oscillatory behaviour in the particle d50 was eliminated after280

around 4.4 h since the controller was turned on. In Figure 10, disturbances

were introduced. Here, the disturbance is the crusher gap spacing. Similarly to

CS1, the disturbance was introduced when the controller was turned on, and

turned off (with the same control input value). According to Figure 10, the

controller is able to maintain the non-oscillatory behaviour in the controlled285

output even when the disturbance is introduced. The controlled output showed

a small off-set from the reference point (0.08 mm). Such an off-set is obtained

since the designed NMPC controller does not include integral action. In this

work, the integral action is not included since the paper is focused on eliminating

the oscillatory behaviour rather than tracking the reference point. The size of290

the produced product-sized particles in the industry is not a fixed value, rather

classified in a given size range (the interest is to produce consistent size of the
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Figure 10: Disturbance rejection using NMPC for the CS2 strategy: Simulation results show-

ing the produced particle d50 when disturbances (crusher gap spacing) are applied. The NMP

controller is turned off at t = 30 h keeping the same control signal (umanual = uauto).

particles within a certain range but not necessarily to a specific size value), and

hence, integral action is not included.

6. Discussion295

The simulation results shows that it is possible to eliminate the oscillatory

behavior in the produced particle d50 when a non-linear MPC controller is used.

System is stable and converges towards the operating point either by manipu-

lating the crusher gap spacing (CS1) or by recycling some of the product-sized

particles back to the granulator (CS2). The CS2 strategy can be economically300

favorable since the occurrence of oscillatory behaviour (peaks) in product qual-

ity and product quantity can lead to increased operational expenses and energy
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Figure 11: Simulation results with the CS1 strategy: NMPC vs DLC; the controllers are

turned on at t = 7 h.

consumption, as well as lower the risks of the unforeseen plant shut-downs. As to

the CS1 strategy, this strategy represents a ’direct’ control that manipulates the

size of the particles that are recycled back to the granulator. Another potential305

benefit of using the CS1 strategy over the CS2 strategy is a higher convergence

rate: the system is stable and converges towards the operating point faster when

the CS1 strategy is utilized. It takes 4.4 h (Figure 9) to eliminate the oscillatory

behaviour in the produced particle d50 when CS2 strategy is applied, while it

takes only 3.5 h with the CS1 strategy (Figure 7). However, the CS1 strategy310

assumes that the crusher gap spacing can be easily manipulated by operators

or by an automatic controller from the control room. Such crushers are not

typically seen in the granulation loop plants. Instead, the crusher gap spacing

should be manually changed on the plant directly by operators. This indicates

the importance of having a crusher whose gap spacing can be changed on-line315

from the control room.
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Figure 12: Simulation results with the CS2 strategy: NMPC vs DLC; the controllers are

turned on at t = 6.9h (NMPC—non-linear model predictive control, DLC—double loop control

structure).

Higher convergence rate using the CS1 strategy is observed both when the

NMPC controller and the double-loop control structure is used. In the double

loop control structure (DLC), the PI controller is used to control the product d50.

We refer to Vesjolaja et al. (2020a) regarding the DLC applied to the granulation320

loop process. In Figure 11 and 12, the simulation results obtained with the

NMPC controller and our previously reported results (Vesjolaja et al., 2020a)

using the double-loop control structure (DLC) are shown. For fair comparison,

both controllers, NMPC and DLC, are turned on at exactly the same time. The

best achieved results, i.e., with the controller tuning parameters that gives the325

highest convergence rate around the operating point, are compared. In the case

of the DMC structure, the PI controller tuning parameters were found, first,

by applying Skogestad’s tunings rules (Skogestad, 2003), and then fine tuning

was applied to achieve better controller performance (higher convergence rate).

Details regarding the DLC structure are given in Vesjolaja et al. (2020a).330
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Figure 13: The change in the control input using the DLC: CS1 and CS2 strategies (∆uCS1 =

dcrush; ∆uCS2 = α).

A comparison between the NMPC and the DLC (Figure 11 and 12) shows

that it is possible to achieve higher convergence rate in the produced particle

d50 when the MPC controller is used. In the case of CS1 strategy, the oscillatory

behaviour is eliminated after around 6.5 h with the DLC controller, while after

3.5 h with the NMPC controller (Figure 11). A similar advantage of MPC over335

DLC is obtained for the CS2 strategy. Higher convergence rate of the produced

particle d50 is obtained with the MPC controller, 4.4 h vs 7 h for the NMPC

and DLC, respectively (Figure 12).

A more important advantage of MPC over the DLC is the handling of con-

straints. In real plants, there are always physical constraints on the equipment340

that need to be addressed. Constraints that determine the way that the control

inputs (i.e., the actuators in a real plant) can be manipulated can be easily

implemented in the MPC: MPC by virtue of its design, is an optimization prob-
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Figure 14: The change in the control input using the NMPC: CS1 and CS2 strategies

(∆uCS1 = dcrush; ∆uCS2 = α; LB — lower bound; UB —upper bound).

lem and generates optimal values for control inputs while still satisfying the

constraints. In the case of the DLC structure where a PI controller is used,345

it is also possible to put limits on the control input but it results in a simple

ad-hoc management of input constraints, and it does not necessarily generate

control inputs which are optimal in nature since no optimization problem is

solved. With the MPC, process constraints are already a part of the optimal

control problem and are therefore handled systematically. If the constraints are350

specified in the optimal control problem formulation, the control input will not

change abruptly like it does with the DLC structure where the PI controller is

used. For comparison, in Figure 13, it can be clearly seen that with the DLC,

the value of α is changed rapidly from 0 to 0.48 at t = 7 h when the controller

is turned on. In fact, this rapid change of α (by a value of 0.48) occurs during355

one time step (20 s). However, due to the presence of operational constraint, it

has been considered that the value of α cannot be changed by more than 3 %
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in a minute (−0.01 ≤ ∆uk < 0.01). This means that the double loop control

structure may not always satisfy the operational constraints.

The plot of the rate of change of the control input α with the double loop360

control structure clearly shows that the constraints are violated, as shown in

Figure 14. On the other hand, with the MPC for both CS1 and CS2, the

constraints on the rate of change of control inputs are properly satisfied as

shown in Figure 14: the change in the control inputs do not exceed 1 % per

time step. Specifying the constraints is also important for safety reasons.365

7. Conclusions

In this paper, a non-linear model based predictive controller is applied for a

granulation loop model with the purpose to eliminate the oscillatory behavior

seen in the produced median particle size d50. The simulation results show that

it is possible to eliminate the oscillatory behaviour in the produced particle d50370

using the NMPC controller.

The oscillatory behaviour in the particle d50 is eliminated either by ma-

nipulating the crusher gap spacing, or by recycling some of the product-sized

particles back to the granulator. Among the simulated control strategies, the

control strategy where the crusher gap spacing is selected as control input, is375

favorable: by manipulating the crusher gap spacing, the convergence in the

produced particle d50 was higher than by recycling some of the product-sized

particles back to the granulator.

A comparative study between the model predictive controller design and the

double-loop control structure showed that it is possible to achieve faster closed380

loop response when the NMPC controller is used. With the non-linear model

based predictive controller, the convergence rate towards a operating point in

the produced particle d50 was achieved almost two times faster compared to

the simulation results obtained with the double-loop control structure. Higher

convergence rate using the model predictive controller was obtained for both385

control strategies. In addition, the advantage of specifying the constraints in
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the model based design, makes the model predictive controller favorable over

the double-loop control structure.
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