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We consider a standard optomechanical system where a mechanical oscillator is coupled to a cavity mode

through the radiation pressure interaction. The oscillator is coherently driven at its resonance frequency, whereas

the cavity mode is driven below its resonance, providing optical damping of the mechanical oscillations. We

study the nonlinear coherent response of the mechanical oscillator in this setup. For large mechanical ampli-

tudes, we find that the system can display dynamical multistability if the optomechanical cooperativity exceeds

a critical value. This analysis relates standard optomechanical damping to the dynamical attractors known from

the theory of optomechanical self-sustained oscillations. We also investigate the effect of thermal and quantum

noise and estimate the noise-induced switching rate between the stable states of the system. We then consider

applications of this system and primarily focus on how it can be used as bifurcation amplifiers for the detection

of small mechanical or optical signals. Finally, we show that in a related but more complicated setup featuring

resonant optomechanical interactions, the same effects can be realized with a relaxed requirement on the size of

the mechanical oscillations.

I. INTRODUCTION

Research on optomechanical systems is of relevance to gravitational wave detection [1], signal processing [2], quantum

information processing [3], and the fundamentals of quantum mechanics [4]. In many such systems, an optical cavity mode

and a mechanical oscillator are coupled through the nonlinear radiation pressure interaction. This interaction is generally weak

at the single-photon level, with the consequence that, with some exceptions, the equations of motion are effectively rendered

linear. Optomechanics in the linear regime has nevertheless enabled remarkable achievements in recent years. Some prominent

examples are cooling to the motional quantum ground state [5, 6], creation and detection of quantum entanglement between two

remote mechanical oscillators [7, 8], and the realization of nonreciprocal photonic devices [9].

It is well-known that for a particular choice of optical driving, cavity optomechanical systems can display classical nonlin-

ear dynamics even in the regime of small single-photon coupling rate. This can occur when the optical drive is blue-detuned,

meaning that its frequency exceeds the cavity resonance frequency. This favors down-conversion of photons through the optome-

chanical interaction, which tends to amplify mechanical fluctuations [10–12]. This amplification is unbounded in a linearized

theory, but the analysis of the full nonlinear dynamics predicts large self-sustained oscillations that settle into one of several

dynamical attractors [13]. The fact that several different stable oscillation amplitudes exist for the same set of system parameters

is referred to as dynamical multistability, and it means that the system can display hysteresis. The existence of a dynamical

attractor diagram has been confirmed in experiments [14, 15]. It should be noted that there are also stable attractors for red-

detuned optical drives, i.e., for drive frequencies below cavity resonance. However, for such detunings, mechanical noise is

damped rather than amplified, which means that deliberate driving of the mechanical oscillator is needed in order to reach the

attractors where large coherent motion is self-sustained.

Systems that have two or more stable states can for example be useful for signal amplification and for memory storage. In

electronics, circuits with this property are commonly referred to as latch circuits, since a signal can cause it to switch to or

latch onto another stable state. Bistability can also arise in optical cavity fields coupled to atoms [16] or in microwave circuits

containing Josephson junctions [17, 18]. The bistable dynamical response of nonlinear nanomechanical oscillators [19–22] can

for example be useful for sensing of external forces. Experiments on optomechanical systems have explored static bistability

where the mechanical system can oscillate around one of two stable equilibrium positions [23–25] with potential applications

for mechanical memory storage. It has also been suggested that the optomechanical dynamical multistability mentioned above

can be useful for sensing, since a small static displacement can cause transitions between two widely different stable oscillation

amplitudes in a latching measurement scheme [13].

In this article, we study the nonlinear response of a mechanical oscillator that is coupled to an optical cavity through the stan-

dard radiation pressure interaction. We consider a red-detuned optical coherent beam addressing the cavity, which according to

linearized optomechanical theory provides additional damping of the mechanical oscillator. We also assume that the mechanical

oscillator is coherently driven at its resonance frequency, which in some cases can be implemented by mechanical actuation,

e.g., by piezoelectric elements. However, it may in many cases be more feasible to implement the mechanical drive optically and

we show that this is indeed possible. For small mechanical oscillation amplitudes, the mechanical response to the drive is linear

and the oscillator’s damping rate is indeed enhanced due to the red-detuned optical beam. However, for strong drives and thus

large mechanical oscillation amplitudes, the optical damping becomes inefficient. The reason is that the coherent mechanical

oscillations cause the cavity resonance frequency to vary, and for large amplitudes these frequency variations can become com-
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parable to the laser detuning itself. By considering all possible oscillation amplitudes, we show that the mechanical response to

the drive is highly nonlinear and that, for sufficiently strong optical powers, the optomechanical system can display dynamical

multistability. This behaviour is of course related to the dynamical attractor diagram [13] discussed above. Here, we consider the

details of addressing this attractor diagram with red-detuned optical drives and thereby connect two well-known optomechanical

effects - optical damping and dynamical multistability.

The nonlinear phenomenon we analyze has similarities with one recently studied experimentally in an electromechanical

system [22] in the sense that the frictional force experienced by the mechanical oscillator becomes negative only at a sufficiently

large oscillation amplitude. In contrast to Ref. [22], which dealt with an interaction energy depending on oscillator position

squared, we consider the standard and ubiquitous radiation pressure interaction which is linear in oscillator position.

The nonlinear mechanical response we study can be described by a fully classical and noise-free theory. However, we also

consider the effects of both thermal and quantum fluctuations. In the presence of noise, the stable oscillation amplitudes are only

metastable, since there is a possibility of switching from one stable state to another via thermal or quantum activation [26], or

quantum tunneling. We consider the regime of weak single-photon optomechanical coupling and sufficiently low temperature

such that this type of switching is mostly negligible, which enables us to study small fluctuations around a single stable state.

However, noise-induced switching is necessarily relevant close to bifurcation points where one of the stable solutions vanish. We

estimate the switching rate close to such points. This is relevant for applications, since it determines how close to a bifurcation

point the system can be considered stable for practical purposes.

We also analyze several applications that utilize the nonlinear response of the optomechanical system. A useful feature of the

setup is that it combines bistable behavior with optical damping (or cooling) of noise. This enables phase-sensitive amplification

of small resonant mechanical forces, where the system can latch onto a widely different stable state as a consequence of a small,

temporary signal. The dynamical attractor’s dependence on optical power also enables similar latch amplification of small optical

signals and thereby switching of optical beams with smaller optical signals. We also show that the dynamical system can be

used as an optically controlled mechanical memory.

The article is composed as follows: In Section II, we present the model and analyze the coherent response of the optomechan-

ical system, as well as fluctuations and noise-induced switching between stable states. Section III describes how, and to which

degree, the setup can be used to detect and amplify small, resonant mechanical forces. In Section IV, we show how switching

between stable states can be induced by optical signals for amplification and memory purposes. Section V presents an alternative

but more complicated optomechanical setup which displays the same effects, but where the required mechanical amplitudes are

smaller. Final remarks are presented in Section VI.

II. MODEL

A. Setup

We consider an optical cavity mode coupled to a mechanical oscillator with position operator x. The coupling is described by

the standard radiation pressure interaction Hint = ~g0x a
†a, where g0 is the single-photon optomechanical coupling rate and a

is the photon annihilation operator in the frame rotating at the cavity resonance (angular) frequency ωr. The position operator

x = (c+c†) is expressed by the phonon annihilation operator c and in units of the zero point motion xzpf =
√

~/(2mωm), where

the effective mass is denoted m and the mechanical resonance frequency is ωm ≪ ωr. We let the cavity mode be coherently

driven at the frequency ωr − ωm. We also include a mechanical drive at the oscillator’s resonance frequency.

The dynamics of the system is determined by the quantum Langevin equations

ȧ = −κ

2
a− ig0xa+ eiωmtΩ+

√
κ ξ (1)

ċ = −
(γ

2
+ iωm

)

c− ig0a
†a+ e−iωmtΛ +

√
γ η (2)

where κ (γ) is the energy decay rate of the cavity (oscillator) and we have assumed that the effective mechanical oscillator quality

factor is always large. The optical and mechanical drive strengths are denoted Ω and Λ, respectively. These rates are proportional

to the square root of drive power and they can be considered real and positive without loss of generality. See Figure 1 for an

overview of the model parameters. The operator ξ(t) describes quantum vacuum noise from coupling to external fields and the

standard Markovian treatment [27, 28] gives Gaussian noise with 〈ξ(t)ξ†(t′)〉 = δ(t − t′) and 〈ξ†(t)ξ(t′)〉 = 〈ξ(t)ξ(t′)〉 = 0,

assuming that the temperature T obeys kBT ≪ ~ωc. We let the mechanical noise operator η obey 〈η(t)η†(t′)〉 = (nth+1)δ(t−
t′), 〈η†(t)η(t′)〉 = nth, and 〈η(t)η(t′)〉 = 0, with the thermal phonon number defined as

nth =
1

exp[~ωm/(kBT )]− 1
. (3)

We do not consider technical noise in any of the drives, but the theory can easily be extended to include that.
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γ
<latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit><latexit sha1_base64="LTGM2VFoxCLeC7zT8IXFho1T/rc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJfROZpMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqEwT2iCKK92O0VDOJG1YZjltp5qiiDltxaPbmd96otowJR/sOKWRwIFkCSNondTsDlAI7JUrQTWYw18lYU4qkKPeK391+4pkgkpLOBrTCYPURhPUlhFOp6VuZmiKZIQD2nFUoqAmmsyvnfpnTun7idKupPXn6u+JCQpjxiJ2nQLt0Cx7M/E/r5PZ5DqaMJlmlkqyWJRk3LfKn73u95mmxPKxI0g0c7f6ZIgaiXUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDgEZ7hFd485b14797HorXg5TPH8Afe5w+G648V</latexit>

Ω
<latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit>

Λ
<latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit>

κ
<latexit sha1_base64="qAsUf/1IAlAQB3I2YF1C2veiXKU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2dlhZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqyho0EYluR2iY4JI1LLeCtZVmGEeCtaLx7cxvPTFteCIf7ESxMMah5ANO0Tqp2R2jUtgrV/yqPwdZJUFOKpCj3it/dfsJTWMmLRVoTCfwlQ0z1JZTwaalbmqYQjrGIes4KjFmJszm107JmVP6ZJBoV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGpUsskXSwapILYhMxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbl3gv3rv3sWgtePnMMfyB9/kDliyPHw==</latexit><latexit sha1_base64="qAsUf/1IAlAQB3I2YF1C2veiXKU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2dlhZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqyho0EYluR2iY4JI1LLeCtZVmGEeCtaLx7cxvPTFteCIf7ESxMMah5ANO0Tqp2R2jUtgrV/yqPwdZJUFOKpCj3it/dfsJTWMmLRVoTCfwlQ0z1JZTwaalbmqYQjrGIes4KjFmJszm107JmVP6ZJBoV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGpUsskXSwapILYhMxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbl3gv3rv3sWgtePnMMfyB9/kDliyPHw==</latexit><latexit sha1_base64="qAsUf/1IAlAQB3I2YF1C2veiXKU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2dlhZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqyho0EYluR2iY4JI1LLeCtZVmGEeCtaLx7cxvPTFteCIf7ESxMMah5ANO0Tqp2R2jUtgrV/yqPwdZJUFOKpCj3it/dfsJTWMmLRVoTCfwlQ0z1JZTwaalbmqYQjrGIes4KjFmJszm107JmVP6ZJBoV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGpUsskXSwapILYhMxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbl3gv3rv3sWgtePnMMfyB9/kDliyPHw==</latexit><latexit sha1_base64="qAsUf/1IAlAQB3I2YF1C2veiXKU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2dlhZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrUoIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqyho0EYluR2iY4JI1LLeCtZVmGEeCtaLx7cxvPTFteCIf7ESxMMah5ANO0Tqp2R2jUtgrV/yqPwdZJUFOKpCj3it/dfsJTWMmLRVoTCfwlQ0z1JZTwaalbmqYQjrGIes4KjFmJszm107JmVP6ZJBoV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGpUsskXSwapILYhMxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbl3gv3rv3sWgtePnMMfyB9/kDliyPHw==</latexit>

ω
<latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit><latexit sha1_base64="qUg8iXI01zUDf6doeaeQGgCgJ1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMx81hmZoUQ8g9ePCji1f/x5t84SfagiQUNRVU33V1xypmxQfDtFdbWNza3itulnd29/YPy4VHTqExTbFDFlW7HxCBnEhuWWY7tVCMRMcdWPLqd+a0n1IYp+WDHKUaCDCRLGCXWSc2uEjggvXIlqAZz+KskzEkFctR75a9uX9FMoLSUE2M6YZDaaEK0ZZTjtNTNDKaEjsgAO45KItBEk/m1U//MKX0/UdqVtP5c/T0xIcKYsYhdpyB2aJa9mfif18lsch1NmEwzi5IuFiUZ963yZ6/7faaRWj52hFDN3K0+HRJNqHUBlVwI4fLLq6R5UQ2Danh/Wand5HEU4QRO4RxCuIIa3EEdGkDhEZ7hFd485b14797HorXg5TPH8Afe5w+QMY8b</latexit>

ωr − ωm
<latexit sha1_base64="68/yOND9yO8S2xht/oO7anfZqd4=">AAAB/HicbZDLSgMxFIbP1Futt9Eu3QSL4MYyI4Iui25cVrAXaIchk6ZtaJIZkowwDPVV3LhQxK0P4s63MW1noa0/BD7+cw7n5I8SzrTxvG+ntLa+sblV3q7s7O7tH7iHR20dp4rQFol5rLoR1pQzSVuGGU67iaJYRJx2osntrN55pEqzWD6YLKGBwCPJhoxgY63QrfZjQUc4VOgcFShCt+bVvbnQKvgF1KBQM3S/+oOYpIJKQzjWuud7iQlyrAwjnE4r/VTTBJMJHtGeRYkF1UE+P36KTq0zQMNY2ScNmru/J3IstM5EZDsFNmO9XJuZ/9V6qRleBzmTSWqoJItFw5QjE6NZEmjAFCWGZxYwUczeisgYK0yMzatiQ/CXv7wK7Yu679X9+8ta46aIowzHcAJn4MMVNOAOmtACAhk8wyu8OU/Oi/PufCxaS04xU4U/cj5/ANlQlD0=</latexit><latexit sha1_base64="68/yOND9yO8S2xht/oO7anfZqd4=">AAAB/HicbZDLSgMxFIbP1Futt9Eu3QSL4MYyI4Iui25cVrAXaIchk6ZtaJIZkowwDPVV3LhQxK0P4s63MW1noa0/BD7+cw7n5I8SzrTxvG+ntLa+sblV3q7s7O7tH7iHR20dp4rQFol5rLoR1pQzSVuGGU67iaJYRJx2osntrN55pEqzWD6YLKGBwCPJhoxgY63QrfZjQUc4VOgcFShCt+bVvbnQKvgF1KBQM3S/+oOYpIJKQzjWuud7iQlyrAwjnE4r/VTTBJMJHtGeRYkF1UE+P36KTq0zQMNY2ScNmru/J3IstM5EZDsFNmO9XJuZ/9V6qRleBzmTSWqoJItFw5QjE6NZEmjAFCWGZxYwUczeisgYK0yMzatiQ/CXv7wK7Yu679X9+8ta46aIowzHcAJn4MMVNOAOmtACAhk8wyu8OU/Oi/PufCxaS04xU4U/cj5/ANlQlD0=</latexit><latexit sha1_base64="68/yOND9yO8S2xht/oO7anfZqd4=">AAAB/HicbZDLSgMxFIbP1Futt9Eu3QSL4MYyI4Iui25cVrAXaIchk6ZtaJIZkowwDPVV3LhQxK0P4s63MW1noa0/BD7+cw7n5I8SzrTxvG+ntLa+sblV3q7s7O7tH7iHR20dp4rQFol5rLoR1pQzSVuGGU67iaJYRJx2osntrN55pEqzWD6YLKGBwCPJhoxgY63QrfZjQUc4VOgcFShCt+bVvbnQKvgF1KBQM3S/+oOYpIJKQzjWuud7iQlyrAwjnE4r/VTTBJMJHtGeRYkF1UE+P36KTq0zQMNY2ScNmru/J3IstM5EZDsFNmO9XJuZ/9V6qRleBzmTSWqoJItFw5QjE6NZEmjAFCWGZxYwUczeisgYK0yMzatiQ/CXv7wK7Yu679X9+8ta46aIowzHcAJn4MMVNOAOmtACAhk8wyu8OU/Oi/PufCxaS04xU4U/cj5/ANlQlD0=</latexit><latexit sha1_base64="68/yOND9yO8S2xht/oO7anfZqd4=">AAAB/HicbZDLSgMxFIbP1Futt9Eu3QSL4MYyI4Iui25cVrAXaIchk6ZtaJIZkowwDPVV3LhQxK0P4s63MW1noa0/BD7+cw7n5I8SzrTxvG+ntLa+sblV3q7s7O7tH7iHR20dp4rQFol5rLoR1pQzSVuGGU67iaJYRJx2osntrN55pEqzWD6YLKGBwCPJhoxgY63QrfZjQUc4VOgcFShCt+bVvbnQKvgF1KBQM3S/+oOYpIJKQzjWuud7iQlyrAwjnE4r/VTTBJMJHtGeRYkF1UE+P36KTq0zQMNY2ScNmru/J3IstM5EZDsFNmO9XJuZ/9V6qRleBzmTSWqoJItFw5QjE6NZEmjAFCWGZxYwUczeisgYK0yMzatiQ/CXv7wK7Yu679X9+8ta46aIowzHcAJn4MMVNOAOmtACAhk8wyu8OU/Oi/PufCxaS04xU4U/cj5/ANlQlD0=</latexit>

FIG. 1. Overview of the model parameters. The cavity mode with linewidth κ is driven at a frequency red-detuned by ωm from its resonance

frequency ωr . The mechanical mode with intrinsic linewidth γ is driven at its resonance frequency ωm. The red arrows represent the coherent

drives, parametrized by the rates Ω and Λ.

The discussion below will be limited to a particular regime of optical drive powers. The combination of coherent mechanical

oscillations and optical power in the cavity gives rise to radiation pressure forces on the mechanical oscillator at all multiples of

the mechanical frequency. This includes a DC force which shifts the equilibrium position of the oscillator which in turn shifts

the average resonance frequency of the cavity. However, this frequency shift is negligible if we limit ourselves to low enough

powers such that

g20 |amax|2
ωmκ

≪ 1 , (4)

where amax = 2Ω/κ is the cavity amplitude one would get if the optical drive was on cavity resonance and g0 was zero. In the

limit (4), and for an oscillator with a large quality factor, we can also neglect the response of the mechanical oscillator at higher

multiples of the mechanical resonance frequency and only take into account its response at or around its resonance frequency

ωm. We consider this regime throughout this article.

We emphasize that the drive parametrized by Λ can be realized through optical driving without the need for mechanical

actuation. This can be achieved simply by adding an additional optical drive which is modulated at ωm and thus gives rise to a

coherent force on the mechanical oscillator, as was for example done in the study reported in Ref. [14]. However, in Appendix

A, we show that to realize the effects described in this article, we would require that this modulated beam drives an auxiliary

optical cavity mode whose single-photon coupling to the mechanical oscillator is much smaller than that of cavity mode a. This

ensures that a sufficiently large value of Λ can be realized by optical means without significantly influencing the decay rate γ or

the mechanical noise properties defined above.

B. Coherent response

We begin by determining the amplitude and phase of the coherent mechanical oscillations, as well as the coherence of the

optical cavity field. Initially, we neglect the thermal and quantum noise, but we will return to the role of fluctuations in Section

II D. As mentioned above, we neglect the mechanical oscillator’s response at higher multiples of ωm. The coherent motion of

the mechanical oscillator can then be expressed as

x(t) = x0 + r̄ cos(ωmt− φ̄) , (5)

where x0 is a shift of the equilibrium position, r̄ is the oscillation amplitude and φ̄ is a phase. For convenience, we define the

rescaled mechanical amplitude

R̄ =
g0r̄

ωm
. (6)

This allows us to express the cavity field as

a(t) =
∑

k

e−ik(ωmt−φ̄)ak , ak = (−1)k−1Ω eiφ̄
∑

n

χnJn−k(R̄)Jn+1(R̄) , (7)
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<latexit sha1_base64="SdqmtI5ivENkYo90YDC1orREZDQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ7MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc1Wd+6wmV5ol8NOMUg5gOJI84o8ZKfp3ckqteueJW3TnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRTTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryoem7Ve7is1O7yOIpwAqdwDh5cQw3uoQE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ADltjaE=</latexit><latexit sha1_base64="SdqmtI5ivENkYo90YDC1orREZDQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ7MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc1Wd+6wmV5ol8NOMUg5gOJI84o8ZKfp3ckqteueJW3TnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRTTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryoem7Ve7is1O7yOIpwAqdwDh5cQw3uoQE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ADltjaE=</latexit><latexit sha1_base64="SdqmtI5ivENkYo90YDC1orREZDQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ7MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc1Wd+6wmV5ol8NOMUg5gOJI84o8ZKfp3ckqteueJW3TnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRTTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryoem7Ve7is1O7yOIpwAqdwDh5cQw3uoQE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ADltjaE=</latexit><latexit sha1_base64="SdqmtI5ivENkYo90YDC1orREZDQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ7MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc1Wd+6wmV5ol8NOMUg5gOJI84o8ZKfp3ckqteueJW3TnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRTTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryoem7Ve7is1O7yOIpwAqdwDh5cQw3uoQE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ADltjaE=</latexit>

C = 10
<latexit sha1_base64="BhEiXKCbfBfIv/E8r0SQ2kglH3Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh2IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjcX42yusrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4rs/89hPThiv5YCcJC2IylDzilFgnteroBvm4X67gKp4DrRI/JxXI0eiXv3oDRdOYSUsFMabr48QGGdGWU8GmpV5qWELomAxZ11FJYmaCbH7tFJ05ZYAipV1Ji+bq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigVyCo0ex0NuGbUiokjhGrubkV0RDSh1gVUciH4yy+vktZF1cdV//6yUrvN4yjCCZzCOfhwBTW4gwY0gcIjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH6H6jdc=</latexit><latexit sha1_base64="BhEiXKCbfBfIv/E8r0SQ2kglH3Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh2IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjcX42yusrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4rs/89hPThiv5YCcJC2IylDzilFgnteroBvm4X67gKp4DrRI/JxXI0eiXv3oDRdOYSUsFMabr48QGGdGWU8GmpV5qWELomAxZ11FJYmaCbH7tFJ05ZYAipV1Ji+bq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigVyCo0ex0NuGbUiokjhGrubkV0RDSh1gVUciH4yy+vktZF1cdV//6yUrvN4yjCCZzCOfhwBTW4gwY0gcIjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH6H6jdc=</latexit><latexit sha1_base64="BhEiXKCbfBfIv/E8r0SQ2kglH3Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh2IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjcX42yusrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4rs/89hPThiv5YCcJC2IylDzilFgnteroBvm4X67gKp4DrRI/JxXI0eiXv3oDRdOYSUsFMabr48QGGdGWU8GmpV5qWELomAxZ11FJYmaCbH7tFJ05ZYAipV1Ji+bq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigVyCo0ex0NuGbUiokjhGrubkV0RDSh1gVUciH4yy+vktZF1cdV//6yUrvN4yjCCZzCOfhwBTW4gwY0gcIjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH6H6jdc=</latexit><latexit sha1_base64="BhEiXKCbfBfIv/E8r0SQ2kglH3Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh2IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjcX42yusrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4rs/89hPThiv5YCcJC2IylDzilFgnteroBvm4X67gKp4DrRI/JxXI0eiXv3oDRdOYSUsFMabr48QGGdGWU8GmpV5qWELomAxZ11FJYmaCbH7tFJ05ZYAipV1Ji+bq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigVyCo0ex0NuGbUiokjhGrubkV0RDSh1gVUciH4yy+vktZF1cdV//6yUrvN4yjCCZzCOfhwBTW4gwY0gcIjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH6H6jdc=</latexit>

C = 20
<latexit sha1_base64="yGAZx/i8eqxwfTgxCDnX/m8XWqU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8kWQS9CsRePFWwttEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG4vxt1dYW9/Y3Cpul3Z29/YPyodHbaNSTVmLKqF0JySGCS5Zy3IrWCfRjMShYA/huDHzH56YNlzJeztJWBCToeQRp8Q6qd1A16iG++UKruI50Crxc1KBHM1++as3UDSNmbRUEGO6Pk5skBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTtGZUwYoUtqVtGiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CrIuExSyyRdLIpSgaxCs9fRgGtGrZg4Qqjm7lZER0QTal1AJReCv/zyKmnXqj6u+ncXlfpNHkcRTuAUzsGHS6jDLTShBRQe4Rle4c1T3ov37n0sWgtePnMMf+B9/gCjf43Y</latexit><latexit sha1_base64="yGAZx/i8eqxwfTgxCDnX/m8XWqU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8kWQS9CsRePFWwttEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG4vxt1dYW9/Y3Cpul3Z29/YPyodHbaNSTVmLKqF0JySGCS5Zy3IrWCfRjMShYA/huDHzH56YNlzJeztJWBCToeQRp8Q6qd1A16iG++UKruI50Crxc1KBHM1++as3UDSNmbRUEGO6Pk5skBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTtGZUwYoUtqVtGiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CrIuExSyyRdLIpSgaxCs9fRgGtGrZg4Qqjm7lZER0QTal1AJReCv/zyKmnXqj6u+ncXlfpNHkcRTuAUzsGHS6jDLTShBRQe4Rle4c1T3ov37n0sWgtePnMMf+B9/gCjf43Y</latexit><latexit sha1_base64="yGAZx/i8eqxwfTgxCDnX/m8XWqU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8kWQS9CsRePFWwttEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG4vxt1dYW9/Y3Cpul3Z29/YPyodHbaNSTVmLKqF0JySGCS5Zy3IrWCfRjMShYA/huDHzH56YNlzJeztJWBCToeQRp8Q6qd1A16iG++UKruI50Crxc1KBHM1++as3UDSNmbRUEGO6Pk5skBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTtGZUwYoUtqVtGiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CrIuExSyyRdLIpSgaxCs9fRgGtGrZg4Qqjm7lZER0QTal1AJReCv/zyKmnXqj6u+ncXlfpNHkcRTuAUzsGHS6jDLTShBRQe4Rle4c1T3ov37n0sWgtePnMMf+B9/gCjf43Y</latexit><latexit sha1_base64="yGAZx/i8eqxwfTgxCDnX/m8XWqU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8kWQS9CsRePFWwttEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG4vxt1dYW9/Y3Cpul3Z29/YPyodHbaNSTVmLKqF0JySGCS5Zy3IrWCfRjMShYA/huDHzH56YNlzJeztJWBCToeQRp8Q6qd1A16iG++UKruI50Crxc1KBHM1++as3UDSNmbRUEGO6Pk5skBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTtGZUwYoUtqVtGiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CrIuExSyyRdLIpSgaxCs9fRgGtGrZg4Qqjm7lZER0QTal1AJReCv/zyKmnXqj6u+ncXlfpNHkcRTuAUzsGHS6jDLTShBRQe4Rle4c1T3ov37n0sWgtePnMMf+B9/gCjf43Y</latexit>

FIG. 2. The steady-state amplitude R̄ of the coherent mechanical oscillations in the presence of a resonant mechanical drive with strength L
for ωm/κ = 10. The cavity mode is driven by a single beam red-detuned by one mechanical frequency ωm. The cooperativity C is determined

by the optical drive strength Ω according to Equation (9). The dashed red line is the mechanical response at C = 20 that one would find from

the linearized equations of motion.

where the sums over integers go from minus infinity to plus infinity, we have defined the susceptibilities

χn =
1

κ/2− inωm
, (8)

and Jn(R̄) is the n-th order Bessel function of the first kind. The quantity ak describes the optical coherence at frequency

ωr + kωm. We now define the standard optomechanical cooperativity

C =
4g20α

2

κγ
(9)

where α = |χ−1|Ω would be the intracavity coherent amplitude if g0 = 0. The average mechanical amplitude r̄ and phase φ̄ can

then be determined by the complex, nonlinear, algebraic equation

R̄+ C
∑

n

HnJn+1(R̄)Jn(R̄)− e−iφ̄L = 0 , (10)

which follows from Equation (2) when defining

Hn = − iκ χ∗
n−1χn

ωm|χ−1|2
(11)

and the rescaled mechanical drive strength

L =
4g0Λ

γωm
. (12)

We note that the only physical parameter Hn depends on is the dimensionless sideband parameter ωm/κ.
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L
<latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit>

R̄
<latexit sha1_base64="exmO7fuIKFCtnBTLKR+bql5H+CE=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFqp3Qupzh+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB2o6j5s=</latexit><latexit sha1_base64="exmO7fuIKFCtnBTLKR+bql5H+CE=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFqp3Qupzh+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB2o6j5s=</latexit><latexit sha1_base64="exmO7fuIKFCtnBTLKR+bql5H+CE=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFqp3Qupzh+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB2o6j5s=</latexit><latexit sha1_base64="exmO7fuIKFCtnBTLKR+bql5H+CE=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFqp3Qupzh+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB2o6j5s=</latexit>

|a−1|
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FIG. 3. Steady-state response of the optomechanical system when sweeping up the mechanical drive from L = 0 to L = 20 for cooperativity

C = 20 and sideband parameter ωm/κ = 10. Top panel: Mechanical amplitude. Lower three panels: Optical coherence at frequencies

ωr − ωm (upper), ωr (middle), and ωr + ωm (lower) relative to amax = 2Ω/κ.

We now consider the solutions to Equation (10). This equation can be solved numerically by truncating the sum at a sufficiently

large integer. Let us focus on the mechanical response to the drive, i.e., on the mechanical amplitude R̄ as a function of drive

amplitude L, which is shown in Figure 2 for different values of the cooperativity C and for a sideband parameter ωm/κ = 10.

We do not show the solution for the phase φ̄, but find that it is small (|φ̄|/π < 0.02) for all cooperativities and drive strengths in

Figure 2. In fact, one can show that φ̄ = 0 in the resolved sideband limit ωm/κ → ∞. The Figure shows that for values of the

scaled amplitude R̄ much less than 1, the mechanical response is linear with an effective damping rate γ(1 + C). This is due

the standard optomechanical damping (or cooling) mechanism, where the radiation pressure interaction leads to an enhanced

mechanical decay rate [29–31]. However, when R̄ becomes on the order of unity, the response becomes highly nonlinear. The

physical explanation is that the amplitude of the cavity resonance frequency variations then become comparable to ωm, which is

on the order of the detuning of the optical beam, such that the optical damping mechanism becomes inefficient.

Increasing the cooperativity beyond a critical value Ccrit, Figure 2 shows that we get three solutions for R̄ for an interval of

drive strengths L− < L < L+. We will refer to L−, L+ as bifurcation points or turning points. As we will show in Section II C,

one of the solutions (indicated by a dashed line) is unstable. The system thus displays bistability where two stable solutions exist

for the same drive strength L. In general, the value of Ccrit depends on the sideband parameter ωm/κ, but is independent of it

in the limit ωm/κ ≫ 1. In the example shown in Figure 2, we find Ccrit ≈ 1.82. We also see that for even larger values of the

cooperativity C, the system can display even more solutions, i.e., multistability. The presence of more than one solution means

that the system will display hysteresis, i.e, the steady-state mechanical amplitude for a given drive strength will depend on the

history of the system. To connect with the theory of optomechanical self-sustained oscillations [13], we reiterate that here we

are addressing the dynamical attractor diagram in the red-detuned regime.

To explain the origin of bistability, let us look at the curve for C = 20 in Figure 2. For large drives, e.g., L ∼ 15, the

lower stable solution where R̄ ∼ 1 describes the case where the optical drive is efficiently driving the cavity mode, such that

the mechanical oscillator is efficiently damped. The other stable solution, where R̄ ∼ L, describes the situation where the

mechanical amplitude and thus the cavity’s resonance frequency variation is already so large that the optical drive is unable to

efficiently address the cavity. The optical damping is then almost absent and only the intrinsic mechanical damping remains. We

note that the vanishing of the lower stable solution occurs when the effective frictional force on the oscillator becomes negative.

This is because photon down-conversion processes where phonons are created can dominate for large oscillation amplitudes

and a sufficient amount of cavity photons. Multistability with more than two stable solutions comes from the fact that for a

region of amplitudes, e.g., around R̄ ∼ 5 in Figure 2, the dominant damping mechanism is optical but of a nonlinear nature that

corresponds to multi-phonon annihilation processes in the quantum formalism.

There will be optical coherence not only at the original laser frequency, but at all multiples of the mechanical frequency,

according to Equation (7). The coherence amplitudes |ak| depend on the steady-state mechanical amplitude R̄. For C > Ccrit,

the amplitude will jump from R̄ ∼ 1 to a significantly larger value as the drive strength L is sweeped up from 0 and beyond the
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C = 0
<latexit sha1_base64="WrwPnbsGERSaV79BWKhzYI0etZw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEo9uKxgrGFNpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbJa2yts7u3v7lYPDR5NkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4akz91hPXRiTqAccpD2I6UCISjKKV/Aa5IW6vUnVr7gxkmXgFqUKBZq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bETcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1MoyuglyoNEOu2HxRlEmCCZl+TvpCc4ZybAllWthbCRtSTRnafMo2BG/x5WXin9eua+79RbV+W6RRgmM4gTPw4BLqcAdN8IGBgGd4hTdHOS/Ou/Mxb11xipkj+APn8wefYo1v</latexit><latexit sha1_base64="WrwPnbsGERSaV79BWKhzYI0etZw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEo9uKxgrGFNpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbJa2yts7u3v7lYPDR5NkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4akz91hPXRiTqAccpD2I6UCISjKKV/Aa5IW6vUnVr7gxkmXgFqUKBZq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bETcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1MoyuglyoNEOu2HxRlEmCCZl+TvpCc4ZybAllWthbCRtSTRnafMo2BG/x5WXin9eua+79RbV+W6RRgmM4gTPw4BLqcAdN8IGBgGd4hTdHOS/Ou/Mxb11xipkj+APn8wefYo1v</latexit><latexit sha1_base64="WrwPnbsGERSaV79BWKhzYI0etZw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEo9uKxgrGFNpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbJa2yts7u3v7lYPDR5NkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4akz91hPXRiTqAccpD2I6UCISjKKV/Aa5IW6vUnVr7gxkmXgFqUKBZq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bETcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1MoyuglyoNEOu2HxRlEmCCZl+TvpCc4ZybAllWthbCRtSTRnafMo2BG/x5WXin9eua+79RbV+W6RRgmM4gTPw4BLqcAdN8IGBgGd4hTdHOS/Ou/Mxb11xipkj+APn8wefYo1v</latexit>

C = 1.6
<latexit sha1_base64="2fUkrLwBfNGbzUNSqcQZy8ZiZd0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1ItQ7MVjBfsBbSib7aRdutmE3Y1QSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+N5305hbX1jc6u4XdrZ3ds/KB8eNXWSKYYNlohEtUOqUXCJDcONwHaqkMahwFY4qs381hMqzRP5aMYpBjEdSB5xRo2VWjVyS3z3qleueK43B1klfk4qkKPeK391+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+7pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJroJJlymmUHJFouiTBCTkNnvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C+/vEqaF67vuf7DZaV6l8dRhBM4hXPw4RqqcA91aACDETzDK7w5qfPivDsfi9aCk88cwx84nz8W5o4V</latexit><latexit sha1_base64="2fUkrLwBfNGbzUNSqcQZy8ZiZd0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1ItQ7MVjBfsBbSib7aRdutmE3Y1QSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+N5305hbX1jc6u4XdrZ3ds/KB8eNXWSKYYNlohEtUOqUXCJDcONwHaqkMahwFY4qs381hMqzRP5aMYpBjEdSB5xRo2VWjVyS3z3qleueK43B1klfk4qkKPeK391+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+7pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJroJJlymmUHJFouiTBCTkNnvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C+/vEqaF67vuf7DZaV6l8dRhBM4hXPw4RqqcA91aACDETzDK7w5qfPivDsfi9aCk88cwx84nz8W5o4V</latexit><latexit sha1_base64="2fUkrLwBfNGbzUNSqcQZy8ZiZd0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1ItQ7MVjBfsBbSib7aRdutmE3Y1QSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+N5305hbX1jc6u4XdrZ3ds/KB8eNXWSKYYNlohEtUOqUXCJDcONwHaqkMahwFY4qs381hMqzRP5aMYpBjEdSB5xRo2VWjVyS3z3qleueK43B1klfk4qkKPeK391+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+7pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJroJJlymmUHJFouiTBCTkNnvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C+/vEqaF67vuf7DZaV6l8dRhBM4hXPw4RqqcA91aACDETzDK7w5qfPivDsfi9aCk88cwx84nz8W5o4V</latexit><latexit sha1_base64="2fUkrLwBfNGbzUNSqcQZy8ZiZd0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1ItQ7MVjBfsBbSib7aRdutmE3Y1QSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6aCa+N5305hbX1jc6u4XdrZ3ds/KB8eNXWSKYYNlohEtUOqUXCJDcONwHaqkMahwFY4qs381hMqzRP5aMYpBjEdSB5xRo2VWjVyS3z3qleueK43B1klfk4qkKPeK391+wnLYpSGCap1x/dSE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+7pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJroJJlymmUHJFouiTBCTkNnvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C+/vEqaF67vuf7DZaV6l8dRhBM4hXPw4RqqcA91aACDETzDK7w5qfPivDsfi9aCk88cwx84nz8W5o4V</latexit>

C = 5
<latexit sha1_base64="SdqmtI5ivENkYo90YDC1orREZDQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ7MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc1Wd+6wmV5ol8NOMUg5gOJI84o8ZKfp3ckqteueJW3TnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRTTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryoem7Ve7is1O7yOIpwAqdwDh5cQw3uoQE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ADltjaE=</latexit><latexit sha1_base64="SdqmtI5ivENkYo90YDC1orREZDQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ7MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc1Wd+6wmV5ol8NOMUg5gOJI84o8ZKfp3ckqteueJW3TnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRTTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryoem7Ve7is1O7yOIpwAqdwDh5cQw3uoQE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ADltjaE=</latexit><latexit sha1_base64="SdqmtI5ivENkYo90YDC1orREZDQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ7MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc1Wd+6wmV5ol8NOMUg5gOJI84o8ZKfp3ckqteueJW3TnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRTTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryoem7Ve7is1O7yOIpwAqdwDh5cQw3uoQE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ADltjaE=</latexit><latexit sha1_base64="SdqmtI5ivENkYo90YDC1orREZDQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ7MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc1Wd+6wmV5ol8NOMUg5gOJI84o8ZKfp3ckqteueJW3TnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRTTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryoem7Ve7is1O7yOIpwAqdwDh5cQw3uoQE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ADltjaE=</latexit>

C = 10
<latexit sha1_base64="BhEiXKCbfBfIv/E8r0SQ2kglH3Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh2IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjcX42yusrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4rs/89hPThiv5YCcJC2IylDzilFgnteroBvm4X67gKp4DrRI/JxXI0eiXv3oDRdOYSUsFMabr48QGGdGWU8GmpV5qWELomAxZ11FJYmaCbH7tFJ05ZYAipV1Ji+bq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigVyCo0ex0NuGbUiokjhGrubkV0RDSh1gVUciH4yy+vktZF1cdV//6yUrvN4yjCCZzCOfhwBTW4gwY0gcIjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH6H6jdc=</latexit><latexit sha1_base64="BhEiXKCbfBfIv/E8r0SQ2kglH3Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh2IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjcX42yusrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4rs/89hPThiv5YCcJC2IylDzilFgnteroBvm4X67gKp4DrRI/JxXI0eiXv3oDRdOYSUsFMabr48QGGdGWU8GmpV5qWELomAxZ11FJYmaCbH7tFJ05ZYAipV1Ji+bq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigVyCo0ex0NuGbUiokjhGrubkV0RDSh1gVUciH4yy+vktZF1cdV//6yUrvN4yjCCZzCOfhwBTW4gwY0gcIjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH6H6jdc=</latexit><latexit sha1_base64="BhEiXKCbfBfIv/E8r0SQ2kglH3Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh2IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjcX42yusrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4rs/89hPThiv5YCcJC2IylDzilFgnteroBvm4X67gKp4DrRI/JxXI0eiXv3oDRdOYSUsFMabr48QGGdGWU8GmpV5qWELomAxZ11FJYmaCbH7tFJ05ZYAipV1Ji+bq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigVyCo0ex0NuGbUiokjhGrubkV0RDSh1gVUciH4yy+vktZF1cdV//6yUrvN4yjCCZzCOfhwBTW4gwY0gcIjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH6H6jdc=</latexit><latexit sha1_base64="BhEiXKCbfBfIv/E8r0SQ2kglH3Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh2IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjcX42yusrW9sbhW3Szu7e/sH5cOjllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4rs/89hPThiv5YCcJC2IylDzilFgnteroBvm4X67gKp4DrRI/JxXI0eiXv3oDRdOYSUsFMabr48QGGdGWU8GmpV5qWELomAxZ11FJYmaCbH7tFJ05ZYAipV1Ji+bq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigVyCo0ex0NuGbUiokjhGrubkV0RDSh1gVUciH4yy+vktZF1cdV//6yUrvN4yjCCZzCOfhwBTW4gwY0gcIjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH6H6jdc=</latexit>

C = 20
<latexit sha1_base64="yGAZx/i8eqxwfTgxCDnX/m8XWqU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8kWQS9CsRePFWwttEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG4vxt1dYW9/Y3Cpul3Z29/YPyodHbaNSTVmLKqF0JySGCS5Zy3IrWCfRjMShYA/huDHzH56YNlzJeztJWBCToeQRp8Q6qd1A16iG++UKruI50Crxc1KBHM1++as3UDSNmbRUEGO6Pk5skBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTtGZUwYoUtqVtGiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CrIuExSyyRdLIpSgaxCs9fRgGtGrZg4Qqjm7lZER0QTal1AJReCv/zyKmnXqj6u+ncXlfpNHkcRTuAUzsGHS6jDLTShBRQe4Rle4c1T3ov37n0sWgtePnMMf+B9/gCjf43Y</latexit><latexit sha1_base64="yGAZx/i8eqxwfTgxCDnX/m8XWqU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8kWQS9CsRePFWwttEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG4vxt1dYW9/Y3Cpul3Z29/YPyodHbaNSTVmLKqF0JySGCS5Zy3IrWCfRjMShYA/huDHzH56YNlzJeztJWBCToeQRp8Q6qd1A16iG++UKruI50Crxc1KBHM1++as3UDSNmbRUEGO6Pk5skBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTtGZUwYoUtqVtGiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CrIuExSyyRdLIpSgaxCs9fRgGtGrZg4Qqjm7lZER0QTal1AJReCv/zyKmnXqj6u+ncXlfpNHkcRTuAUzsGHS6jDLTShBRQe4Rle4c1T3ov37n0sWgtePnMMf+B9/gCjf43Y</latexit><latexit sha1_base64="yGAZx/i8eqxwfTgxCDnX/m8XWqU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8kWQS9CsRePFWwttEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG4vxt1dYW9/Y3Cpul3Z29/YPyodHbaNSTVmLKqF0JySGCS5Zy3IrWCfRjMShYA/huDHzH56YNlzJeztJWBCToeQRp8Q6qd1A16iG++UKruI50Crxc1KBHM1++as3UDSNmbRUEGO6Pk5skBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTtGZUwYoUtqVtGiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CrIuExSyyRdLIpSgaxCs9fRgGtGrZg4Qqjm7lZER0QTal1AJReCv/zyKmnXqj6u+ncXlfpNHkcRTuAUzsGHS6jDLTShBRQe4Rle4c1T3ov37n0sWgtePnMMf+B9/gCjf43Y</latexit><latexit sha1_base64="yGAZx/i8eqxwfTgxCDnX/m8XWqU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8kWQS9CsRePFWwttEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyaCG4vxt1dYW9/Y3Cpul3Z29/YPyodHbaNSTVmLKqF0JySGCS5Zy3IrWCfRjMShYA/huDHzH56YNlzJeztJWBCToeQRp8Q6qd1A16iG++UKruI50Crxc1KBHM1++as3UDSNmbRUEGO6Pk5skBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTtGZUwYoUtqVtGiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CrIuExSyyRdLIpSgaxCs9fRgGtGrZg4Qqjm7lZER0QTal1AJReCv/zyKmnXqj6u+ncXlfpNHkcRTuAUzsGHS6jDLTShBRQe4Rle4c1T3ov37n0sWgtePnMMf+B9/gCjf43Y</latexit>

a) b)

X
<latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit>
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FIG. 4. The effective potential V (X, 0), as defined in Equation (19) for a) L = 7 and b) L = 15, with ωm/κ = 10. The filled (open) circles

indicate stable (unstable) points (shown only for C = 20).

bifurcation point where the lower stable solution vanishes. This jump will be accompanied by jumps in the optical coherences

ak and can thus easily be monitored optically. The behaviour of optical coherences as L is sweeped up is shown in Figure 3 for

k = −1, 0, 1, C = 20, and ωm/κ = 10. We note that the coherences at other values of k are significantly smaller in the resolved

sideband limit ωm/κ ≫ 1.

C. Effective potential

We will now show that, in the resolved sideband limit ωm/κ ≫ 1, the steady-state solutions for the amplitude R̄ can be

interpreted as the positions of extremal points of an effective potential. This will be a helpful picture to have in mind when

we later discuss fluctuations. Let us now consider the mechanical amplitude r(t) and phase φ(t) defined in Equation (5) as

dynamical variables, even though we still ignore noise. We can equivalently describe the mechanical oscillations with rescaled

quadrature variables X(t) and Y (t), defined by

g0
ωm

r(t) cos(ωmt− φ(t)) = X(t) cos(ωmt) + Y (t) sin(ωmt) . (13)

We then define the vector

R = (X,Y ) , (14)

and the dimensionless time variable

τ =
γt

2
. (15)

This allows us to write the equations of motion for the mechanical quadratures as

dR

dτ
= F(R) (16)

where

FX(R) = −X − C Re

[

eiφ
∑

n

HnJn(R)Jn+1(R)

]

+ L (17)

FY (R) = −Y − C Im

[

eiφ
∑

n

HnJn(R)Jn+1(R)

]

(18)

and Reiφ ≡ X + iY . We can interpret Equation (16) as determining the position R of a fictitious particle in two dimensions

subject to a (dimensionless) force F(R) in the limit of large friction. Note that if we require the time derivative in Equation (16)
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to vanish and let R → R̄, these equations reduce to the complex Equation (10). While the vector field F(R) is not generally

conservative, we can, in the resolved sideband limit ωm/κ ≫ 1, write F(R) ≈ −∇V (R) with

V (R) =
1

2
R2 + 2C

{

1− [J0(R)]
2 − [J1(R)]

2
}

− LX . (19)

This follows from the fact that Hn ≈ 1 for n ∈ {0, 1} and Hn ≈ −iκ/(n(n− 1)ωm) for n /∈ {0, 1} in the limit ωm/κ ≫ 1. We

note that in the limit of small amplitudes, R ≪ 1, we get V (R) = (1+C)R2/2−LX . This limit thus gives a displaced, quadratic

potential stiffened by the factor 1 + C compared to the case without optical drive, in accordance with standard linearization of

the optomechanical interaction.

The locations of the minima (maxima) of the potential V (R) then correspond to stable (unstable) steady-state positions for

the fictitious particle, and hence to stable (unstable) values for the quadrature variables X and Y . The potential is shown in

Figure 4 for the same cooperativities as in Figure 2 and for two different values of the drive strength L. We have set Y = 0 since

the stable points lie on the X-axis in the resolved sideband limit. We see that for C = 20 and L = 7, we have three minima,

whereas for C = 20 and L = 15, we have two minima. This is in accordance with the exact numerical solutions shown in Figure

2.

D. Fluctuations around a stable solution

We now take into account the noise acting on both the optical field and the mechanical oscillator, which is represented

mathematically in Equations (1) and (2) by the operators ξ(t) and η(t). The steady-state solutions for the mechanical amplitude

R̄ are then only metastable, since thermal or quantum noise can cause switching between them. However, we will focus on the

regime of thermal phonon number nth ≪ (ωm/g0)
2 and weak single-photon coupling g0 ≪ κ, ωm and we will show in Section

II E that the switching rates are then negligibly small except for drive strengths Λ close to the bifurcation points. This means that

for most values of Λ, we can focus on fluctuations around a single, stable equilibrium.

Let us consider small fluctuations around one of the equilibrium values of R̄ and φ̄. We write

a(t) = e−iR̄ sin(ωmt−φ̄) (ā(t) + d(t)) (20)

c(t) =
x0

2
+ e−i(ωmt−φ̄)

( r̄

2
+ c̃(t)

)

(21)

defining the quantities

ā(t) =
∑

k

e−ik(ωmt−φ̄) āk , āk = χkΩ eiφJ−(k+1)(R̄) (22)

for convenience. Inserting this into Equations (1) and (2) and neglecting nonlinear terms in the fluctuation variables d and c̃
gives

ḋ = −κ

2
d− ig0ā

(

e−i(ωmt−φ̄)c̃+ ei(ωmt−φ̄)c̃†
)

+
√
κ ξ̃ (23)

˙̃c = −γ

2
c̃− ig0e

i(ωmt−φ̄)
(

ā∗d+ ā d†
)

+
√
γη̃ , (24)

where ξ̃ (η̃) is ξ (η) multiplied by a time-dependent phase factor and thus obeys the same correlation properties as ξ (η). We may

adiabatically eliminate the cavity field fluctuations d(t) if the mechanical oscillator dynamics (in the frame rotating at ωm) are

slow compared to the cavity decay time ∼ 1/κ. Upon assuming this, we find

d(t) = ζ(t)− i
∑

n

Gn

(

e−i(n+1)(ωmt−φ)χn+1c̃(t) + e−i(n−1)(ωmt−φ)χn−1c̃
†(t)
)

(25)

with Gn = g0ān and

ζ(t) =
√
κ

∫ t

−∞

ds e−
κ

2
(t−s)ξ̃(s) . (26)

In general, the time-dependent coefficients in Equations (23) and (24) preclude a steady state solution to expectation values.

However, if we assume, as before, that the mechanical oscillator only responds at or near the resonance frequency ωm and not at
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L
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L
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a) b)

EXX , EY Y
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ln τsw
<latexit sha1_base64="VI0hIWtTVjVgRPP1c0OwVpGrloU=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZdFNy4r2FZoQphMJ+3QySTMTJQair/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE6acKe0431ZlaXllda26XtvY3NresXf3OirJJKFtkvBE3oVYUc4EbWumOb1LJcVxyGk3HF0VfveeSsUScavHKfVjPBAsYgRrIwX2gccF8jTOAi/GeijjXD1MArvuNJwp0CJxS1KHEq3A/vL6CcliKjThWKme66Taz7HUjHA6qXmZoikmIzygPUMFjqny82n6CTo2Sh9FiTRPaDRVf2/kOFZqHIdmsoio5r1C/M/rZTq68HMm0kxTQWaHoowjnaCiCtRnkhLNx4ZgIpnJisgQS0y0KaxmSnDnv7xIOqcN12m4N2f15mVZRxUO4QhOwIVzaMI1tKANBB7hGV7hzXqyXqx362M2WrHKnX34A+vzBwQklZU=</latexit><latexit sha1_base64="VI0hIWtTVjVgRPP1c0OwVpGrloU=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZdFNy4r2FZoQphMJ+3QySTMTJQair/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE6acKe0431ZlaXllda26XtvY3NresXf3OirJJKFtkvBE3oVYUc4EbWumOb1LJcVxyGk3HF0VfveeSsUScavHKfVjPBAsYgRrIwX2gccF8jTOAi/GeijjXD1MArvuNJwp0CJxS1KHEq3A/vL6CcliKjThWKme66Taz7HUjHA6qXmZoikmIzygPUMFjqny82n6CTo2Sh9FiTRPaDRVf2/kOFZqHIdmsoio5r1C/M/rZTq68HMm0kxTQWaHoowjnaCiCtRnkhLNx4ZgIpnJisgQS0y0KaxmSnDnv7xIOqcN12m4N2f15mVZRxUO4QhOwIVzaMI1tKANBB7hGV7hzXqyXqx362M2WrHKnX34A+vzBwQklZU=</latexit><latexit sha1_base64="VI0hIWtTVjVgRPP1c0OwVpGrloU=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZdFNy4r2FZoQphMJ+3QySTMTJQair/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE6acKe0431ZlaXllda26XtvY3NresXf3OirJJKFtkvBE3oVYUc4EbWumOb1LJcVxyGk3HF0VfveeSsUScavHKfVjPBAsYgRrIwX2gccF8jTOAi/GeijjXD1MArvuNJwp0CJxS1KHEq3A/vL6CcliKjThWKme66Taz7HUjHA6qXmZoikmIzygPUMFjqny82n6CTo2Sh9FiTRPaDRVf2/kOFZqHIdmsoio5r1C/M/rZTq68HMm0kxTQWaHoowjnaCiCtRnkhLNx4ZgIpnJisgQS0y0KaxmSnDnv7xIOqcN12m4N2f15mVZRxUO4QhOwIVzaMI1tKANBB7hGV7hzXqyXqx362M2WrHKnX34A+vzBwQklZU=</latexit><latexit sha1_base64="VI0hIWtTVjVgRPP1c0OwVpGrloU=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZdFNy4r2FZoQphMJ+3QySTMTJQair/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE6acKe0431ZlaXllda26XtvY3NresXf3OirJJKFtkvBE3oVYUc4EbWumOb1LJcVxyGk3HF0VfveeSsUScavHKfVjPBAsYgRrIwX2gccF8jTOAi/GeijjXD1MArvuNJwp0CJxS1KHEq3A/vL6CcliKjThWKme66Taz7HUjHA6qXmZoikmIzygPUMFjqny82n6CTo2Sh9FiTRPaDRVf2/kOFZqHIdmsoio5r1C/M/rZTq68HMm0kxTQWaHoowjnaCiCtRnkhLNx4ZgIpnJisgQS0y0KaxmSnDnv7xIOqcN12m4N2f15mVZRxUO4QhOwIVzaMI1tKANBB7hGV7hzXqyXqx362M2WrHKnX34A+vzBwQklZU=</latexit>

FIG. 5. Fluctuations and switching time for parameters C = 20, ωm/κ = 10, g0/κ = 0.005, γ/κ = 10−5, and nth = 10 when driving close

to the bifurcation point L+ (≈ 18.183 here). a) Upper panel: Steady-state amplitude R̄. Middle panel: The noise variables EXX (solid/blue)

and EY Y (dashed/red) as defined in Equations (39) and (40). Lower panel: Average size of quadrature fluctuations 〈x̃2〉 (solid/blue) and 〈ỹ2〉
(dashed/red) in units of the zero point motion xzpf . b) The logarithm of the dimensionless average switching time τsw in Equation (44) (only

plotted for L such that V (R̄ust)− V (R̄st,l) > 10E). Note the difference in scale on the L-axis between a) and b).

other multiples of ωm, we can find approximate steady-state expressions for the Gaussian mechanical noise. By defining

Γ = γ + 2
∑

n

|Gn|2
(

χn+1 − χ∗
n−1

)

, (27)

Ψ = 2
∑

n

G∗
n−2Gn

(

χn−1 − χ∗
n−1

)

, (28)

we arrive at an equation of motion for c̃ alone,

˙̃c = −Γ

2
c̃− Ψ

2
c̃† +

√
γ η̃ − i

∑

n

(

G∗
n−1ζn +Gn+1ζ

†
n

)

, (29)

where we have defined

ζn(t) = ein(ωmt−φ̄)ζ(t) . (30)

We can now find expressions for expectation values involving the mechanical noise operator c̃. By once again using that the

mechanical oscillator only responds near its resonance frequency, this leads to the average phonon occupancy (relative to the

large coherent state)

〈c̃†c̃〉 = γnth +Re
(

|Ψ|2/(2Γ)
)

+ κ
∑

n

[

|Gn|2 +Re
(

G∗
n−2GnΨ

∗/Γ
)]

|χn−1|2

(1− |Ψ|2/|Γ|2)ReΓ . (31)

This expression is more complicated than what one gets for an undriven, optically damped mechanical oscillator [30, 31], since

there are nonzero optical coherences at more than one frequency. To understand this result, it is instructive to think about

what one would find in the absence of mechanical driving and with an optical drive at a detuning lωm. We would then have

Gn = Gδn,l, giving

〈c̃†c̃〉L=0 =
γnth + κ|G|2 |χl−1|2

γ + 2|G|2 Re(χl+1 − χ∗
l−1)

. (32)

The second term in the denominator is the optical contribution to the damping rate, whereas the second term in the numerator

describes the additional heating that comes from radiation pressure shot noise, or equivalently, from down-converting photons

in Stokes processes. A naive generalization of this result to many beams would give the terms in (31) that do not contain Ψ.

The presence of Ψ is due to interference between the down-conversion of a photon from a detuning nωm to (n− 1)ωm and the

up-conversion of a photon from a detuning (n− 2)ωm to (n− 1)ωm. It is well-known that such interference effects can lead to
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nonzero correlations between orthogonal quadratures and even squeezing [32]. Mathematically, this follows from the nonzero

expectation value

〈c̃2〉 = −Ψ

Γ

(

〈c̃†c̃〉+ 1

2

)

− κ

Γ

∑

n

G∗
n−2Gn |χn−1|2 . (33)

In Figure 5a), we plot the fluctuations in the two quadratures

x̃ = c̃+ c̃† , ỹ = i
(

c̃† − c̃
)

(34)

for cooperativity C = 20 and for drive strengths L close to the bifurcation point L+ where the lower stable solution vanishes.

We observe that the noise in the x̃-quadrature grows rapidly when approaching the bifurcation point. The reason is the softening

of the effective potential along this quadrature as the potential barrier is about to vanish. We emphasize that for the fluctuation

analysis above to be valid, we must at least demand that 〈x̃2〉, 〈ỹ2〉 ≪ (ωm/g0)
2.

E. Switching dynamics

We now address the possibility of switching from one equilibrium to another in the presence of bistability. The analysis in

the previous section assumes that the system fluctuates around just one of the stable solutions. Although switching is mostly

negligible, it is necessarily relevant for drives L sufficiently close to the bifurcation points L− and L+.

We seek to describe the switching dynamics from the lower stable solution (R̄ ∼ 1) to the higher stable solution (R̄ ∼ L)
for a drive strength L close to the critical value L+ where the lower stable solution vanishes. As an illustration, consider the

potential V for C = 20 and L = 15 shown in Figure 4b). We wish to find out how long, on average, a particle remains trapped

in the small potential minimum at X ∼ 1 in the presence of noise before escaping downhill to large values of X . It is then not

possible to separate the calculation of the coherent motion from that of the noise as we did above. We still assume that we can

adiabatically eliminate the cavity field and consider the full stochastic dynamics of the rescaled quadrature variables X and Y ,

defined in Equation (13). The equations of motion are

dX

dτ
= FX(R) + FX,noise(R, τ) (35)

dY

dτ
= FY (R) + FY,noise(R, τ) (36)

where FX and FY were defined in Equations (17) and (18), and

FX,noise(R, τ) =
2g0
γωm

{

√
γ(η̃ + η̃†)− i

∑

n

[

(G∗
n−1(R)−G∗

n+1(R))ζn − (Gn−1(R)−Gn+1(R))ζ†n
]

}

(37)

FY,noise(R, τ) =
2g0
γωm

{

i
√
γ(η̃† − η̃)−

∑

n

[

(G∗
n−1(R) +G∗

n+1(R))ζn + (Gn−1(R) +Gn+1(R))ζ†n
]

}

(38)

are Gaussian noise variables originating from the optical noise ξ and the mechanical noise η. As before, we neglect the oscilla-

tor’s response at higher multiples of its resonance frequency, which allows the noise correlation functions to be written

〈FX,noise(τ)FX,noise(τ
′)〉 =

(

2g0
ωm

)2
(

nth +
1

2
+

κ

2γ

∑

n

|Gn−1 −Gn+1|2|χn|2
)

δ(τ − τ ′) ≡ 2EXX δ(τ − τ ′)

(39)

〈FY,noise(τ)FY,noise(τ
′)〉 =

(

2g0
ωm

)2
(

nth +
1

2
+

κ

2γ

∑

n

|Gn−1 +Gn+1|2|χn|2
)

δ(τ − τ ′) ≡ 2EY Y δ(τ − τ ′)

(40)

1

2
〈{FX,noise(τ) , FY,noise(τ

′)}〉 =
(

2g0
ωm

)2
κ

γ

∑

n

Im
(

Gn−1G
∗
n+1

)

|χn|2δ(τ − τ ′) ≡ 2EXY δ(τ − τ ′) (41)

where we have omitted the dependence on R for clarity. The properties EXX 6= EY Y and EXY 6= 0 mean that the noise blob in

phase space will be non-spherical and rotated with respect to the X- and Y -axes. We note, however, that in the resolved sideband

regime ωm/κ ≫ 1 and with our choice of phase for the mechanical drive, we have EXX ≥ EY Y and |EXY | ≪ EXX , EY Y .
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We will now simplify the model given by Equations (35) and (36) in a way that still captures its essential features. This

will allow us to estimate the average time before switching as well as to efficiently simulate the stochastic dynamics. We will

consider the resolved sideband regime and use the classical stochastic equation

dR

dτ
= −∇V (R) +

√
2EN(τ) (42)

to model the dynamics, where the potential V is defined in Equation (19) and we assume isotropic noise satisfying

〈NX(τ)NX(τ ′)〉 = 〈NY (τ)NY (τ
′)〉 = δ(τ − τ ′) , 〈NX(τ)NY (τ

′)〉 = 0 . (43)

The noise in our simplified model is quantified by E ≡ EXX(R = R̄st,l) where R̄st,l is the lower stable solution to the

noise-free equation of motion. In other words, E is a measure of the thermal and quantum noise in the X-quadrature in the

potential valley from which the fictitious particle eventually escapes. Note that this model will slightly overestimate the noise in

the Y -quadrature, but this is not expected to influence our results in any significant way. The use of a classical model is justified

by the fact that we have assumed a Gaussian state at all times.

The average time τsw before the fictitious particle escapes the potential minimum at R̄st,l can now be estimated. The simplified

model (42) determines the dissipative dynamics of a particle in a potential V (R) subject to large friction and thermal fluctuations

at a temperature proportional to E. A generalization of Kramer’s escape rate [33] to a two-dimensional potential [34, 35] then

gives

τsw = 2π

√

λ2(R̄ust)

|λ1(R̄ust)|λ1(R̄st,l)λ2(R̄st,l)
× exp

[

V (R̄ust)− V (R̄st,l)

E

]

. (44)

Here, R̄ust is the unstable steady-state solution, i.e., the position of the saddle point of the two-dimensional potential. We have

also defined λ1 and λ2 as the eigenvalues of the Hessian matrix Hij(R) = ∂i∂jV (R), where λ1(R̄ust) is the single negative

eigenvalue at the saddle point. We note that the formula (44) is only valid when the exponent is much larger than 1.

The average dimensionless time τsw before switching is shown as a function of drive L in Figure 5b) for cooperativity C = 20.

In this example, the critical drive strength is L+ ≈ 18.183. To relate to dimensionful parameters, τsw ≫ 1 means that the average

time before switching is much larger than the intrinsic mechanical decay time 2/γ. For the sensing applications discussed below,

it is worth noting that for the parameters such as those used in Figure 5, the drive strength L can be chosen very close to the

critical value without risking accidental switching due to thermal fluctuations. However, we also emphasize that the time τsw is

exponentially dependent on the temperature T ∝ nth.

III. PHASE-SENSITIVE AMPLIFICATION OF SMALL RESONANT MECHANICAL FORCES

We now discuss a possibility for exploiting this setup to detect and amplify small mechanical forces oscillating at the resonance

frequency ωm. We note that for a cooperativity C just below the critical Ccrit, the system can be used as a phase-sensitive linear

amplifier. While this can also be of interest for applications, we will focus on nonlinear amplification mechanisms in this article.

There can be several different ways of exploiting bistability for amplification, depending on whether one wants to implement an

active readout of information at a particular time [17, 18] or a passive sensor that detects a pulsed signal arriving at an unknown

time. We will have the latter situation in mind here. The nonlinear amplification mechanism we study has the advantage that the

pulse will cause the system to latch onto a widely different steady state, such that it can be read out at any subsequent point in

time and possibly with less stringent requirements on additional low-noise amplification than required by a linear amplifier.

We consider a situation where the mechanical drive strength is set to L̄ close to the bifurcation point L+ where the lower

stable solution vanishes. However, we let L+ − L̄ be sufficiently large such that the system fluctuates around the lower stable

solution (R̄st,l ∼ 1) for very long times. To be more precise, we want the average time τsw before switching to the upper stable

solution (R̄st,u ∼ L) to be so large that we can ignore that possibility for all practical purposes. In addition to the mechanical

force we deliberately apply, we imagine that the mechanical oscillator is also briefly subjected to another small resonant force

that we wish to detect. The total drive strength becomes L(τ) = L̄ + l(τ), where l(τ) describes the complex drive amplitude

variations due to the additional force. With L̄ real, the drive amplitude becomes

|L(τ)| =
√

(

L̄+Re[l(τ)]
)2

+ (Im[l(τ)])
2
. (45)

We see that depending on the complex phase of l(τ), the perturbation can lead to an increased total amplitude |L(τ)|. For

simplicity, we will from now on assume that l(τ) is real and positive, but we emphasize that we are describing a phase-sensitive

amplifier that will be most sensitive to forces that are in phase with the deliberately applied force.
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a) b)

FIG. 6. Scheme for amplifying small mechanical signals. a) The steady-state response can change dramatically and permanently due to a

small and temporary change in drive strength from L̄ to L̄ + ∆L. b) The effective potential has a stable minimum for small R̄ ∼ 1 when

L = L̄ (upper/blue curve), but not for L = L̄+∆L (lower/red curve). For a pulse of size ∆L and of sufficient duration ∆T , the steady-state

amplitude can thus change permanently from R̄st,l ∼ 1 to R̄st,u ≫ 1. We have again used C = 20 and ωm/κ = 10.

Let us now discuss the amplification mechanism. We first assume that the duration of the pulse l(τ) is much longer than the

intrinsic mechanical decay time 2/γ. The system will then respond adiabatically to the change in drive strength. As shown in

Figure 6a), an increase in the total drive strength to a maximal value L̄ + ∆L can bring the system beyond the critical drive

strength L+ where the lower stable solution vanishes. In that case, the amplitude R will increase towards the upper stable

solution R̄st,u ∼ L. After the pulse l(τ) has passed, the drive strength returns to L̄. The fictitious particle can then either return

to the lower stable solution R̄st,l ∼ 1 or continue towards the upper stable solution R̄st,u ∼ L̄, depending on which side of the

potential maximum it finds itself. For a pulse of sufficient duration and strength, the system always ends up in the upper solution.

This means that a small and temporary signal can cause a large and permanent change in the optomechanical system, which can

easily be read out without the need for additional low-noise amplification.

The amplification mechanism can also work for pulses shorter than the mechanical decay time. The analysis of the amplifi-

cation mechanism above assumed a long pulse, where we can think of the potential V (R) temporarily changing from the blue

(upper) curve to the red (lower) curve in Figure 6b). In the case of a short pulse, however, it is better to think of the potential

as fixed (the blue (upper) curve) and l(τ) as additional noise that can kick the fictitious particle over the barrier. This means

that the amplitude of l(τ) must far exceed the thermal/quantum noise ∼
√
E. For a long pulse, on the other hand, where the

potential changes adiabatically with the pulse, we will see that the amplification mechanism can be efficient for amplitudes |l(τ)|
comparable to the existing broadband noise.

We now quantify the amplification in the proposed latching scheme. To this end, we define the average input mechanical

amplitude as c̄in(L) = Λ/
√
γ and the average output amplitude as c̄out(Λ) =

√
γ r̄(Λ)/2 − c̄in(Λ) for a single input/output

port. The squares of the input and the output amplitudes give the incoming and outgoing phonon flux, respectively [27, 28]. We

define an amplifier power gain by

Gm =

(

c̄out,u(Λ̄)− c̄out,l(Λ̄)

c̄in(Λ̄ + ∆Λ)− c̄in(Λ̄)

)2

. (46)

where Λ̄ (∆Λ) relates to L̄ (∆L) as in Equation (12). The numerator in (46) is the square of the permanent difference in average

output amplitude between the final state (after the latching mechanism has been triggered) and the initial state. The denominator

is the square of the temporary difference in average input amplitude. Inserting the definition of the input and output amplitudes

gives

Gm =

(

R̄st,u(L̄)− R̄st,l(L̄)

∆L/2

)2

. (47)

Another interpretation of the gain Gm is now apparent - up to a constant, it is the permanent amplitude change due to the pulse

divided by the temporary amplitude change the pulse would cause in the absence of optomechanical coupling. For C, L̄ ≫ 1,
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20
<latexit sha1_base64="7lyLJ9mQsuG5mx4faw16r3wT4nk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqnlv17q8qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AOn3jPA=</latexit><latexit sha1_base64="7lyLJ9mQsuG5mx4faw16r3wT4nk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqnlv17q8qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AOn3jPA=</latexit><latexit sha1_base64="7lyLJ9mQsuG5mx4faw16r3wT4nk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqnlv17q8qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AOn3jPA=</latexit><latexit sha1_base64="7lyLJ9mQsuG5mx4faw16r3wT4nk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqnlv17q8qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AOn3jPA=</latexit>

30
<latexit sha1_base64="t/x+0jR+I/2rKxs4KGzvhlNB0U0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3dcq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8Aet8jPE=</latexit><latexit sha1_base64="t/x+0jR+I/2rKxs4KGzvhlNB0U0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3dcq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8Aet8jPE=</latexit><latexit sha1_base64="t/x+0jR+I/2rKxs4KGzvhlNB0U0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3dcq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8Aet8jPE=</latexit><latexit sha1_base64="t/x+0jR+I/2rKxs4KGzvhlNB0U0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3dcq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8Aet8jPE=</latexit>

40
<latexit sha1_base64="V3PElZ8f8IryAJ2po8w92pXwtMs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VPbfq3dcqjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AO0BjPI=</latexit><latexit sha1_base64="V3PElZ8f8IryAJ2po8w92pXwtMs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VPbfq3dcqjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AO0BjPI=</latexit><latexit sha1_base64="V3PElZ8f8IryAJ2po8w92pXwtMs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VPbfq3dcqjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AO0BjPI=</latexit><latexit sha1_base64="V3PElZ8f8IryAJ2po8w92pXwtMs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VPbfq3dcqjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AO0BjPI=</latexit>

∆L = 0.004
<latexit sha1_base64="NvO1nhbEJVMaWDuw1cYW4GxtTzQ=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVgF6EoB48eIhgHpAsYXbSSYbMPpiZDYQlf+LFgyJe/RNv/o2zyR40saDpoqqb6Sk/Flxpx/m2CmvrG5tbxe3Szu7e/oF9eNRUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rcmKBWPwic9jdEL6DDkA86oNlLPtrt3KDQlD+SaOBXHqfbsctYzkFXi5qQMOeo9+6vbj1gSYKiZoEp1XCfWXkql5kzgrNRNFMaUjekQO4aGNEDlpfPLZ+TMKH0yiKSpUJO5+nsjpYFS08A3kwHVI7XsZeJ/XifRgysv5WGcaAzZ4qFBIoiOSBYD6XOJTIupIZRJbm4lbEQlZdqEVTIhuMtfXiXNi4rrVNzHarl2k8dRhBM4hXNw4RJqcA91aACDCTzDK7xZqfVivVsfi9GCle8cwx9Ynz85QZFs</latexit><latexit sha1_base64="NvO1nhbEJVMaWDuw1cYW4GxtTzQ=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVgF6EoB48eIhgHpAsYXbSSYbMPpiZDYQlf+LFgyJe/RNv/o2zyR40saDpoqqb6Sk/Flxpx/m2CmvrG5tbxe3Szu7e/oF9eNRUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rcmKBWPwic9jdEL6DDkA86oNlLPtrt3KDQlD+SaOBXHqfbsctYzkFXi5qQMOeo9+6vbj1gSYKiZoEp1XCfWXkql5kzgrNRNFMaUjekQO4aGNEDlpfPLZ+TMKH0yiKSpUJO5+nsjpYFS08A3kwHVI7XsZeJ/XifRgysv5WGcaAzZ4qFBIoiOSBYD6XOJTIupIZRJbm4lbEQlZdqEVTIhuMtfXiXNi4rrVNzHarl2k8dRhBM4hXNw4RJqcA91aACDCTzDK7xZqfVivVsfi9GCle8cwx9Ynz85QZFs</latexit><latexit sha1_base64="NvO1nhbEJVMaWDuw1cYW4GxtTzQ=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVgF6EoB48eIhgHpAsYXbSSYbMPpiZDYQlf+LFgyJe/RNv/o2zyR40saDpoqqb6Sk/Flxpx/m2CmvrG5tbxe3Szu7e/oF9eNRUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rcmKBWPwic9jdEL6DDkA86oNlLPtrt3KDQlD+SaOBXHqfbsctYzkFXi5qQMOeo9+6vbj1gSYKiZoEp1XCfWXkql5kzgrNRNFMaUjekQO4aGNEDlpfPLZ+TMKH0yiKSpUJO5+nsjpYFS08A3kwHVI7XsZeJ/XifRgysv5WGcaAzZ4qFBIoiOSBYD6XOJTIupIZRJbm4lbEQlZdqEVTIhuMtfXiXNi4rrVNzHarl2k8dRhBM4hXNw4RJqcA91aACDCTzDK7xZqfVivVsfi9GCle8cwx9Ynz85QZFs</latexit><latexit sha1_base64="NvO1nhbEJVMaWDuw1cYW4GxtTzQ=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iVgF6EoB48eIhgHpAsYXbSSYbMPpiZDYQlf+LFgyJe/RNv/o2zyR40saDpoqqb6Sk/Flxpx/m2CmvrG5tbxe3Szu7e/oF9eNRUUSIZNlgkItn2qULBQ2xorgW2Y4k08AW2/PFt5rcmKBWPwic9jdEL6DDkA86oNlLPtrt3KDQlD+SaOBXHqfbsctYzkFXi5qQMOeo9+6vbj1gSYKiZoEp1XCfWXkql5kzgrNRNFMaUjekQO4aGNEDlpfPLZ+TMKH0yiKSpUJO5+nsjpYFS08A3kwHVI7XsZeJ/XifRgysv5WGcaAzZ4qFBIoiOSBYD6XOJTIupIZRJbm4lbEQlZdqEVTIhuMtfXiXNi4rrVNzHarl2k8dRhBM4hXNw4RJqcA91aACDCTzDK7xZqfVivVsfi9GCle8cwx9Ynz85QZFs</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

10
<latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit>

20
<latexit sha1_base64="7lyLJ9mQsuG5mx4faw16r3wT4nk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqnlv17q8qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AOn3jPA=</latexit><latexit sha1_base64="7lyLJ9mQsuG5mx4faw16r3wT4nk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqnlv17q8qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AOn3jPA=</latexit><latexit sha1_base64="7lyLJ9mQsuG5mx4faw16r3wT4nk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqnlv17q8qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AOn3jPA=</latexit><latexit sha1_base64="7lyLJ9mQsuG5mx4faw16r3wT4nk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqnlv17q8qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AOn3jPA=</latexit>

30
<latexit sha1_base64="t/x+0jR+I/2rKxs4KGzvhlNB0U0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3dcq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8Aet8jPE=</latexit><latexit sha1_base64="t/x+0jR+I/2rKxs4KGzvhlNB0U0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3dcq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8Aet8jPE=</latexit><latexit sha1_base64="t/x+0jR+I/2rKxs4KGzvhlNB0U0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3dcq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8Aet8jPE=</latexit><latexit sha1_base64="t/x+0jR+I/2rKxs4KGzvhlNB0U0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3dcq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8Aet8jPE=</latexit>

40
<latexit sha1_base64="V3PElZ8f8IryAJ2po8w92pXwtMs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VPbfq3dcqjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AO0BjPI=</latexit><latexit sha1_base64="V3PElZ8f8IryAJ2po8w92pXwtMs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VPbfq3dcqjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AO0BjPI=</latexit><latexit sha1_base64="V3PElZ8f8IryAJ2po8w92pXwtMs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VPbfq3dcqjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AO0BjPI=</latexit><latexit sha1_base64="V3PElZ8f8IryAJ2po8w92pXwtMs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VPbfq3dcqjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AO0BjPI=</latexit>

15
<latexit sha1_base64="hTdpRl0V480qsFRgBC6eIkhNc00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qnlv17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AfAGjPQ=</latexit><latexit sha1_base64="hTdpRl0V480qsFRgBC6eIkhNc00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qnlv17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AfAGjPQ=</latexit><latexit sha1_base64="hTdpRl0V480qsFRgBC6eIkhNc00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qnlv17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AfAGjPQ=</latexit><latexit sha1_base64="hTdpRl0V480qsFRgBC6eIkhNc00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qnlv17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AfAGjPQ=</latexit>

10
<latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit>

5
<latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit><latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit><latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit><latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

0.000
<latexit sha1_base64="MKnddsgTPjYRwTZhWaUqKzrhnHk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48VbC20S8mms21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx+EPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8O/Mfn1AbkagHO0kxiNlQiUhwZp3UonVKab9am/8OZJX4BalBgWa/+tUbJDyLUVkumTFdn6Y2yJm2gkucVnqZwZTxMRti11HFYjRBPl92Ss6cMiBRot1TlszV3x05i42ZxKGrjJkdmWVvJv7ndTMbXQe5UGlmUfHFoCiTxCZkdjkZCI3cyokjjGvhdiV8xDTj1uVTcSH4yyevkvZF3ad1//6y1rgp4ijDCZzCOfhwBQ24gya0gIOAZ3iFN095L96797EoLXlFzzH8gff5Ay6ljZo=</latexit><latexit sha1_base64="MKnddsgTPjYRwTZhWaUqKzrhnHk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48VbC20S8mms21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx+EPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8O/Mfn1AbkagHO0kxiNlQiUhwZp3UonVKab9am/8OZJX4BalBgWa/+tUbJDyLUVkumTFdn6Y2yJm2gkucVnqZwZTxMRti11HFYjRBPl92Ss6cMiBRot1TlszV3x05i42ZxKGrjJkdmWVvJv7ndTMbXQe5UGlmUfHFoCiTxCZkdjkZCI3cyokjjGvhdiV8xDTj1uVTcSH4yyevkvZF3ad1//6y1rgp4ijDCZzCOfhwBQ24gya0gIOAZ3iFN095L96797EoLXlFzzH8gff5Ay6ljZo=</latexit><latexit sha1_base64="MKnddsgTPjYRwTZhWaUqKzrhnHk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48VbC20S8mms21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx+EPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8O/Mfn1AbkagHO0kxiNlQiUhwZp3UonVKab9am/8OZJX4BalBgWa/+tUbJDyLUVkumTFdn6Y2yJm2gkucVnqZwZTxMRti11HFYjRBPl92Ss6cMiBRot1TlszV3x05i42ZxKGrjJkdmWVvJv7ndTMbXQe5UGlmUfHFoCiTxCZkdjkZCI3cyokjjGvhdiV8xDTj1uVTcSH4yyevkvZF3ad1//6y1rgp4ijDCZzCOfhwBQ24gya0gIOAZ3iFN095L96797EoLXlFzzH8gff5Ay6ljZo=</latexit><latexit sha1_base64="MKnddsgTPjYRwTZhWaUqKzrhnHk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48VbC20S8mms21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx+EPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8O/Mfn1AbkagHO0kxiNlQiUhwZp3UonVKab9am/8OZJX4BalBgWa/+tUbJDyLUVkumTFdn6Y2yJm2gkucVnqZwZTxMRti11HFYjRBPl92Ss6cMiBRot1TlszV3x05i42ZxKGrjJkdmWVvJv7ndTMbXQe5UGlmUfHFoCiTxCZkdjkZCI3cyokjjGvhdiV8xDTj1uVTcSH4yyevkvZF3ad1//6y1rgp4ijDCZzCOfhwBQ24gya0gIOAZ3iFN095L96797EoLXlFzzH8gff5Ay6ljZo=</latexit>

∆L = 0.010
<latexit sha1_base64="oa2G9x5HSa0N2rOwivcPi5qbXxg=">AAAB+XicbVA9SwNBEJ2LXzF+nVraLAbBKtyJoI0Q1MLCIoL5gOQIe5tNsmRv79idC4Qj/8TGQhFb/4md/8ZNcoVGHwzzeG+GnX1hIoVBz/tyCiura+sbxc3S1vbO7p67f9AwcaoZr7NYxroVUsOlULyOAiVvJZrTKJS8GY5uZn5zzLURsXrEScKDiA6U6AtG0Upd1+3ccomU3JMr4lU83+u6ZdvnIH+Jn5My5Kh13c9OL2ZpxBUySY1p+16CQUY1Cib5tNRJDU8oG9EBb1uqaMRNkM0vn5ITq/RIP9a2FJK5+nMjo5Exkyi0kxHFoVn2ZuJ/XjvF/mWQCZWkyBVbPNRPJcGYzGIgPaE5QzmxhDIt7K2EDammDG1YJRuCv/zlv6RxVvG9iv9wXq5e53EU4QiO4RR8uIAq3EEN6sBgDE/wAq9O5jw7b877YrTg5DuH8AvOxzc0tpFp</latexit><latexit sha1_base64="oa2G9x5HSa0N2rOwivcPi5qbXxg=">AAAB+XicbVA9SwNBEJ2LXzF+nVraLAbBKtyJoI0Q1MLCIoL5gOQIe5tNsmRv79idC4Qj/8TGQhFb/4md/8ZNcoVGHwzzeG+GnX1hIoVBz/tyCiura+sbxc3S1vbO7p67f9AwcaoZr7NYxroVUsOlULyOAiVvJZrTKJS8GY5uZn5zzLURsXrEScKDiA6U6AtG0Upd1+3ccomU3JMr4lU83+u6ZdvnIH+Jn5My5Kh13c9OL2ZpxBUySY1p+16CQUY1Cib5tNRJDU8oG9EBb1uqaMRNkM0vn5ITq/RIP9a2FJK5+nMjo5Exkyi0kxHFoVn2ZuJ/XjvF/mWQCZWkyBVbPNRPJcGYzGIgPaE5QzmxhDIt7K2EDammDG1YJRuCv/zlv6RxVvG9iv9wXq5e53EU4QiO4RR8uIAq3EEN6sBgDE/wAq9O5jw7b877YrTg5DuH8AvOxzc0tpFp</latexit><latexit sha1_base64="oa2G9x5HSa0N2rOwivcPi5qbXxg=">AAAB+XicbVA9SwNBEJ2LXzF+nVraLAbBKtyJoI0Q1MLCIoL5gOQIe5tNsmRv79idC4Qj/8TGQhFb/4md/8ZNcoVGHwzzeG+GnX1hIoVBz/tyCiura+sbxc3S1vbO7p67f9AwcaoZr7NYxroVUsOlULyOAiVvJZrTKJS8GY5uZn5zzLURsXrEScKDiA6U6AtG0Upd1+3ccomU3JMr4lU83+u6ZdvnIH+Jn5My5Kh13c9OL2ZpxBUySY1p+16CQUY1Cib5tNRJDU8oG9EBb1uqaMRNkM0vn5ITq/RIP9a2FJK5+nMjo5Exkyi0kxHFoVn2ZuJ/XjvF/mWQCZWkyBVbPNRPJcGYzGIgPaE5QzmxhDIt7K2EDammDG1YJRuCv/zlv6RxVvG9iv9wXq5e53EU4QiO4RR8uIAq3EEN6sBgDE/wAq9O5jw7b877YrTg5DuH8AvOxzc0tpFp</latexit><latexit sha1_base64="oa2G9x5HSa0N2rOwivcPi5qbXxg=">AAAB+XicbVA9SwNBEJ2LXzF+nVraLAbBKtyJoI0Q1MLCIoL5gOQIe5tNsmRv79idC4Qj/8TGQhFb/4md/8ZNcoVGHwzzeG+GnX1hIoVBz/tyCiura+sbxc3S1vbO7p67f9AwcaoZr7NYxroVUsOlULyOAiVvJZrTKJS8GY5uZn5zzLURsXrEScKDiA6U6AtG0Upd1+3ccomU3JMr4lU83+u6ZdvnIH+Jn5My5Kh13c9OL2ZpxBUySY1p+16CQUY1Cib5tNRJDU8oG9EBb1uqaMRNkM0vn5ITq/RIP9a2FJK5+nMjo5Exkyi0kxHFoVn2ZuJ/XjvF/mWQCZWkyBVbPNRPJcGYzGIgPaE5QzmxhDIt7K2EDammDG1YJRuCv/zlv6RxVvG9iv9wXq5e53EU4QiO4RR8uIAq3EEN6sBgDE/wAq9O5jw7b877YrTg5DuH8AvOxzc0tpFp</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

10
<latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit>

20
<latexit sha1_base64="7lyLJ9mQsuG5mx4faw16r3wT4nk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqnlv17q8qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AOn3jPA=</latexit><latexit sha1_base64="7lyLJ9mQsuG5mx4faw16r3wT4nk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqnlv17q8qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AOn3jPA=</latexit><latexit sha1_base64="7lyLJ9mQsuG5mx4faw16r3wT4nk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqnlv17q8qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AOn3jPA=</latexit><latexit sha1_base64="7lyLJ9mQsuG5mx4faw16r3wT4nk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeqnlv17q8qjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AOn3jPA=</latexit>

30
<latexit sha1_base64="t/x+0jR+I/2rKxs4KGzvhlNB0U0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3dcq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8Aet8jPE=</latexit><latexit sha1_base64="t/x+0jR+I/2rKxs4KGzvhlNB0U0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3dcq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8Aet8jPE=</latexit><latexit sha1_base64="t/x+0jR+I/2rKxs4KGzvhlNB0U0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3dcq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8Aet8jPE=</latexit><latexit sha1_base64="t/x+0jR+I/2rKxs4KGzvhlNB0U0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0u3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3dcq9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8Aet8jPE=</latexit>

40
<latexit sha1_base64="V3PElZ8f8IryAJ2po8w92pXwtMs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VPbfq3dcqjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AO0BjPI=</latexit><latexit sha1_base64="V3PElZ8f8IryAJ2po8w92pXwtMs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VPbfq3dcqjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AO0BjPI=</latexit><latexit sha1_base64="V3PElZ8f8IryAJ2po8w92pXwtMs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VPbfq3dcqjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AO0BjPI=</latexit><latexit sha1_base64="V3PElZ8f8IryAJ2po8w92pXwtMs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimG134mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9VPbfq3dcqjZs8jiKcwTlcggd1aMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+AO0BjPI=</latexit>

∆L = 0.007
<latexit sha1_base64="Rqi0sEcyuEo8kQRhoJSOA6ZGyEk=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVIV6EoB48eIhgHpAsYXbSSYbMPpjpDYQlf+LFgyJe/RNv/o2zyR40saDpoqqb6Sk/lkKj43xbhbX1jc2t4nZpZ3dv/8A+PGrqKFEcGjySkWr7TIMUITRQoIR2rIAFvoSWP77N/NYElBZR+ITTGLyADUMxEJyhkXq23b0DiYw+0GvqVByn2rPLWc9AV4mbkzLJUe/ZX91+xJMAQuSSad1xnRi9lCkUXMKs1E00xIyP2RA6hoYsAO2l88tn9MwofTqIlKkQ6Vz9vZGyQOtp4JvJgOFIL3uZ+J/XSXBw5aUijBOEkC8eGiSSYkSzGGhfKOAop4YwroS5lfIRU4yjCatkQnCXv7xKmhcV16m4j5fl2k0eR5GckFNyTlxSJTVyT+qkQTiZkGfySt6s1Hqx3q2PxWjByneOyR9Ynz89zZFv</latexit><latexit sha1_base64="Rqi0sEcyuEo8kQRhoJSOA6ZGyEk=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVIV6EoB48eIhgHpAsYXbSSYbMPpjpDYQlf+LFgyJe/RNv/o2zyR40saDpoqqb6Sk/lkKj43xbhbX1jc2t4nZpZ3dv/8A+PGrqKFEcGjySkWr7TIMUITRQoIR2rIAFvoSWP77N/NYElBZR+ITTGLyADUMxEJyhkXq23b0DiYw+0GvqVByn2rPLWc9AV4mbkzLJUe/ZX91+xJMAQuSSad1xnRi9lCkUXMKs1E00xIyP2RA6hoYsAO2l88tn9MwofTqIlKkQ6Vz9vZGyQOtp4JvJgOFIL3uZ+J/XSXBw5aUijBOEkC8eGiSSYkSzGGhfKOAop4YwroS5lfIRU4yjCatkQnCXv7xKmhcV16m4j5fl2k0eR5GckFNyTlxSJTVyT+qkQTiZkGfySt6s1Hqx3q2PxWjByneOyR9Ynz89zZFv</latexit><latexit sha1_base64="Rqi0sEcyuEo8kQRhoJSOA6ZGyEk=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVIV6EoB48eIhgHpAsYXbSSYbMPpjpDYQlf+LFgyJe/RNv/o2zyR40saDpoqqb6Sk/lkKj43xbhbX1jc2t4nZpZ3dv/8A+PGrqKFEcGjySkWr7TIMUITRQoIR2rIAFvoSWP77N/NYElBZR+ITTGLyADUMxEJyhkXq23b0DiYw+0GvqVByn2rPLWc9AV4mbkzLJUe/ZX91+xJMAQuSSad1xnRi9lCkUXMKs1E00xIyP2RA6hoYsAO2l88tn9MwofTqIlKkQ6Vz9vZGyQOtp4JvJgOFIL3uZ+J/XSXBw5aUijBOEkC8eGiSSYkSzGGhfKOAop4YwroS5lfIRU4yjCatkQnCXv7xKmhcV16m4j5fl2k0eR5GckFNyTlxSJTVyT+qkQTiZkGfySt6s1Hqx3q2PxWjByneOyR9Ynz89zZFv</latexit><latexit sha1_base64="Rqi0sEcyuEo8kQRhoJSOA6ZGyEk=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVIV6EoB48eIhgHpAsYXbSSYbMPpjpDYQlf+LFgyJe/RNv/o2zyR40saDpoqqb6Sk/lkKj43xbhbX1jc2t4nZpZ3dv/8A+PGrqKFEcGjySkWr7TIMUITRQoIR2rIAFvoSWP77N/NYElBZR+ITTGLyADUMxEJyhkXq23b0DiYw+0GvqVByn2rPLWc9AV4mbkzLJUe/ZX91+xJMAQuSSad1xnRi9lCkUXMKs1E00xIyP2RA6hoYsAO2l88tn9MwofTqIlKkQ6Vz9vZGyQOtp4JvJgOFIL3uZ+J/XSXBw5aUijBOEkC8eGiSSYkSzGGhfKOAop4YwroS5lfIRU4yjCatkQnCXv7xKmhcV16m4j5fl2k0eR5GckFNyTlxSJTVyT+qkQTiZkGfySt6s1Hqx3q2PxWjByneOyR9Ynz89zZFv</latexit>

15
<latexit sha1_base64="hTdpRl0V480qsFRgBC6eIkhNc00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qnlv17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AfAGjPQ=</latexit><latexit sha1_base64="hTdpRl0V480qsFRgBC6eIkhNc00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qnlv17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AfAGjPQ=</latexit><latexit sha1_base64="hTdpRl0V480qsFRgBC6eIkhNc00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qnlv17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AfAGjPQ=</latexit><latexit sha1_base64="hTdpRl0V480qsFRgBC6eIkhNc00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qnlv17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AfAGjPQ=</latexit>

10
<latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit>

0.000
<latexit sha1_base64="MKnddsgTPjYRwTZhWaUqKzrhnHk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48VbC20S8mms21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx+EPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8O/Mfn1AbkagHO0kxiNlQiUhwZp3UonVKab9am/8OZJX4BalBgWa/+tUbJDyLUVkumTFdn6Y2yJm2gkucVnqZwZTxMRti11HFYjRBPl92Ss6cMiBRot1TlszV3x05i42ZxKGrjJkdmWVvJv7ndTMbXQe5UGlmUfHFoCiTxCZkdjkZCI3cyokjjGvhdiV8xDTj1uVTcSH4yyevkvZF3ad1//6y1rgp4ijDCZzCOfhwBQ24gya0gIOAZ3iFN095L96797EoLXlFzzH8gff5Ay6ljZo=</latexit><latexit sha1_base64="MKnddsgTPjYRwTZhWaUqKzrhnHk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48VbC20S8mms21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx+EPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8O/Mfn1AbkagHO0kxiNlQiUhwZp3UonVKab9am/8OZJX4BalBgWa/+tUbJDyLUVkumTFdn6Y2yJm2gkucVnqZwZTxMRti11HFYjRBPl92Ss6cMiBRot1TlszV3x05i42ZxKGrjJkdmWVvJv7ndTMbXQe5UGlmUfHFoCiTxCZkdjkZCI3cyokjjGvhdiV8xDTj1uVTcSH4yyevkvZF3ad1//6y1rgp4ijDCZzCOfhwBQ24gya0gIOAZ3iFN095L96797EoLXlFzzH8gff5Ay6ljZo=</latexit><latexit sha1_base64="MKnddsgTPjYRwTZhWaUqKzrhnHk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48VbC20S8mms21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx+EPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8O/Mfn1AbkagHO0kxiNlQiUhwZp3UonVKab9am/8OZJX4BalBgWa/+tUbJDyLUVkumTFdn6Y2yJm2gkucVnqZwZTxMRti11HFYjRBPl92Ss6cMiBRot1TlszV3x05i42ZxKGrjJkdmWVvJv7ndTMbXQe5UGlmUfHFoCiTxCZkdjkZCI3cyokjjGvhdiV8xDTj1uVTcSH4yyevkvZF3ad1//6y1rgp4ijDCZzCOfhwBQ24gya0gIOAZ3iFN095L96797EoLXlFzzH8gff5Ay6ljZo=</latexit><latexit sha1_base64="MKnddsgTPjYRwTZhWaUqKzrhnHk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48VbC20S8mms21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx+EPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8O/Mfn1AbkagHO0kxiNlQiUhwZp3UonVKab9am/8OZJX4BalBgWa/+tUbJDyLUVkumTFdn6Y2yJm2gkucVnqZwZTxMRti11HFYjRBPl92Ss6cMiBRot1TlszV3x05i42ZxKGrjJkdmWVvJv7ndTMbXQe5UGlmUfHFoCiTxCZkdjkZCI3cyokjjGvhdiV8xDTj1uVTcSH4yyevkvZF3ad1//6y1rgp4ijDCZzCOfhwBQ24gya0gIOAZ3iFN095L96797EoLXlFzzH8gff5Ay6ljZo=</latexit>

15
<latexit sha1_base64="hTdpRl0V480qsFRgBC6eIkhNc00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qnlv17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AfAGjPQ=</latexit><latexit sha1_base64="hTdpRl0V480qsFRgBC6eIkhNc00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qnlv17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AfAGjPQ=</latexit><latexit sha1_base64="hTdpRl0V480qsFRgBC6eIkhNc00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qnlv17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AfAGjPQ=</latexit><latexit sha1_base64="hTdpRl0V480qsFRgBC6eIkhNc00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6qnlv17i8r9Zs8jiKcwCmcgwdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AfAGjPQ=</latexit>

10
<latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit><latexit sha1_base64="fgfL/1b4VTlaIKW1YTPmbQG1wxk=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwff6btWreXOQVeIXpAoFGn33qzdIWBZzhUxSY7q+l2KQU42CST6t9DLDU8rGdMi7lioacxPk80un5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzJ7mwyE5gzlxBLKtLC3EjaimjK04VRsCP7yy6ukdVHzvZp/f1mt3xRxlOEETuEcfLiCOtxBA5rAIIJneIU3Z+y8OO/Ox6K15BQzx/AHzucP6HKM7w==</latexit>

0.000
<latexit sha1_base64="MKnddsgTPjYRwTZhWaUqKzrhnHk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48VbC20S8mms21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx+EPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8O/Mfn1AbkagHO0kxiNlQiUhwZp3UonVKab9am/8OZJX4BalBgWa/+tUbJDyLUVkumTFdn6Y2yJm2gkucVnqZwZTxMRti11HFYjRBPl92Ss6cMiBRot1TlszV3x05i42ZxKGrjJkdmWVvJv7ndTMbXQe5UGlmUfHFoCiTxCZkdjkZCI3cyokjjGvhdiV8xDTj1uVTcSH4yyevkvZF3ad1//6y1rgp4ijDCZzCOfhwBQ24gya0gIOAZ3iFN095L96797EoLXlFzzH8gff5Ay6ljZo=</latexit><latexit sha1_base64="MKnddsgTPjYRwTZhWaUqKzrhnHk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48VbC20S8mms21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx+EPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8O/Mfn1AbkagHO0kxiNlQiUhwZp3UonVKab9am/8OZJX4BalBgWa/+tUbJDyLUVkumTFdn6Y2yJm2gkucVnqZwZTxMRti11HFYjRBPl92Ss6cMiBRot1TlszV3x05i42ZxKGrjJkdmWVvJv7ndTMbXQe5UGlmUfHFoCiTxCZkdjkZCI3cyokjjGvhdiV8xDTj1uVTcSH4yyevkvZF3ad1//6y1rgp4ijDCZzCOfhwBQ24gya0gIOAZ3iFN095L96797EoLXlFzzH8gff5Ay6ljZo=</latexit><latexit sha1_base64="MKnddsgTPjYRwTZhWaUqKzrhnHk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48VbC20S8mms21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx+EPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8O/Mfn1AbkagHO0kxiNlQiUhwZp3UonVKab9am/8OZJX4BalBgWa/+tUbJDyLUVkumTFdn6Y2yJm2gkucVnqZwZTxMRti11HFYjRBPl92Ss6cMiBRot1TlszV3x05i42ZxKGrjJkdmWVvJv7ndTMbXQe5UGlmUfHFoCiTxCZkdjkZCI3cyokjjGvhdiV8xDTj1uVTcSH4yyevkvZF3ad1//6y1rgp4ijDCZzCOfhwBQ24gya0gIOAZ3iFN095L96797EoLXlFzzH8gff5Ay6ljZo=</latexit><latexit sha1_base64="MKnddsgTPjYRwTZhWaUqKzrhnHk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48VbC20S8mms21oNrskWaEs/Q1ePCji1R/kzX9j2u5BWx+EPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8O/Mfn1AbkagHO0kxiNlQiUhwZp3UonVKab9am/8OZJX4BalBgWa/+tUbJDyLUVkumTFdn6Y2yJm2gkucVnqZwZTxMRti11HFYjRBPl92Ss6cMiBRot1TlszV3x05i42ZxKGrjJkdmWVvJv7ndTMbXQe5UGlmUfHFoCiTxCZkdjkZCI3cyokjjGvhdiV8xDTj1uVTcSH4yyevkvZF3ad1//6y1rgp4ijDCZzCOfhwBQ24gya0gIOAZ3iFN095L96797EoLXlFzzH8gff5Ay6ljZo=</latexit>

5
<latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit><latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit><latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit><latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

5
<latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit><latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit><latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit><latexit sha1_base64="N8f4lxeEEDz/qiLuXS+43TBm1YA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgK2MuQ==</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

−0.004
<latexit sha1_base64="LKxxIGiYTciUufZqrUgo2XTgvsw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCnosevFYwW0L7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2lqmilCfSC5VN8Saciaob5jhtJsoiuOQ0044uc39zhNVmknxYKYJDWI8EixiBBsrtS/cuus2BtVa/udAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNt92hs6sMkSRVPYJg+bq744Mx1pP49BWxtiM9bKXi/95vdRE10HGRJIaKshiUJRyZCTKT0dDpigxfGoJJorZXREZY4WJsQFVbAje8smrpH1Z99y6d9+oNW+KOMpwAqdwDh5cQRPuoAU+EHiEZ3iFN0c6L86787EoLTlFzzH8gfP5A562jdU=</latexit><latexit sha1_base64="LKxxIGiYTciUufZqrUgo2XTgvsw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCnosevFYwW0L7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2lqmilCfSC5VN8Saciaob5jhtJsoiuOQ0044uc39zhNVmknxYKYJDWI8EixiBBsrtS/cuus2BtVa/udAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNt92hs6sMkSRVPYJg+bq744Mx1pP49BWxtiM9bKXi/95vdRE10HGRJIaKshiUJRyZCTKT0dDpigxfGoJJorZXREZY4WJsQFVbAje8smrpH1Z99y6d9+oNW+KOMpwAqdwDh5cQRPuoAU+EHiEZ3iFN0c6L86787EoLTlFzzH8gfP5A562jdU=</latexit><latexit sha1_base64="LKxxIGiYTciUufZqrUgo2XTgvsw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCnosevFYwW0L7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2lqmilCfSC5VN8Saciaob5jhtJsoiuOQ0044uc39zhNVmknxYKYJDWI8EixiBBsrtS/cuus2BtVa/udAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNt92hs6sMkSRVPYJg+bq744Mx1pP49BWxtiM9bKXi/95vdRE10HGRJIaKshiUJRyZCTKT0dDpigxfGoJJorZXREZY4WJsQFVbAje8smrpH1Z99y6d9+oNW+KOMpwAqdwDh5cQRPuoAU+EHiEZ3iFN0c6L86787EoLTlFzzH8gfP5A562jdU=</latexit><latexit sha1_base64="LKxxIGiYTciUufZqrUgo2XTgvsw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCnosevFYwW0L7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2lqmilCfSC5VN8Saciaob5jhtJsoiuOQ0044uc39zhNVmknxYKYJDWI8EixiBBsrtS/cuus2BtVa/udAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNt92hs6sMkSRVPYJg+bq744Mx1pP49BWxtiM9bKXi/95vdRE10HGRJIaKshiUJRyZCTKT0dDpigxfGoJJorZXREZY4WJsQFVbAje8smrpH1Z99y6d9+oNW+KOMpwAqdwDh5cQRPuoAU+EHiEZ3iFN0c6L86787EoLTlFzzH8gfP5A562jdU=</latexit>

0.004
<latexit sha1_base64="u7VliVkYB9iIspD8sP3iKdBgcT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GTZuDtj5Y9vHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJXe53nlBpnshHM00xiOlI8ogzaqzku3XXbQyqtfzPQdaJV5AaFGgNql/9YcKyGKVhgmrd89zUBDOqDGcC55V+pjGlbEJH2LNU0hh1MFssOycXVhmSKFH2SUMW6u+OGY21nsahrYypGetVLxf/83qZiW6CGZdpZlCy5aAoE8QkJL+cDLlCZsTUEsoUt7sSNqaKMmPzqdgQvNWT10n7qu65de+hUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsS0tO0XMKf+B8/gA0tY2e</latexit><latexit sha1_base64="u7VliVkYB9iIspD8sP3iKdBgcT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GTZuDtj5Y9vHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJXe53nlBpnshHM00xiOlI8ogzaqzku3XXbQyqtfzPQdaJV5AaFGgNql/9YcKyGKVhgmrd89zUBDOqDGcC55V+pjGlbEJH2LNU0hh1MFssOycXVhmSKFH2SUMW6u+OGY21nsahrYypGetVLxf/83qZiW6CGZdpZlCy5aAoE8QkJL+cDLlCZsTUEsoUt7sSNqaKMmPzqdgQvNWT10n7qu65de+hUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsS0tO0XMKf+B8/gA0tY2e</latexit><latexit sha1_base64="u7VliVkYB9iIspD8sP3iKdBgcT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GTZuDtj5Y9vHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJXe53nlBpnshHM00xiOlI8ogzaqzku3XXbQyqtfzPQdaJV5AaFGgNql/9YcKyGKVhgmrd89zUBDOqDGcC55V+pjGlbEJH2LNU0hh1MFssOycXVhmSKFH2SUMW6u+OGY21nsahrYypGetVLxf/83qZiW6CGZdpZlCy5aAoE8QkJL+cDLlCZsTUEsoUt7sSNqaKMmPzqdgQvNWT10n7qu65de+hUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsS0tO0XMKf+B8/gA0tY2e</latexit><latexit sha1_base64="u7VliVkYB9iIspD8sP3iKdBgcT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GTZuDtj5Y9vHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJXe53nlBpnshHM00xiOlI8ogzaqzku3XXbQyqtfzPQdaJV5AaFGgNql/9YcKyGKVhgmrd89zUBDOqDGcC55V+pjGlbEJH2LNU0hh1MFssOycXVhmSKFH2SUMW6u+OGY21nsahrYypGetVLxf/83qZiW6CGZdpZlCy5aAoE8QkJL+cDLlCZsTUEsoUt7sSNqaKMmPzqdgQvNWT10n7qu65de+hUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsS0tO0XMKf+B8/gA0tY2e</latexit>

−0.004
<latexit sha1_base64="LKxxIGiYTciUufZqrUgo2XTgvsw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCnosevFYwW0L7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2lqmilCfSC5VN8Saciaob5jhtJsoiuOQ0044uc39zhNVmknxYKYJDWI8EixiBBsrtS/cuus2BtVa/udAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNt92hs6sMkSRVPYJg+bq744Mx1pP49BWxtiM9bKXi/95vdRE10HGRJIaKshiUJRyZCTKT0dDpigxfGoJJorZXREZY4WJsQFVbAje8smrpH1Z99y6d9+oNW+KOMpwAqdwDh5cQRPuoAU+EHiEZ3iFN0c6L86787EoLTlFzzH8gfP5A562jdU=</latexit><latexit sha1_base64="LKxxIGiYTciUufZqrUgo2XTgvsw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCnosevFYwW0L7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2lqmilCfSC5VN8Saciaob5jhtJsoiuOQ0044uc39zhNVmknxYKYJDWI8EixiBBsrtS/cuus2BtVa/udAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNt92hs6sMkSRVPYJg+bq744Mx1pP49BWxtiM9bKXi/95vdRE10HGRJIaKshiUJRyZCTKT0dDpigxfGoJJorZXREZY4WJsQFVbAje8smrpH1Z99y6d9+oNW+KOMpwAqdwDh5cQRPuoAU+EHiEZ3iFN0c6L86787EoLTlFzzH8gfP5A562jdU=</latexit><latexit sha1_base64="LKxxIGiYTciUufZqrUgo2XTgvsw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCnosevFYwW0L7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2lqmilCfSC5VN8Saciaob5jhtJsoiuOQ0044uc39zhNVmknxYKYJDWI8EixiBBsrtS/cuus2BtVa/udAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNt92hs6sMkSRVPYJg+bq744Mx1pP49BWxtiM9bKXi/95vdRE10HGRJIaKshiUJRyZCTKT0dDpigxfGoJJorZXREZY4WJsQFVbAje8smrpH1Z99y6d9+oNW+KOMpwAqdwDh5cQRPuoAU+EHiEZ3iFN0c6L86787EoLTlFzzH8gfP5A562jdU=</latexit><latexit sha1_base64="LKxxIGiYTciUufZqrUgo2XTgvsw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCnosevFYwW0L7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2lqmilCfSC5VN8Saciaob5jhtJsoiuOQ0044uc39zhNVmknxYKYJDWI8EixiBBsrtS/cuus2BtVa/udAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNt92hs6sMkSRVPYJg+bq744Mx1pP49BWxtiM9bKXi/95vdRE10HGRJIaKshiUJRyZCTKT0dDpigxfGoJJorZXREZY4WJsQFVbAje8smrpH1Z99y6d9+oNW+KOMpwAqdwDh5cQRPuoAU+EHiEZ3iFN0c6L86787EoLTlFzzH8gfP5A562jdU=</latexit>

0.004
<latexit sha1_base64="u7VliVkYB9iIspD8sP3iKdBgcT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GTZuDtj5Y9vHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJXe53nlBpnshHM00xiOlI8ogzaqzku3XXbQyqtfzPQdaJV5AaFGgNql/9YcKyGKVhgmrd89zUBDOqDGcC55V+pjGlbEJH2LNU0hh1MFssOycXVhmSKFH2SUMW6u+OGY21nsahrYypGetVLxf/83qZiW6CGZdpZlCy5aAoE8QkJL+cDLlCZsTUEsoUt7sSNqaKMmPzqdgQvNWT10n7qu65de+hUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsS0tO0XMKf+B8/gA0tY2e</latexit><latexit sha1_base64="u7VliVkYB9iIspD8sP3iKdBgcT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GTZuDtj5Y9vHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJXe53nlBpnshHM00xiOlI8ogzaqzku3XXbQyqtfzPQdaJV5AaFGgNql/9YcKyGKVhgmrd89zUBDOqDGcC55V+pjGlbEJH2LNU0hh1MFssOycXVhmSKFH2SUMW6u+OGY21nsahrYypGetVLxf/83qZiW6CGZdpZlCy5aAoE8QkJL+cDLlCZsTUEsoUt7sSNqaKMmPzqdgQvNWT10n7qu65de+hUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsS0tO0XMKf+B8/gA0tY2e</latexit><latexit sha1_base64="u7VliVkYB9iIspD8sP3iKdBgcT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GTZuDtj5Y9vHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJXe53nlBpnshHM00xiOlI8ogzaqzku3XXbQyqtfzPQdaJV5AaFGgNql/9YcKyGKVhgmrd89zUBDOqDGcC55V+pjGlbEJH2LNU0hh1MFssOycXVhmSKFH2SUMW6u+OGY21nsahrYypGetVLxf/83qZiW6CGZdpZlCy5aAoE8QkJL+cDLlCZsTUEsoUt7sSNqaKMmPzqdgQvNWT10n7qu65de+hUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsS0tO0XMKf+B8/gA0tY2e</latexit><latexit sha1_base64="u7VliVkYB9iIspD8sP3iKdBgcT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GTZuDtj5Y9vHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJXe53nlBpnshHM00xiOlI8ogzaqzku3XXbQyqtfzPQdaJV5AaFGgNql/9YcKyGKVhgmrd89zUBDOqDGcC55V+pjGlbEJH2LNU0hh1MFssOycXVhmSKFH2SUMW6u+OGY21nsahrYypGetVLxf/83qZiW6CGZdpZlCy5aAoE8QkJL+cDLlCZsTUEsoUt7sSNqaKMmPzqdgQvNWT10n7qu65de+hUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsS0tO0XMKf+B8/gA0tY2e</latexit>

−0.004
<latexit sha1_base64="LKxxIGiYTciUufZqrUgo2XTgvsw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCnosevFYwW0L7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2lqmilCfSC5VN8Saciaob5jhtJsoiuOQ0044uc39zhNVmknxYKYJDWI8EixiBBsrtS/cuus2BtVa/udAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNt92hs6sMkSRVPYJg+bq744Mx1pP49BWxtiM9bKXi/95vdRE10HGRJIaKshiUJRyZCTKT0dDpigxfGoJJorZXREZY4WJsQFVbAje8smrpH1Z99y6d9+oNW+KOMpwAqdwDh5cQRPuoAU+EHiEZ3iFN0c6L86787EoLTlFzzH8gfP5A562jdU=</latexit><latexit sha1_base64="LKxxIGiYTciUufZqrUgo2XTgvsw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCnosevFYwW0L7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2lqmilCfSC5VN8Saciaob5jhtJsoiuOQ0044uc39zhNVmknxYKYJDWI8EixiBBsrtS/cuus2BtVa/udAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNt92hs6sMkSRVPYJg+bq744Mx1pP49BWxtiM9bKXi/95vdRE10HGRJIaKshiUJRyZCTKT0dDpigxfGoJJorZXREZY4WJsQFVbAje8smrpH1Z99y6d9+oNW+KOMpwAqdwDh5cQRPuoAU+EHiEZ3iFN0c6L86787EoLTlFzzH8gfP5A562jdU=</latexit><latexit sha1_base64="LKxxIGiYTciUufZqrUgo2XTgvsw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCnosevFYwW0L7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2lqmilCfSC5VN8Saciaob5jhtJsoiuOQ0044uc39zhNVmknxYKYJDWI8EixiBBsrtS/cuus2BtVa/udAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNt92hs6sMkSRVPYJg+bq744Mx1pP49BWxtiM9bKXi/95vdRE10HGRJIaKshiUJRyZCTKT0dDpigxfGoJJorZXREZY4WJsQFVbAje8smrpH1Z99y6d9+oNW+KOMpwAqdwDh5cQRPuoAU+EHiEZ3iFN0c6L86787EoLTlFzzH8gfP5A562jdU=</latexit><latexit sha1_base64="LKxxIGiYTciUufZqrUgo2XTgvsw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCnosevFYwW0L7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+P2lqmilCfSC5VN8Saciaob5jhtJsoiuOQ0044uc39zhNVmknxYKYJDWI8EixiBBsrtS/cuus2BtVa/udAq8QrSA0KtAbVr/5QkjSmwhCOte55bmKCDCvDCKezSj/VNMFkgke0Z6nAMdVBNt92hs6sMkSRVPYJg+bq744Mx1pP49BWxtiM9bKXi/95vdRE10HGRJIaKshiUJRyZCTKT0dDpigxfGoJJorZXREZY4WJsQFVbAje8smrpH1Z99y6d9+oNW+KOMpwAqdwDh5cQRPuoAU+EHiEZ3iFN0c6L86787EoLTlFzzH8gfP5A562jdU=</latexit>

0.004
<latexit sha1_base64="u7VliVkYB9iIspD8sP3iKdBgcT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GTZuDtj5Y9vHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJXe53nlBpnshHM00xiOlI8ogzaqzku3XXbQyqtfzPQdaJV5AaFGgNql/9YcKyGKVhgmrd89zUBDOqDGcC55V+pjGlbEJH2LNU0hh1MFssOycXVhmSKFH2SUMW6u+OGY21nsahrYypGetVLxf/83qZiW6CGZdpZlCy5aAoE8QkJL+cDLlCZsTUEsoUt7sSNqaKMmPzqdgQvNWT10n7qu65de+hUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsS0tO0XMKf+B8/gA0tY2e</latexit><latexit sha1_base64="u7VliVkYB9iIspD8sP3iKdBgcT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GTZuDtj5Y9vHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJXe53nlBpnshHM00xiOlI8ogzaqzku3XXbQyqtfzPQdaJV5AaFGgNql/9YcKyGKVhgmrd89zUBDOqDGcC55V+pjGlbEJH2LNU0hh1MFssOycXVhmSKFH2SUMW6u+OGY21nsahrYypGetVLxf/83qZiW6CGZdpZlCy5aAoE8QkJL+cDLlCZsTUEsoUt7sSNqaKMmPzqdgQvNWT10n7qu65de+hUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsS0tO0XMKf+B8/gA0tY2e</latexit><latexit sha1_base64="u7VliVkYB9iIspD8sP3iKdBgcT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GTZuDtj5Y9vHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJXe53nlBpnshHM00xiOlI8ogzaqzku3XXbQyqtfzPQdaJV5AaFGgNql/9YcKyGKVhgmrd89zUBDOqDGcC55V+pjGlbEJH2LNU0hh1MFssOycXVhmSKFH2SUMW6u+OGY21nsahrYypGetVLxf/83qZiW6CGZdpZlCy5aAoE8QkJL+cDLlCZsTUEsoUt7sSNqaKMmPzqdgQvNWT10n7qu65de+hUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsS0tO0XMKf+B8/gA0tY2e</latexit><latexit sha1_base64="u7VliVkYB9iIspD8sP3iKdBgcT8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GTZuDtj5Y9vHeDDPzwlRwbVz32yltbG5t75R3K3v7B4dH1eOTtk4yxdBniUhUN6QaBZfoG24EdlOFNA4FdsLJXe53nlBpnshHM00xiOlI8ogzaqzku3XXbQyqtfzPQdaJV5AaFGgNql/9YcKyGKVhgmrd89zUBDOqDGcC55V+pjGlbEJH2LNU0hh1MFssOycXVhmSKFH2SUMW6u+OGY21nsahrYypGetVLxf/83qZiW6CGZdpZlCy5aAoE8QkJL+cDLlCZsTUEsoUt7sSNqaKMmPzqdgQvNWT10n7qu65de+hUWveFnGU4QzO4RI8uIYm3EMLfGDA4Rle4c2Rzovz7nwsS0tO0XMKf+B8/gA0tY2e</latexit>

τ
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FIG. 7. Results from the classical stochastic simulations described in the text. The mechanical signal leads to a temporary change in drive

strength according to the Gaussian (49) centered at τ̄ = 10. The results in this figure are for ∆τ = 10, i.e., for a pulse duration much

longer than the intrinsic mechanical decay time. 20 trajectories are shown for three different values of ∆L. Other parameters are C = 20,

ωm/κ = 10, nth = 10, g0/κ = 0.005, and γ/κ = 10−5. The unperturbed drive strength is L̄ = 18.179, which means that τsw ∼ e15 and

thus switching due to thermal/quantum fluctuations can safely be neglected. Trajectories that ended up at large amplitudes R ∼ L̄ have been

colored red, and trajectories that remained at amplitudes R ∼ 1 have been colored blue.

we can roughly write R̄st,u(L̄) ≈ L̄ and R̄st,l(L̄) ∼ 1 ≪ L̄. The gain can then be approximated by

Gm =

(

2L̄

∆L

)2

. (48)

in the limits C ≫ 1 and ∆L, 1 ≪ L̄. We reiterate that the minimum drive change ∆L one can detect is set both by the thermal

and quantum noise as well as the duration of the pulse.

FIG. 8. Probability of switching psw from steady-state amplitude R̄ ∼ 1 to R̄ ∼ L as a result of the mechanical pulse (49). The probabilities

have been determined from 200 trajectories at each value ∆L, limiting the precision to the percent level. The pulse duration is a) ∆τ = 10,

b) ∆τ = 0.1. Other parameters are C = 20, ωm/κ = 10, nth = 10, g0/κ = 0.005, and γ/κ = 10−5, and the unperturbed drive strength is

L̄ = 18.179.

To go beyond the qualitative discussion above and demonstrate the amplifying mechanism, we have solved the classical,

stochastic equation (42) numerically using the Euler-Maruyama method [36]. The in-phase signal has been modeled as a Gaus-
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sian pulse

l(τ) = ∆L× exp

[

− (τ − τ̄)2

2(∆τ)2

]

. (49)

The pulse has a maximum value ∆L, it is centered at time τ̄ , and it has a temporal width ∆τ . In Figure 7, we show 20 time

traces (or trajectories) of the quadratures X and Y for three different values of ∆L, with τ̄ = 10 and ∆τ = 10. We have again

used cooperativity C = 20. The drive strength has been set to L̄ = 18.179, which according to Figure 5b) means that switching

due to noise is completely negligible on any reasonable time scale. To produce the time traces, the parameter E has been chosen

so as to agree with the values of EXX calculated in Figure 5a). However, in the simulation we have modified Equation (42)

such that we set 2E = (2g0/ωm)2(nth + 1/2) when the amplitude R =
√
X2 + Y 2 exceeds 0.8L. This simply reflects the fact

that the noise around the upper stable solution is of mostly mechanical origin, unlike at the lower stable solution where it also

originates from incoherent photon down-conversion. This modification has no significant influence on the switching dynamics.

The simulation results can be used to estimate the probability of switching psw to see how it depends on the pulse strength

∆L and the pulse duration ∆τ . The trajectories that switched to the upper solution have been colored red in Figure 7, whereas

the ones that did not switch are colored blue. We see that none of the trajectories switch to the upper stable solution when

∆L = 0.004, some of them switch when ∆L = 0.007, and that all of them switch when ∆L = 0.010. The fact that none

of the trajectories switch for small enough ∆L is in accordance with the assertion that switching due to thermal/quantum

noise is negligible for our choice of parameters. In Figure 8a), we plot the probability of switching psw as a function of

pulse strength ∆L and pulse width ∆τ = 10, calculated from 200 simulated trajectories. We see that for ∆L & 0.008,

the probability to trigger the latching mechanism is very close to 1. Note that in absence of both drives, we would have

〈X2〉1/2 = 〈Y 2〉1/2 =
√
2E = (2nth + 1)1/2g0/ωm = 0.0023 for our choice of parameters. This means that the minimal ∆L

we can detect is comparable in magnitude to the intrinsic thermal or quantum fluctuations of the oscillator. Figure 8b) shows

the same plot, but for a pulse width ∆τ = 0.1, i.e., much shorter than the intrinsic mechanical decay time. In this case, a

significantly stronger pulse ∆L & 0.22 is needed in order to have a large probability of switching. However, we see that the

latching mechanism can be useful also in the non-adiabatic regime.

Finally, we briefly note that in the parameter regime where there are more than two stable states, i.e., multistability, it is

possible to arrange the system such that it jumps between steady state branches irrespective of whether the pulse signal increases

or decreases the drive amplitude. In other words, one could realize a bi-directional bifurcation amplifier [22].

IV. OPTICAL SWITCHING AND AMPLIFICATION

A. Amplification of optical signals by latching measurements

R̄
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a) b)

FIG. 9. Scheme for amplifying small optical signals. a) The steady-state response can change dramatically and permanently due to a small and

temporary change in cooperativity from C̄ to C̄ −∆C. b) The effective potential for L indicated by the dashed line in a). The potential has a

stable minimum for small R̄ ∼ 1 when C = C̄ (upper/blue curve), but not for C = C̄ −∆C (lower/red curve). For a pulse of size ∆C and of

sufficient duration ∆τ , the steady-state amplitude can thus change permanently from R̄ ∼ 1 to R̄ ∼ L. We have used C̄ = 20, ∆C = 3, and

ωm/κ = 10. Note that this choice of ∆C is exaggerated in order to demonstrate the mechanism. In practice, detection of far smaller ∆C/C̄
is feasible
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FIG. 10. Probability of switching from steady-state amplitude R̄ ∼ 1 to R̄ ∼ L as a result of the optical pulse (53). The probabilities have

been determined from 200 trajectories at each value ∆C, limiting the precision to the percent level. The pulse duration is a) ∆τ = 10, b)

∆τ = 0.1, and the unperturbed cooperativity is C̄ = 20. Other parameters are L = 18.179, ωm/κ = 10, nth,eff = 10, g0,a/κ = 0.005, and

γ/κ = 10−5.

The bistable response can also be used to detect and amplify small optical signals, which we now discuss. The mechanism

is illustrated in Figure 9a). We consider a value of the cooperativity C̄ and a fixed drive strength L (dashed vertical line) below

but close to the bifurcation point L+. If the system resides in the lower stable state where R̄ ∼ 1, a sufficiently large negative

change in the cooperativity to C(τ) = C̄ − c(τ) can decrease the critical drive strength L+ such that L > L+. This will force

the mechanical amplitude to grow to R̄ ∼ L, since the lower stable state vanishes. If the size and duration of the pulse c(τ)
was sufficiently large, the system will eventually reside in the upper stable state even when the cooperativity returns to C̄. This

means that a small, negative change in optical power can lead to a large permanent change in the mechanical amplitude and

thereby strongly influence the optical response of the cavity.

We now quantify the optical amplification in this scheme. The average input amplitude is defined as āin(Ω) = Ω/
√
κ, which

means that the square of the input amplitude is the incoming photon flux to the cavity. We consider first a constant change in

cooperativity C = C̄ −∆C caused by a change in the optical drive strength to Ω = Ω̄ −∆Ω, such that ∆C/C̄ ≈ 2∆Ω/Ω̄ for

∆Ω/Ω ≪ 1. We denote the average output amplitude at the cavity resonance frequency ā0,out(Ω) =
√
κ a0(Ω), where a0 is

defined according to Equation (7). The amplifier power gain is then defined by

Go =

∣

∣

∣

∣

ā0,out,l(Ω̄)− ā0,out,u(Ω̄)

āin(Ω̄ + ∆Ω)− āin(Ω̄)

∣

∣

∣

∣

2

(50)

Inserting for a0 gives

Go =

(

Ω

∆Ω

)2
[

∑

n

κχn

(

Jn(R̄st,l)Jn+1(R̄st,l)− Jn(R̄st,u)Jn+1(R̄st,u)
)

]2

(51)

In the resolved sideband regime, for large cooperativity and L close to L+, we have R̄st,l ∼ 1 and Jn(R̄st,u) ≈ 0, which gives

Go ∼ O
(

C̄

∆C

)2

. (52)

We see that a large gain can be realized for a sufficiently small cooperativity change ∆C/C̄. However, it is again the thermal or

quantum noise that limits how small ∆C can be.
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To demonstrate the optical latch amplification mechanism, we have again solved the classical, stochastic equation (42) nu-

merically as in Section III. For simplicity, we model the cooperativity change as a Gaussian,

c(τ) = ∆C × exp

[

− (τ − τ̄)2

2(∆τ)2

]

, (53)

with a maximum value ∆C, centered at time τ̄ , and temporal width ∆τ . We have again chosen a value of L such that noise-

induced switching is negligible for the unperturbed cooperaticity C̄. The simulation results are similar to the ones in Section

III, showing that the probability of switching from the lower to the upper stable state rises with increasing ∆C. In Figure 9, we

show the switching probability as a function of ∆C/C̄ for two different pulse durations. For a long pulse ∆τ = 10 which the

system can follow adiabatically, we find that the probability of switching is close to unity for ∆C/C̄ & 5 · 10−4. For a shorter

pulse ∆τ = 0.1, we find that ∆C/C̄ & 1.5 · 10−2 is necessary for a large probability of switching due to the pulse.

B. Mechanical memory
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C = 1.850
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C↓ = 1.865
<latexit sha1_base64="9h+67zRgDOPz6tiKEyMtypKZGfA=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwNcyIj26EYjcuK9gHtMOQSTNtaCYZkoylDsVfceNCEbf+hzv/xrSdhbYeuHA4597k3hMmjCrtut/W0vLK6tp6YaO4ubW9s2vv7TeUSCUmdSyYkK0QKcIoJ3VNNSOtRBIUh4w0w0F14jcfiFRU8Hs9Sogfox6nEcVIGymwD6tBpyuGHEkphvAaek758iKwS67jTgEXiZeTEshRC+wv8whOY8I1Zkiptucm2s+Q1BQzMi52UkUShAeoR9qGchQT5WfT7cfwxChdGAlpims4VX9PZChWahSHpjNGuq/mvYn4n9dOdVT2M8qTVBOOZx9FKYNawEkUsEslwZqNDEFYUrMrxH0kEdYmsKIJwZs/eZE0zhzPdby781LlJo+jAI7AMTgFHrgCFXALaqAOMHgEz+AVvFlP1ov1bn3MWpesfOYA/IH1+QNWMZPT</latexit><latexit sha1_base64="9h+67zRgDOPz6tiKEyMtypKZGfA=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwNcyIj26EYjcuK9gHtMOQSTNtaCYZkoylDsVfceNCEbf+hzv/xrSdhbYeuHA4597k3hMmjCrtut/W0vLK6tp6YaO4ubW9s2vv7TeUSCUmdSyYkK0QKcIoJ3VNNSOtRBIUh4w0w0F14jcfiFRU8Hs9Sogfox6nEcVIGymwD6tBpyuGHEkphvAaek758iKwS67jTgEXiZeTEshRC+wv8whOY8I1Zkiptucm2s+Q1BQzMi52UkUShAeoR9qGchQT5WfT7cfwxChdGAlpims4VX9PZChWahSHpjNGuq/mvYn4n9dOdVT2M8qTVBOOZx9FKYNawEkUsEslwZqNDEFYUrMrxH0kEdYmsKIJwZs/eZE0zhzPdby781LlJo+jAI7AMTgFHrgCFXALaqAOMHgEz+AVvFlP1ov1bn3MWpesfOYA/IH1+QNWMZPT</latexit><latexit sha1_base64="9h+67zRgDOPz6tiKEyMtypKZGfA=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwNcyIj26EYjcuK9gHtMOQSTNtaCYZkoylDsVfceNCEbf+hzv/xrSdhbYeuHA4597k3hMmjCrtut/W0vLK6tp6YaO4ubW9s2vv7TeUSCUmdSyYkK0QKcIoJ3VNNSOtRBIUh4w0w0F14jcfiFRU8Hs9Sogfox6nEcVIGymwD6tBpyuGHEkphvAaek758iKwS67jTgEXiZeTEshRC+wv8whOY8I1Zkiptucm2s+Q1BQzMi52UkUShAeoR9qGchQT5WfT7cfwxChdGAlpims4VX9PZChWahSHpjNGuq/mvYn4n9dOdVT2M8qTVBOOZx9FKYNawEkUsEslwZqNDEFYUrMrxH0kEdYmsKIJwZs/eZE0zhzPdby781LlJo+jAI7AMTgFHrgCFXALaqAOMHgEz+AVvFlP1ov1bn3MWpesfOYA/IH1+QNWMZPT</latexit><latexit sha1_base64="9h+67zRgDOPz6tiKEyMtypKZGfA=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwNcyIj26EYjcuK9gHtMOQSTNtaCYZkoylDsVfceNCEbf+hzv/xrSdhbYeuHA4597k3hMmjCrtut/W0vLK6tp6YaO4ubW9s2vv7TeUSCUmdSyYkK0QKcIoJ3VNNSOtRBIUh4w0w0F14jcfiFRU8Hs9Sogfox6nEcVIGymwD6tBpyuGHEkphvAaek758iKwS67jTgEXiZeTEshRC+wv8whOY8I1Zkiptucm2s+Q1BQzMi52UkUShAeoR9qGchQT5WfT7cfwxChdGAlpims4VX9PZChWahSHpjNGuq/mvYn4n9dOdVT2M8qTVBOOZx9FKYNawEkUsEslwZqNDEFYUrMrxH0kEdYmsKIJwZs/eZE0zhzPdby781LlJo+jAI7AMTgFHrgCFXALaqAOMHgEz+AVvFlP1ov1bn3MWpesfOYA/IH1+QNWMZPT</latexit>

C↑ = 1.835
<latexit sha1_base64="rbrFsRNCjDuR5Yii7OyjAxqKDDY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUh8YDdCsRuXFewD2hAm00k7dJIJMxO1lP6KGxeKuPVH3Pk3TtsstHrgwuGce7n3njDlTGnX/bIKK6tr6xvFzdLW9s7unr1fbimRSUKbRHAhOyFWlLOENjXTnHZSSXEcctoOR/WZ376nUjGR3OlxSv0YDxIWMYK1kQK7XA96WYqlFA/oCnlO9ewisCuu486B/hIvJxXI0Qjsz15fkCymiSYcK9X13FT7Eyw1I5xOS71M0RSTER7QrqEJjqnyJ/Pbp+jYKH0UCWkq0Wiu/pyY4FipcRyazhjroVr2ZuJ/XjfTUdWfsCTNNE3IYlGUcaQFmgWB+kxSovnYEEwkM7ciMsQSE23iKpkQvOWX/5LWqeO5jnd7Xqld53EU4RCO4AQ8uIQa3EADmkDgEZ7gBV6tqfVsvVnvi9aClc8cwC9YH9+4rZLp</latexit><latexit sha1_base64="rbrFsRNCjDuR5Yii7OyjAxqKDDY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUh8YDdCsRuXFewD2hAm00k7dJIJMxO1lP6KGxeKuPVH3Pk3TtsstHrgwuGce7n3njDlTGnX/bIKK6tr6xvFzdLW9s7unr1fbimRSUKbRHAhOyFWlLOENjXTnHZSSXEcctoOR/WZ376nUjGR3OlxSv0YDxIWMYK1kQK7XA96WYqlFA/oCnlO9ewisCuu486B/hIvJxXI0Qjsz15fkCymiSYcK9X13FT7Eyw1I5xOS71M0RSTER7QrqEJjqnyJ/Pbp+jYKH0UCWkq0Wiu/pyY4FipcRyazhjroVr2ZuJ/XjfTUdWfsCTNNE3IYlGUcaQFmgWB+kxSovnYEEwkM7ciMsQSE23iKpkQvOWX/5LWqeO5jnd7Xqld53EU4RCO4AQ8uIQa3EADmkDgEZ7gBV6tqfVsvVnvi9aClc8cwC9YH9+4rZLp</latexit><latexit sha1_base64="rbrFsRNCjDuR5Yii7OyjAxqKDDY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUh8YDdCsRuXFewD2hAm00k7dJIJMxO1lP6KGxeKuPVH3Pk3TtsstHrgwuGce7n3njDlTGnX/bIKK6tr6xvFzdLW9s7unr1fbimRSUKbRHAhOyFWlLOENjXTnHZSSXEcctoOR/WZ376nUjGR3OlxSv0YDxIWMYK1kQK7XA96WYqlFA/oCnlO9ewisCuu486B/hIvJxXI0Qjsz15fkCymiSYcK9X13FT7Eyw1I5xOS71M0RSTER7QrqEJjqnyJ/Pbp+jYKH0UCWkq0Wiu/pyY4FipcRyazhjroVr2ZuJ/XjfTUdWfsCTNNE3IYlGUcaQFmgWB+kxSovnYEEwkM7ciMsQSE23iKpkQvOWX/5LWqeO5jnd7Xqld53EU4RCO4AQ8uIQa3EADmkDgEZ7gBV6tqfVsvVnvi9aClc8cwC9YH9+4rZLp</latexit><latexit sha1_base64="rbrFsRNCjDuR5Yii7OyjAxqKDDY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUh8YDdCsRuXFewD2hAm00k7dJIJMxO1lP6KGxeKuPVH3Pk3TtsstHrgwuGce7n3njDlTGnX/bIKK6tr6xvFzdLW9s7unr1fbimRSUKbRHAhOyFWlLOENjXTnHZSSXEcctoOR/WZ376nUjGR3OlxSv0YDxIWMYK1kQK7XA96WYqlFA/oCnlO9ewisCuu486B/hIvJxXI0Qjsz15fkCymiSYcK9X13FT7Eyw1I5xOS71M0RSTER7QrqEJjqnyJ/Pbp+jYKH0UCWkq0Wiu/pyY4FipcRyazhjroVr2ZuJ/XjfTUdWfsCTNNE3IYlGUcaQFmgWB+kxSovnYEEwkM7ciMsQSE23iKpkQvOWX/5LWqeO5jnd7Xqld53EU4RCO4AQ8uIQa3EADmkDgEZ7gBV6tqfVsvVnvi9aClc8cwC9YH9+4rZLp</latexit>

FIG. 11. Illustration of how the mechanical oscillation can be used as an optically controlled memory. The nominal cooperativity is C
(middle/red curve) and the drive strength is chosen in the region where the response is bistable. If the system is in the higher amplitude state

(R̄ ≈ 2.68), one can optically switch to the lower amplitude state (R̄ ≈ 2.04) by temporarily changing the cooperativity to C↓ (lower/yellow

curve) by adjusting the optical power. Likewise, switching from lower to higher steady-state amplitude can be done by temporarily changing

the cooperativity to C↑ (upper/blue curve).

We will now briefly consider how the bistable behaviour can also be used to store binary data. The middle curve in Figure 11,

shown in red, depicts the mechanical steady-state amplitude R̄ as a function of drive strength L for a cooperativity C = 1.850,

which is just above the critical cooperativity Ccrit ≈ 1.82. Let us assume that L is fixed at the position of the vertical dotted line.

If the system resides in the lower stable state, we can switch to the upper stable state by changing the cooperativity to C↑ < C
by slightly adjusting the optical power. The value C↑ is chosen such that only the upper stable state remains for the fixed value

of L, as shown by the upper (blue) curve in Figure 11. Once the amplitude has increased beyond a certain value, the system

will end up in the upper stable state even when the cooperativity is returned to C. In other words, the system can be switched

from the lower to the upper stable state by a small temporary decrease in optical input power. Conversely, if one wants to switch

from the upper to the lower state, this can be done by a slight increase in optical input power resulting in a temporary increase

in cooperativity to C↓ for which there is no upper stable state - see the lower (yellow) curve in Figure 11. This means that the

mechanical memory can be switched back and forth simply by optical means.

This discussion is based on the system adiabatically following the change in cooperativity, which assumes that the optical

pulses are much longer than the intrinsic mechanical decay time. As with the amplification scheme, it is possible to switch

between the lower and the upper state with shorter pulses, but the reponse time of the memory, i.e., the time it takes to reach the

other stable state, is set by the mechanical decay time.
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C = 2
<latexit sha1_base64="FdcZR6cR7rV4s0t2YQhie9jQKfc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLoB6EYi8eKxhbaEPZbDft0s0m7E6EEvobvHhQ8eof8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8ePZo41Yx7LJax7gTUcCkU91Cg5J1EcxoFkreDcXPmt5+4NiJWDzhJuB/RoRKhYBSt5DXJDan3yxW36s5BVkktJxXI0eqXv3qDmKURV8gkNaZbcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7slJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDKz8TKkmRK7ZYFKaSYExmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDaG2/PIq8erV66p7f1Fp3OZpFOEETuEcanAJDbiDFnjAQMAzvMKbo5wX5935WLQWnHzmGP7A+fwBomiNcQ==</latexit><latexit sha1_base64="FdcZR6cR7rV4s0t2YQhie9jQKfc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLoB6EYi8eKxhbaEPZbDft0s0m7E6EEvobvHhQ8eof8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8ePZo41Yx7LJax7gTUcCkU91Cg5J1EcxoFkreDcXPmt5+4NiJWDzhJuB/RoRKhYBSt5DXJDan3yxW36s5BVkktJxXI0eqXv3qDmKURV8gkNaZbcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7slJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDKz8TKkmRK7ZYFKaSYExmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDaG2/PIq8erV66p7f1Fp3OZpFOEETuEcanAJDbiDFnjAQMAzvMKbo5wX5935WLQWnHzmGP7A+fwBomiNcQ==</latexit><latexit sha1_base64="FdcZR6cR7rV4s0t2YQhie9jQKfc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLoB6EYi8eKxhbaEPZbDft0s0m7E6EEvobvHhQ8eof8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8ePZo41Yx7LJax7gTUcCkU91Cg5J1EcxoFkreDcXPmt5+4NiJWDzhJuB/RoRKhYBSt5DXJDan3yxW36s5BVkktJxXI0eqXv3qDmKURV8gkNaZbcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7slJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDKz8TKkmRK7ZYFKaSYExmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDaG2/PIq8erV66p7f1Fp3OZpFOEETuEcanAJDbiDFnjAQMAzvMKbo5wX5935WLQWnHzmGP7A+fwBomiNcQ==</latexit>

C = 3.8
<latexit sha1_base64="+A/QdKBBb2X952vbj2E1lbX7ZwY=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4CokK1oNQ7MVjBWMLbSib7aZdursJuxuhhP4ILx5UvPp/vPlv3LY5aOuDgcd7M8zMi1LOtPG8b2dldW19Y7O0Vd7e2d3brxwcPuokU4QGJOGJakdYU84kDQwznLZTRbGIOG1Fo8bUbz1RpVkiH8w4paHAA8liRrCxUquBbtCFW+tVqp7rzYCWiV+QKhRo9ipf3X5CMkGlIRxr3fG91IQ5VoYRTiflbqZpiskID2jHUokF1WE+O3eCTq3SR3GibEmDZurviRwLrccisp0Cm6Fe9Kbif14nM3EtzJlMM0MlmS+KM45Mgqa/oz5TlBg+tgQTxeytiAyxwsTYhMo2BH/x5WUSnLvXrnd/Wa3fFmmU4BhO4Ax8uII63EETAiAwgmd4hTcndV6cd+dj3rriFDNH8AfO5w+KGI3s</latexit><latexit sha1_base64="+A/QdKBBb2X952vbj2E1lbX7ZwY=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4CokK1oNQ7MVjBWMLbSib7aZdursJuxuhhP4ILx5UvPp/vPlv3LY5aOuDgcd7M8zMi1LOtPG8b2dldW19Y7O0Vd7e2d3brxwcPuokU4QGJOGJakdYU84kDQwznLZTRbGIOG1Fo8bUbz1RpVkiH8w4paHAA8liRrCxUquBbtCFW+tVqp7rzYCWiV+QKhRo9ipf3X5CMkGlIRxr3fG91IQ5VoYRTiflbqZpiskID2jHUokF1WE+O3eCTq3SR3GibEmDZurviRwLrccisp0Cm6Fe9Kbif14nM3EtzJlMM0MlmS+KM45Mgqa/oz5TlBg+tgQTxeytiAyxwsTYhMo2BH/x5WUSnLvXrnd/Wa3fFmmU4BhO4Ax8uII63EETAiAwgmd4hTcndV6cd+dj3rriFDNH8AfO5w+KGI3s</latexit><latexit sha1_base64="+A/QdKBBb2X952vbj2E1lbX7ZwY=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4CokK1oNQ7MVjBWMLbSib7aZdursJuxuhhP4ILx5UvPp/vPlv3LY5aOuDgcd7M8zMi1LOtPG8b2dldW19Y7O0Vd7e2d3brxwcPuokU4QGJOGJakdYU84kDQwznLZTRbGIOG1Fo8bUbz1RpVkiH8w4paHAA8liRrCxUquBbtCFW+tVqp7rzYCWiV+QKhRo9ipf3X5CMkGlIRxr3fG91IQ5VoYRTiflbqZpiskID2jHUokF1WE+O3eCTq3SR3GibEmDZurviRwLrccisp0Cm6Fe9Kbif14nM3EtzJlMM0MlmS+KM45Mgqa/oz5TlBg+tgQTxeytiAyxwsTYhMo2BH/x5WUSnLvXrnd/Wa3fFmmU4BhO4Ax8uII63EETAiAwgmd4hTcndV6cd+dj3rriFDNH8AfO5w+KGI3s</latexit>

C = 5
<latexit sha1_base64="yQGVQ5YkN6hw30wkB8qL56kDyEY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUQ9CsRePFYwttKFstpN26WYTdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fPOo4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsYNaZ+6wmV5rF8MOME/YgOJA85o8ZKXoPckIteueJW3RnIMqnlpAI5mr3yV7cfszRCaZigWndqbmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns2Mn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys+4TFKDks0XhakgJibTz0mfK2RGjC2hTHF7K2FDqigzNp+SDaG2+PIy8c6q11X3/rxSv83TKMIRHMMp1OAS6nAHTfCAAYdneIU3RzovzrvzMW8tOPnMIfyB8/kDpvGNdA==</latexit><latexit sha1_base64="yQGVQ5YkN6hw30wkB8qL56kDyEY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUQ9CsRePFYwttKFstpN26WYTdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fPOo4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsYNaZ+6wmV5rF8MOME/YgOJA85o8ZKXoPckIteueJW3RnIMqnlpAI5mr3yV7cfszRCaZigWndqbmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns2Mn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys+4TFKDks0XhakgJibTz0mfK2RGjC2hTHF7K2FDqigzNp+SDaG2+PIy8c6q11X3/rxSv83TKMIRHMMp1OAS6nAHTfCAAYdneIU3RzovzrvzMW8tOPnMIfyB8/kDpvGNdA==</latexit><latexit sha1_base64="yQGVQ5YkN6hw30wkB8qL56kDyEY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUQ9CsRePFYwttKFstpN26WYTdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fPOo4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsYNaZ+6wmV5rF8MOME/YgOJA85o8ZKXoPckIteueJW3RnIMqnlpAI5mr3yV7cfszRCaZigWndqbmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns2Mn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys+4TFKDks0XhakgJibTz0mfK2RGjC2hTHF7K2FDqigzNp+SDaG2+PIy8c6q11X3/rxSv83TKMIRHMMp1OAS6nAHTfCAAYdneIU3RzovzrvzMW8tOPnMIfyB8/kDpvGNdA==</latexit>

C = 10
<latexit sha1_base64="4cR9JW8+EgmMneAH+tLoA7/A4Ns=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoXoQir14rOC2hXYp2TTbxmaTJckKZel/8OJBxas/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H48bMbz9RpZkUD2aS0CDGQ8EiRrCxUquBbpDn9ssVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6CjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvrxL/onpdde8vK/XbPI0inMApnIMHNajDHTTBBwKP8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAPYI2q</latexit><latexit sha1_base64="4cR9JW8+EgmMneAH+tLoA7/A4Ns=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoXoQir14rOC2hXYp2TTbxmaTJckKZel/8OJBxas/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H48bMbz9RpZkUD2aS0CDGQ8EiRrCxUquBbpDn9ssVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6CjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvrxL/onpdde8vK/XbPI0inMApnIMHNajDHTTBBwKP8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAPYI2q</latexit><latexit sha1_base64="4cR9JW8+EgmMneAH+tLoA7/A4Ns=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoXoQir14rOC2hXYp2TTbxmaTJckKZel/8OJBxas/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H48bMbz9RpZkUD2aS0CDGQ8EiRrCxUquBbpDn9ssVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6CjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvrxL/onpdde8vK/XbPI0inMApnIMHNajDHTTBBwKP8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAPYI2q</latexit>

C = 0
<latexit sha1_base64="WrwPnbsGERSaV79BWKhzYI0etZw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEo9uKxgrGFNpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbJa2yts7u3v7lYPDR5NkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4akz91hPXRiTqAccpD2I6UCISjKKV/Aa5IW6vUnVr7gxkmXgFqUKBZq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bETcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1MoyuglyoNEOu2HxRlEmCCZl+TvpCc4ZybAllWthbCRtSTRnafMo2BG/x5WXin9eua+79RbV+W6RRgmM4gTPw4BLqcAdN8IGBgGd4hTdHOS/Ou/Mxb11xipkj+APn8wefYo1v</latexit><latexit sha1_base64="WrwPnbsGERSaV79BWKhzYI0etZw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEo9uKxgrGFNpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbJa2yts7u3v7lYPDR5NkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4akz91hPXRiTqAccpD2I6UCISjKKV/Aa5IW6vUnVr7gxkmXgFqUKBZq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bETcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1MoyuglyoNEOu2HxRlEmCCZl+TvpCc4ZybAllWthbCRtSTRnafMo2BG/x5WXin9eua+79RbV+W6RRgmM4gTPw4BLqcAdN8IGBgGd4hTdHOS/Ou/Mxb11xipkj+APn8wefYo1v</latexit><latexit sha1_base64="WrwPnbsGERSaV79BWKhzYI0etZw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEo9uKxgrGFNpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbJa2yts7u3v7lYPDR5NkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4akz91hPXRiTqAccpD2I6UCISjKKV/Aa5IW6vUnVr7gxkmXgFqUKBZq/y1e0nLIu5QiapMR3PTTHIqUbBJJ+Uu5nhKWUjOuAdSxWNuQny2bETcmqVPokSbUshmam/J3IaGzOOQ9sZUxyaRW8q/ud1MoyuglyoNEOu2HxRlEmCCZl+TvpCc4ZybAllWthbCRtSTRnafMo2BG/x5WXin9eua+79RbV+W6RRgmM4gTPw4BLqcAdN8IGBgGd4hTdHOS/Ou/Mxb11xipkj+APn8wefYo1v</latexit>

b)

R̄
<latexit sha1_base64="exmO7fuIKFCtnBTLKR+bql5H+CE=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFqp3Qupzh+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB2o6j5s=</latexit><latexit sha1_base64="exmO7fuIKFCtnBTLKR+bql5H+CE=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFqp3Qupzh+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB2o6j5s=</latexit><latexit sha1_base64="exmO7fuIKFCtnBTLKR+bql5H+CE=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFqp3Qupzh+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB2o6j5s=</latexit><latexit sha1_base64="exmO7fuIKFCtnBTLKR+bql5H+CE=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFqp3Qupzh+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB2o6j5s=</latexit>

L
<latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit>

R̄(L−)
<latexit sha1_base64="jgElGr+ukSsXR6lkkgZJ0JUBSws=">AAAB83icdVDLSsNAFL2pr1pfVZduBotQF4akFHRZdOPCRRX7gCaUyXTSDp1MwsxEKKG/4caFIm79GXf+jZO2gs8Dl3s4517mzgkSzpR2nHersLS8srpWXC9tbG5t75R399oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcYXud+5o1KxWNzqSUL9CA8FCxnB2kieF2CZ3UyrV/2T43654th1Jwf6TVx71p0KLNDsl9+8QUzSiApNOFaq5zqJ9jMsNSOcTkteqmiCyRgPac9QgSOq/Gx28xQdGWWAwliaEhrN1K8bGY6UmkSBmYywHqmfXi7+5fVSHZ75GRNJqqkg84fClCMdozwANGCSEs0nhmAimbkVkRGWmGgTU8mE8PlT9D9p12zXsd3reqVxvoijCAdwCFVw4RQacAlNaAGBBO7hEZ6s1Hqwnq2X+WjBWuzswzdYrx8HgZEC</latexit><latexit sha1_base64="jgElGr+ukSsXR6lkkgZJ0JUBSws=">AAAB83icdVDLSsNAFL2pr1pfVZduBotQF4akFHRZdOPCRRX7gCaUyXTSDp1MwsxEKKG/4caFIm79GXf+jZO2gs8Dl3s4517mzgkSzpR2nHersLS8srpWXC9tbG5t75R399oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcYXud+5o1KxWNzqSUL9CA8FCxnB2kieF2CZ3UyrV/2T43654th1Jwf6TVx71p0KLNDsl9+8QUzSiApNOFaq5zqJ9jMsNSOcTkteqmiCyRgPac9QgSOq/Gx28xQdGWWAwliaEhrN1K8bGY6UmkSBmYywHqmfXi7+5fVSHZ75GRNJqqkg84fClCMdozwANGCSEs0nhmAimbkVkRGWmGgTU8mE8PlT9D9p12zXsd3reqVxvoijCAdwCFVw4RQacAlNaAGBBO7hEZ6s1Hqwnq2X+WjBWuzswzdYrx8HgZEC</latexit><latexit sha1_base64="jgElGr+ukSsXR6lkkgZJ0JUBSws=">AAAB83icdVDLSsNAFL2pr1pfVZduBotQF4akFHRZdOPCRRX7gCaUyXTSDp1MwsxEKKG/4caFIm79GXf+jZO2gs8Dl3s4517mzgkSzpR2nHersLS8srpWXC9tbG5t75R399oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcYXud+5o1KxWNzqSUL9CA8FCxnB2kieF2CZ3UyrV/2T43654th1Jwf6TVx71p0KLNDsl9+8QUzSiApNOFaq5zqJ9jMsNSOcTkteqmiCyRgPac9QgSOq/Gx28xQdGWWAwliaEhrN1K8bGY6UmkSBmYywHqmfXi7+5fVSHZ75GRNJqqkg84fClCMdozwANGCSEs0nhmAimbkVkRGWmGgTU8mE8PlT9D9p12zXsd3reqVxvoijCAdwCFVw4RQacAlNaAGBBO7hEZ6s1Hqwnq2X+WjBWuzswzdYrx8HgZEC</latexit><latexit sha1_base64="jgElGr+ukSsXR6lkkgZJ0JUBSws=">AAAB83icdVDLSsNAFL2pr1pfVZduBotQF4akFHRZdOPCRRX7gCaUyXTSDp1MwsxEKKG/4caFIm79GXf+jZO2gs8Dl3s4517mzgkSzpR2nHersLS8srpWXC9tbG5t75R399oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCcYXud+5o1KxWNzqSUL9CA8FCxnB2kieF2CZ3UyrV/2T43654th1Jwf6TVx71p0KLNDsl9+8QUzSiApNOFaq5zqJ9jMsNSOcTkteqmiCyRgPac9QgSOq/Gx28xQdGWWAwliaEhrN1K8bGY6UmkSBmYywHqmfXi7+5fVSHZ75GRNJqqkg84fClCMdozwANGCSEs0nhmAimbkVkRGWmGgTU8mE8PlT9D9p12zXsd3reqVxvoijCAdwCFVw4RQacAlNaAGBBO7hEZ6s1Hqwnq2X+WjBWuzswzdYrx8HgZEC</latexit>

R̄(L+)
<latexit sha1_base64="4+6ta+U9mGaKM5PJxNLs/bMRrNQ=">AAAB83icdVDLSsNAFL2pr1pfVZduBotQEUJSCrosunHhoop9QBPKZDpph04mYWYilNDfcONCEbf+jDv/xklbweeByz2ccy9z5wQJZ0o7zrtVWFpeWV0rrpc2Nre2d8q7e20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOOL3O/cUalYLG71JKF+hIeChYxgbSTPC7DMbqbVq/7Jcb9ccey6kwP9Jq49604FFmj2y2/eICZpRIUmHCvVc51E+xmWmhFOpyUvVTTBZIyHtGeowBFVfja7eYqOjDJAYSxNCY1m6teNDEdKTaLATEZYj9RPLxf/8nqpDs/8jIkk1VSQ+UNhypGOUR4AGjBJieYTQzCRzNyKyAhLTLSJqWRC+Pwp+p+0a7br2O51vdI4X8RRhAM4hCq4cAoNuIQmtIBAAvfwCE9Waj1Yz9bLfLRgLXb24Rus1w8Ed5EA</latexit><latexit sha1_base64="4+6ta+U9mGaKM5PJxNLs/bMRrNQ=">AAAB83icdVDLSsNAFL2pr1pfVZduBotQEUJSCrosunHhoop9QBPKZDpph04mYWYilNDfcONCEbf+jDv/xklbweeByz2ccy9z5wQJZ0o7zrtVWFpeWV0rrpc2Nre2d8q7e20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOOL3O/cUalYLG71JKF+hIeChYxgbSTPC7DMbqbVq/7Jcb9ccey6kwP9Jq49604FFmj2y2/eICZpRIUmHCvVc51E+xmWmhFOpyUvVTTBZIyHtGeowBFVfja7eYqOjDJAYSxNCY1m6teNDEdKTaLATEZYj9RPLxf/8nqpDs/8jIkk1VSQ+UNhypGOUR4AGjBJieYTQzCRzNyKyAhLTLSJqWRC+Pwp+p+0a7br2O51vdI4X8RRhAM4hCq4cAoNuIQmtIBAAvfwCE9Waj1Yz9bLfLRgLXb24Rus1w8Ed5EA</latexit><latexit sha1_base64="4+6ta+U9mGaKM5PJxNLs/bMRrNQ=">AAAB83icdVDLSsNAFL2pr1pfVZduBotQEUJSCrosunHhoop9QBPKZDpph04mYWYilNDfcONCEbf+jDv/xklbweeByz2ccy9z5wQJZ0o7zrtVWFpeWV0rrpc2Nre2d8q7e20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOOL3O/cUalYLG71JKF+hIeChYxgbSTPC7DMbqbVq/7Jcb9ccey6kwP9Jq49604FFmj2y2/eICZpRIUmHCvVc51E+xmWmhFOpyUvVTTBZIyHtGeowBFVfja7eYqOjDJAYSxNCY1m6teNDEdKTaLATEZYj9RPLxf/8nqpDs/8jIkk1VSQ+UNhypGOUR4AGjBJieYTQzCRzNyKyAhLTLSJqWRC+Pwp+p+0a7br2O51vdI4X8RRhAM4hCq4cAoNuIQmtIBAAvfwCE9Waj1Yz9bLfLRgLXb24Rus1w8Ed5EA</latexit><latexit sha1_base64="4+6ta+U9mGaKM5PJxNLs/bMRrNQ=">AAAB83icdVDLSsNAFL2pr1pfVZduBotQEUJSCrosunHhoop9QBPKZDpph04mYWYilNDfcONCEbf+jDv/xklbweeByz2ccy9z5wQJZ0o7zrtVWFpeWV0rrpc2Nre2d8q7e20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOOL3O/cUalYLG71JKF+hIeChYxgbSTPC7DMbqbVq/7Jcb9ccey6kwP9Jq49604FFmj2y2/eICZpRIUmHCvVc51E+xmWmhFOpyUvVTTBZIyHtGeowBFVfja7eYqOjDJAYSxNCY1m6teNDEdKTaLATEZYj9RPLxf/8nqpDs/8jIkk1VSQ+UNhypGOUR4AGjBJieYTQzCRzNyKyAhLTLSJqWRC+Pwp+p+0a7br2O51vdI4X8RRhAM4hCq4cAoNuIQmtIBAAvfwCE9Waj1Yz9bLfLRgLXb24Rus1w8Ed5EA</latexit>

L+
<latexit sha1_base64="i0FaFnFYAyUMKTQ+ato+O8XLeyQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRZBEJZdKeix6MWDh4rWFtqlZNPZNjSbXZKsUEp/ghcPinj1F3nz35htK/j5IOTx3gwz88JUcG08790pLCwuLa8UV0tr6xubW+XtnVudZIphgyUiUa2QahRcYsNwI7CVKqRxKLAZDs9zv3mHSvNE3phRikFM+5JHnFFjpevL7lG3XPHcqpeD/Ca+O/29CsxR75bfOr2EZTFKwwTVuu17qQnGVBnOBE5KnUxjStmQ9rFtqaQx6mA8XXVCDqzSI1Gi7JOGTNWvHWMaaz2KQ1sZUzPQP71c/MtrZyY6DcZcpplByWaDokwQk5D8btLjCpkRI0soU9zuStiAKsqMTadkQ/i8lPxPbo9d33P9q2qldjaPowh7sA+H4MMJ1OAC6tAABn24h0d4coTz4Dw7L7PSgjPv2YVvcF4/AND9jXo=</latexit><latexit sha1_base64="i0FaFnFYAyUMKTQ+ato+O8XLeyQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRZBEJZdKeix6MWDh4rWFtqlZNPZNjSbXZKsUEp/ghcPinj1F3nz35htK/j5IOTx3gwz88JUcG08790pLCwuLa8UV0tr6xubW+XtnVudZIphgyUiUa2QahRcYsNwI7CVKqRxKLAZDs9zv3mHSvNE3phRikFM+5JHnFFjpevL7lG3XPHcqpeD/Ca+O/29CsxR75bfOr2EZTFKwwTVuu17qQnGVBnOBE5KnUxjStmQ9rFtqaQx6mA8XXVCDqzSI1Gi7JOGTNWvHWMaaz2KQ1sZUzPQP71c/MtrZyY6DcZcpplByWaDokwQk5D8btLjCpkRI0soU9zuStiAKsqMTadkQ/i8lPxPbo9d33P9q2qldjaPowh7sA+H4MMJ1OAC6tAABn24h0d4coTz4Dw7L7PSgjPv2YVvcF4/AND9jXo=</latexit><latexit sha1_base64="i0FaFnFYAyUMKTQ+ato+O8XLeyQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRZBEJZdKeix6MWDh4rWFtqlZNPZNjSbXZKsUEp/ghcPinj1F3nz35htK/j5IOTx3gwz88JUcG08790pLCwuLa8UV0tr6xubW+XtnVudZIphgyUiUa2QahRcYsNwI7CVKqRxKLAZDs9zv3mHSvNE3phRikFM+5JHnFFjpevL7lG3XPHcqpeD/Ca+O/29CsxR75bfOr2EZTFKwwTVuu17qQnGVBnOBE5KnUxjStmQ9rFtqaQx6mA8XXVCDqzSI1Gi7JOGTNWvHWMaaz2KQ1sZUzPQP71c/MtrZyY6DcZcpplByWaDokwQk5D8btLjCpkRI0soU9zuStiAKsqMTadkQ/i8lPxPbo9d33P9q2qldjaPowh7sA+H4MMJ1OAC6tAABn24h0d4coTz4Dw7L7PSgjPv2YVvcF4/AND9jXo=</latexit><latexit sha1_base64="i0FaFnFYAyUMKTQ+ato+O8XLeyQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRZBEJZdKeix6MWDh4rWFtqlZNPZNjSbXZKsUEp/ghcPinj1F3nz35htK/j5IOTx3gwz88JUcG08790pLCwuLa8UV0tr6xubW+XtnVudZIphgyUiUa2QahRcYsNwI7CVKqRxKLAZDs9zv3mHSvNE3phRikFM+5JHnFFjpevL7lG3XPHcqpeD/Ca+O/29CsxR75bfOr2EZTFKwwTVuu17qQnGVBnOBE5KnUxjStmQ9rFtqaQx6mA8XXVCDqzSI1Gi7JOGTNWvHWMaaz2KQ1sZUzPQP71c/MtrZyY6DcZcpplByWaDokwQk5D8btLjCpkRI0soU9zuStiAKsqMTadkQ/i8lPxPbo9d33P9q2qldjaPowh7sA+H4MMJ1OAC6tAABn24h0d4coTz4Dw7L7PSgjPv2YVvcF4/AND9jXo=</latexit>

L−<latexit sha1_base64="ErE/wCZ/FaxIGFdjiS0Tcx6HG/M=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBi8uuFPRY9OLBQ0VrC+1SsulsG5rNLklWKKU/wYsHRbz6i7z5b8y2Ffx8EPJ4b4aZeWEquDae9+4UFhaXlleKq6W19Y3NrfL2zq1OMsWwwRKRqFZINQousWG4EdhKFdI4FNgMh+e537xDpXkib8woxSCmfckjzqix0vVl96hbrnhu1ctBfhPfnf5eBeaod8tvnV7CshilYYJq3fa91ARjqgxnAielTqYxpWxI+9i2VNIYdTCerjohB1bpkShR9klDpurXjjGNtR7Foa2MqRnon14u/uW1MxOdBmMu08ygZLNBUSaISUh+N+lxhcyIkSWUKW53JWxAFWXGplOyIXxeSv4nt8eu77n+VbVSO5vHUYQ92IdD8OEEanABdWgAgz7cwyM8OcJ5cJ6dl1lpwZn37MI3OK8f1AWNfA==</latexit><latexit sha1_base64="ErE/wCZ/FaxIGFdjiS0Tcx6HG/M=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBi8uuFPRY9OLBQ0VrC+1SsulsG5rNLklWKKU/wYsHRbz6i7z5b8y2Ffx8EPJ4b4aZeWEquDae9+4UFhaXlleKq6W19Y3NrfL2zq1OMsWwwRKRqFZINQousWG4EdhKFdI4FNgMh+e537xDpXkib8woxSCmfckjzqix0vVl96hbrnhu1ctBfhPfnf5eBeaod8tvnV7CshilYYJq3fa91ARjqgxnAielTqYxpWxI+9i2VNIYdTCerjohB1bpkShR9klDpurXjjGNtR7Foa2MqRnon14u/uW1MxOdBmMu08ygZLNBUSaISUh+N+lxhcyIkSWUKW53JWxAFWXGplOyIXxeSv4nt8eu77n+VbVSO5vHUYQ92IdD8OEEanABdWgAgz7cwyM8OcJ5cJ6dl1lpwZn37MI3OK8f1AWNfA==</latexit><latexit sha1_base64="ErE/wCZ/FaxIGFdjiS0Tcx6HG/M=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBi8uuFPRY9OLBQ0VrC+1SsulsG5rNLklWKKU/wYsHRbz6i7z5b8y2Ffx8EPJ4b4aZeWEquDae9+4UFhaXlleKq6W19Y3NrfL2zq1OMsWwwRKRqFZINQousWG4EdhKFdI4FNgMh+e537xDpXkib8woxSCmfckjzqix0vVl96hbrnhu1ctBfhPfnf5eBeaod8tvnV7CshilYYJq3fa91ARjqgxnAielTqYxpWxI+9i2VNIYdTCerjohB1bpkShR9klDpurXjjGNtR7Foa2MqRnon14u/uW1MxOdBmMu08ygZLNBUSaISUh+N+lxhcyIkSWUKW53JWxAFWXGplOyIXxeSv4nt8eu77n+VbVSO5vHUYQ92IdD8OEEanABdWgAgz7cwyM8OcJ5cJ6dl1lpwZn37MI3OK8f1AWNfA==</latexit><latexit sha1_base64="ErE/wCZ/FaxIGFdjiS0Tcx6HG/M=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBi8uuFPRY9OLBQ0VrC+1SsulsG5rNLklWKKU/wYsHRbz6i7z5b8y2Ffx8EPJ4b4aZeWEquDae9+4UFhaXlleKq6W19Y3NrfL2zq1OMsWwwRKRqFZINQousWG4EdhKFdI4FNgMh+e537xDpXkib8woxSCmfckjzqix0vVl96hbrnhu1ctBfhPfnf5eBeaod8tvnV7CshilYYJq3fa91ARjqgxnAielTqYxpWxI+9i2VNIYdTCerjohB1bpkShR9klDpurXjjGNtR7Foa2MqRnon14u/uW1MxOdBmMu08ygZLNBUSaISUh+N+lxhcyIkSWUKW53JWxAFWXGplOyIXxeSv4nt8eu77n+VbVSO5vHUYQ92IdD8OEEanABdWgAgz7cwyM8OcJ5cJ6dl1lpwZn37MI3OK8f1AWNfA==</latexit>

ω−<latexit sha1_base64="Pgn/c8MO3GUOyDNR3izjoYWqMHc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHZFUG9BLx4juCaQLGF2MpsMmcc6MyuEJT/hxYOKV7/Hm3/jJNmDJhY0FFXddHfFKWfG+v63t7S8srq2Xtoob25t7+xW9vYfjMo0oSFRXOlWjA3lTNLQMstpK9UUi5jTZjy8mfjNJ6oNU/LejlIaCdyXLGEEWye1OkrQPu6editVv+ZPgRZJUJAqFGh0K1+dniKZoNISjo1pB35qoxxrywin43InMzTFZIj7tO2oxIKaKJ/eO0bHTumhRGlX0qKp+nsix8KYkYhdp8B2YOa9ifif185schnlTKaZpZLMFiUZR1ahyfOoxzQllo8cwUQzdysiA6wxsS6isgshmH95kYRntauaf3derV8XaZTgEI7gBAK4gDrcQgNCIMDhGV7hzXv0Xrx372PWuuQVMwfwB97nDx8Lj44=</latexit><latexit sha1_base64="Pgn/c8MO3GUOyDNR3izjoYWqMHc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHZFUG9BLx4juCaQLGF2MpsMmcc6MyuEJT/hxYOKV7/Hm3/jJNmDJhY0FFXddHfFKWfG+v63t7S8srq2Xtoob25t7+xW9vYfjMo0oSFRXOlWjA3lTNLQMstpK9UUi5jTZjy8mfjNJ6oNU/LejlIaCdyXLGEEWye1OkrQPu6editVv+ZPgRZJUJAqFGh0K1+dniKZoNISjo1pB35qoxxrywin43InMzTFZIj7tO2oxIKaKJ/eO0bHTumhRGlX0qKp+nsix8KYkYhdp8B2YOa9ifif185schnlTKaZpZLMFiUZR1ahyfOoxzQllo8cwUQzdysiA6wxsS6isgshmH95kYRntauaf3derV8XaZTgEI7gBAK4gDrcQgNCIMDhGV7hzXv0Xrx372PWuuQVMwfwB97nDx8Lj44=</latexit><latexit sha1_base64="Pgn/c8MO3GUOyDNR3izjoYWqMHc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHZFUG9BLx4juCaQLGF2MpsMmcc6MyuEJT/hxYOKV7/Hm3/jJNmDJhY0FFXddHfFKWfG+v63t7S8srq2Xtoob25t7+xW9vYfjMo0oSFRXOlWjA3lTNLQMstpK9UUi5jTZjy8mfjNJ6oNU/LejlIaCdyXLGEEWye1OkrQPu6editVv+ZPgRZJUJAqFGh0K1+dniKZoNISjo1pB35qoxxrywin43InMzTFZIj7tO2oxIKaKJ/eO0bHTumhRGlX0qKp+nsix8KYkYhdp8B2YOa9ifif185schnlTKaZpZLMFiUZR1ahyfOoxzQllo8cwUQzdysiA6wxsS6isgshmH95kYRntauaf3derV8XaZTgEI7gBAK4gDrcQgNCIMDhGV7hzXv0Xrx372PWuuQVMwfwB97nDx8Lj44=</latexit>

ω+
<latexit sha1_base64="IXW1/vP7B5jgDKy8D9BA4t8PYBM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKoN6CXjxGcE0gWcLsZDYZMo91ZlYIS37CiwcVr36PN//GSbIHTSxoKKq66e6KU86M9f1vb2l5ZXVtvbRR3tza3tmt7O0/GJVpQkOiuNKtGBvKmaShZZbTVqopFjGnzXh4M/GbT1QbpuS9HaU0ErgvWcIItk5qdZSgfdw97Vaqfs2fAi2SoCBVKNDoVr46PUUyQaUlHBvTDvzURjnWlhFOx+VOZmiKyRD3adtRiQU1UT69d4yOndJDidKupEVT9fdEjoUxIxG7ToHtwMx7E/E/r53Z5DLKmUwzSyWZLUoyjqxCk+dRj2lKLB85golm7lZEBlhjYl1EZRdCMP/yIgnPalc1/+68Wr8u0ijBIRzBCQRwAXW4hQaEQIDDM7zCm/fovXjv3sesdckrZg7gD7zPHxwFj4w=</latexit><latexit sha1_base64="IXW1/vP7B5jgDKy8D9BA4t8PYBM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKoN6CXjxGcE0gWcLsZDYZMo91ZlYIS37CiwcVr36PN//GSbIHTSxoKKq66e6KU86M9f1vb2l5ZXVtvbRR3tza3tmt7O0/GJVpQkOiuNKtGBvKmaShZZbTVqopFjGnzXh4M/GbT1QbpuS9HaU0ErgvWcIItk5qdZSgfdw97Vaqfs2fAi2SoCBVKNDoVr46PUUyQaUlHBvTDvzURjnWlhFOx+VOZmiKyRD3adtRiQU1UT69d4yOndJDidKupEVT9fdEjoUxIxG7ToHtwMx7E/E/r53Z5DLKmUwzSyWZLUoyjqxCk+dRj2lKLB85golm7lZEBlhjYl1EZRdCMP/yIgnPalc1/+68Wr8u0ijBIRzBCQRwAXW4hQaEQIDDM7zCm/fovXjv3sesdckrZg7gD7zPHxwFj4w=</latexit><latexit sha1_base64="IXW1/vP7B5jgDKy8D9BA4t8PYBM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKoN6CXjxGcE0gWcLsZDYZMo91ZlYIS37CiwcVr36PN//GSbIHTSxoKKq66e6KU86M9f1vb2l5ZXVtvbRR3tza3tmt7O0/GJVpQkOiuNKtGBvKmaShZZbTVqopFjGnzXh4M/GbT1QbpuS9HaU0ErgvWcIItk5qdZSgfdw97Vaqfs2fAi2SoCBVKNDoVr46PUUyQaUlHBvTDvzURjnWlhFOx+VOZmiKyRD3adtRiQU1UT69d4yOndJDidKupEVT9fdEjoUxIxG7ToHtwMx7E/E/r53Z5DLKmUwzSyWZLUoyjqxCk+dRj2lKLB85golm7lZEBlhjYl1EZRdCMP/yIgnPalc1/+68Wr8u0ijBIRzBCQRwAXW4hQaEQIDDM7zCm/fovXjv3sesdckrZg7gD7zPHxwFj4w=</latexit>

Frequency

ωm
<latexit sha1_base64="Izz+9XMVYWSjfdxrEWuci/3+swE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGcE0gWcLsZDYZMo91ZlYIS37CiwcVr36PN//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w8ejMo0oSFRXOl2jA3lTNLQMstpO9UUi5jTVjy6mfqtJ6oNU/LejlMaCTyQLGEEWye1u0rQAe6JXrXm1/0Z0DIJClKDAs1e9avbVyQTVFrCsTGdwE9tlGNtGeF0UulmhqaYjPCAdhyVWFAT5bN7J+jEKX2UKO1KWjRTf0/kWBgzFrHrFNgOzaI3Ff/zOplNLqOcyTSzVJL5oiTjyCo0fR71mabE8rEjmGjmbkVkiDUm1kVUcSEEiy8vk/CsflX3785rjesijTIcwTGcQgAX0IBbaEIIBDg8wyu8eY/ei/fufcxbS14xcwh/4H3+AH/Lj84=</latexit><latexit sha1_base64="Izz+9XMVYWSjfdxrEWuci/3+swE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGcE0gWcLsZDYZMo91ZlYIS37CiwcVr36PN//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w8ejMo0oSFRXOl2jA3lTNLQMstpO9UUi5jTVjy6mfqtJ6oNU/LejlMaCTyQLGEEWye1u0rQAe6JXrXm1/0Z0DIJClKDAs1e9avbVyQTVFrCsTGdwE9tlGNtGeF0UulmhqaYjPCAdhyVWFAT5bN7J+jEKX2UKO1KWjRTf0/kWBgzFrHrFNgOzaI3Ff/zOplNLqOcyTSzVJL5oiTjyCo0fR71mabE8rEjmGjmbkVkiDUm1kVUcSEEiy8vk/CsflX3785rjesijTIcwTGcQgAX0IBbaEIIBDg8wyu8eY/ei/fufcxbS14xcwh/4H3+AH/Lj84=</latexit><latexit sha1_base64="Izz+9XMVYWSjfdxrEWuci/3+swE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGcE0gWcLsZDYZMo91ZlYIS37CiwcVr36PN//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w8ejMo0oSFRXOl2jA3lTNLQMstpO9UUi5jTVjy6mfqtJ6oNU/LejlMaCTyQLGEEWye1u0rQAe6JXrXm1/0Z0DIJClKDAs1e9avbVyQTVFrCsTGdwE9tlGNtGeF0UulmhqaYjPCAdhyVWFAT5bN7J+jEKX2UKO1KWjRTf0/kWBgzFrHrFNgOzaI3Ff/zOplNLqOcyTSzVJL5oiTjyCo0fR71mabE8rEjmGjmbkVkiDUm1kVUcSEEiy8vk/CsflX3785rjesijTIcwTGcQgAX0IBbaEIIBDg8wyu8eY/ei/fufcxbS14xcwh/4H3+AH/Lj84=</latexit>

κ
<latexit sha1_base64="POXtRY2H6bv9dVZCoT1OLAeUJLQ=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeiF48V3LbQLiWbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7xoZyJmhomeW0rTTFacxpKx7dTv3WE9WGSfFgx4pGKR4IljCCrZOa3RFWCvcqVb/mz4CWSVCQKhRo9Cpf3b4kWUqFJRwb0wl8ZaMca8sIp5NyNzNUYTLCA9pxVOCUmiifXTtBp07po0RqV8Kimfp7IsepMeM0dp0ptkOz6E3F/7xOZpOrKGdCZZYKMl+UZBxZiaavoz7TlFg+dgQTzdytiAyxxsS6gMouhGDx5WUSnteua/79RbV+U6RRgmM4gTMI4BLqcAcNCIHAIzzDK7x50nvx3r2PeeuKV8wcwR94nz8CSo7y</latexit><latexit sha1_base64="POXtRY2H6bv9dVZCoT1OLAeUJLQ=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeiF48V3LbQLiWbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7xoZyJmhomeW0rTTFacxpKx7dTv3WE9WGSfFgx4pGKR4IljCCrZOa3RFWCvcqVb/mz4CWSVCQKhRo9Cpf3b4kWUqFJRwb0wl8ZaMca8sIp5NyNzNUYTLCA9pxVOCUmiifXTtBp07po0RqV8Kimfp7IsepMeM0dp0ptkOz6E3F/7xOZpOrKGdCZZYKMl+UZBxZiaavoz7TlFg+dgQTzdytiAyxxsS6gMouhGDx5WUSnteua/79RbV+U6RRgmM4gTMI4BLqcAcNCIHAIzzDK7x50nvx3r2PeeuKV8wcwR94nz8CSo7y</latexit><latexit sha1_base64="POXtRY2H6bv9dVZCoT1OLAeUJLQ=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeiF48V3LbQLiWbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7xoZyJmhomeW0rTTFacxpKx7dTv3WE9WGSfFgx4pGKR4IljCCrZOa3RFWCvcqVb/mz4CWSVCQKhRo9Cpf3b4kWUqFJRwb0wl8ZaMca8sIp5NyNzNUYTLCA9pxVOCUmiifXTtBp07po0RqV8Kimfp7IsepMeM0dp0ptkOz6E3F/7xOZpOrKGdCZZYKMl+UZBxZiaavoz7TlFg+dgQTzdytiAyxxsS6gMouhGDx5WUSnteua/79RbV+U6RRgmM4gTMI4BLqcAcNCIHAIzzDK7x50nvx3r2PeeuKV8wcwR94nz8CSo7y</latexit>

κ
<latexit sha1_base64="POXtRY2H6bv9dVZCoT1OLAeUJLQ=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeiF48V3LbQLiWbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7xoZyJmhomeW0rTTFacxpKx7dTv3WE9WGSfFgx4pGKR4IljCCrZOa3RFWCvcqVb/mz4CWSVCQKhRo9Cpf3b4kWUqFJRwb0wl8ZaMca8sIp5NyNzNUYTLCA9pxVOCUmiifXTtBp07po0RqV8Kimfp7IsepMeM0dp0ptkOz6E3F/7xOZpOrKGdCZZYKMl+UZBxZiaavoz7TlFg+dgQTzdytiAyxxsS6gMouhGDx5WUSnteua/79RbV+U6RRgmM4gTMI4BLqcAcNCIHAIzzDK7x50nvx3r2PeeuKV8wcwR94nz8CSo7y</latexit><latexit sha1_base64="POXtRY2H6bv9dVZCoT1OLAeUJLQ=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeiF48V3LbQLiWbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7xoZyJmhomeW0rTTFacxpKx7dTv3WE9WGSfFgx4pGKR4IljCCrZOa3RFWCvcqVb/mz4CWSVCQKhRo9Cpf3b4kWUqFJRwb0wl8ZaMca8sIp5NyNzNUYTLCA9pxVOCUmiifXTtBp07po0RqV8Kimfp7IsepMeM0dp0ptkOz6E3F/7xOZpOrKGdCZZYKMl+UZBxZiaavoz7TlFg+dgQTzdytiAyxxsS6gMouhGDx5WUSnteua/79RbV+U6RRgmM4gTMI4BLqcAcNCIHAIzzDK7x50nvx3r2PeeuKV8wcwR94nz8CSo7y</latexit><latexit sha1_base64="POXtRY2H6bv9dVZCoT1OLAeUJLQ=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeiF48V3LbQLiWbZtvYbBKSrFCW/gcvHlS8+oO8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg6bRmaa0JBILnU7xoZyJmhomeW0rTTFacxpKx7dTv3WE9WGSfFgx4pGKR4IljCCrZOa3RFWCvcqVb/mz4CWSVCQKhRo9Cpf3b4kWUqFJRwb0wl8ZaMca8sIp5NyNzNUYTLCA9pxVOCUmiifXTtBp07po0RqV8Kimfp7IsepMeM0dp0ptkOz6E3F/7xOZpOrKGdCZZYKMl+UZBxZiaavoz7TlFg+dgQTzdytiAyxxsS6gMouhGDx5WUSnteua/79RbV+U6RRgmM4gTMI4BLqcAcNCIHAIzzDK7x50nvx3r2PeeuKV8wcwR94nz8CSo7y</latexit>
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FIG. 12. Two-mode resonant optomechanics. a) Photons can resonantly scatter between two optical cavity modes with frequencies ω± by the

creation or annihilation of phonons. Coherent driving of the mechanical oscillator can lead to the equivalent of Autler-Townes splitting, where

the size of the splitting is set by the mechanical amplitude. b) The nonlinear response to a mechanical drive.

V. BISTABILITY WITH RESONANT TWO-MODE OPTOMECHANICS

The phenomena we have described in this article rely on the possibility of realizing large coherent mechanical amplitudes

r̄ > ωm/g0. At the same time, we have assumed the hierarchy g0 ≪ κ ≪ ωm. Such large amplitudes could pose practical

challenges, for example due to intrinsic mechanical nonlinearities that might become relevant at large oscillation amplitudes.

That being said, experimental efforts to explore the optomechanical attractor diagram on two different platforms do not seem to

have encountered such problems [14, 15]. Nevertheless, in this Section, we will show that the same phenomena can be realized

in so-called resonant two-mode optomechanics [37–40], but with a relaxed requirement on the size of the oscillation amplitudes.

In this resonant case, we will see that the nonlinear response becomes relevant already when r̄ ∼ κ/g0.

A. Setup

We now define the model which includes two degenerate cavity modes a1 and a2 that are coupled by photon tunneling at a

rate J and that both couple to the same mechanical mode with the same rate, but opposite signs:

H = ~J
(

a†1a2 + a†2a1

)

+ ~g0 x
(

a†1a1 − a†2a2

)

+ ~ωmc†c . (54)

We note that the model (55) can be realized on several experimental platforms, for example the membrane-in-the-middle setup

[39, 41] or optomechanical crystals [38, 42]. For a tunneling rate J exceeding the cavity linewidths, it is convenient to switch to

a basis a+ and a− in which the photon sector is diagonal. The modes a+ and a− will then differ in frequency by 2J . We assume

that J can be controlled such that this frequency difference matches the mechanical frequency ωm. The Hamiltonian can then

be written

H = ~g0

(

ã†+ã−c̃+ ã†−ã+c̃
†
)

, (55)

where the operators refer to frames rotating at the modes’ respective resonance frequencies. The terms in the Hamiltonian

describe processes where photons can scatter between the two cavity modes, either by creation or annihilation of a phonon.

These processes are depicted in Figure 12a). We have applied the rotating wave approximation by neglecting processes such as

a†+a−c
† that, at least from a naive viewpoint, do not conserve energy. We will comment on the validity of this approximation

below.
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B. Coherent response

Let us first find the average cavity amplitudes in the presence of both optical and mechanical drives. Including dissipation,

noise, and drives gives the equations of motion:

˙̃a+ = −κ

2
ã+ − ig0 c̃ ã− +

√
κ ξ+ (56)

˙̃a− = −κ

2
ã− − ig0 c̃

† ã+ +Ω+
√
κ ξ− (57)

˙̃c = −γ

2
c̃− ig0ã

†
−ã+ + Λ+

√
γ η̃ . (58)

We have assumed that only the lower frequency cavity mode ã− is coherently driven at resonance with strength parametrized by

Ω. For simplicity, we assume that the two cavities have the same linewidth κ, and that the cavity modes couple to independent

vacuum noise fields ξ±. The mechanical drive is parametrized by Λ as before. Defining the rescaled amplitude

R̄ =
g0r̄

κ
, (59)

and ignoring noise, the classical, steady-state cavity amplitudes become

ã− =
α

1 + R̄2
, ã+ = −iR̄ã− (60)

where α = 2Ω/κ would be the cavity amplitude in mode ã− when g0 = 0. We see that the amplitude ã− becomes significantly

reduced as the mechanical amplitude R̄ becomes comparable to 1. Also, for R̄ > 1, we get population inversion where |ã+| >
|ã−|. The decrease in cavity amplitude can be understood in terms of Autler-Townes splitting [37, 43] known from atomic

physics, as illustrated in Figure 12a). When the mechanical oscillator has a large coherent amplitude and an average phase

φ̄ = 0, we can approximate the Hamiltonian by

H = ~
R̄κ

2

(

ã†+ã− + ã†−ã+

)

= ~
R̄κ

2

(

a†sas − a†aaa
)

. (61)

In the last equality, we have introduced the fields as(a) = (ã+ ± ã−)/
√
2 to explicitly show that the mechanical driving induces

a frequency splitting R̄κ between the effective cavity modes. This splitting becomes significant when it is comparable to the

cavity linewidths, i.e., as R̄ approaches unity which means r̄ → κ/g0.

The steady-state mechanical amplitude must be determined self-consistently from the equation

R̄+
C

(

1 + R̄2
)2 R̄− L = 0 , (62)

with the rescaled drive now defined as L = 4g0Λ/(κγ) and with the cooperativity

C =
4g20α

2

κγ
(63)

defined as before. In Equation (62), we can clearly see that the optical damping term proportional to C becomes less relevant as

the amplitude R̄ grows. In Figure 12b), we plot the numerical solution to (62) for several different cooperativities. We see the

same behaviour as in the single-mode case. Above a critical cooperativity, which is Ccrit = 4 in this case, the system displays

bistability. From Equation (62) and in the limit C ≫ 1, we can find analytic expressions for the bifurcation/turning points:

L− =
4

3
4
√
3C , L+ =

3
√
3

16
C . (64)

The corresponding amplitudes at these turning points are

R̄(L−) =
4
√
3C , R̄(L+) =

1√
3
, (65)

also assuming C ≫ 1. We emphasize that the same latching phenomena we discussed in the single-mode case can also be

realized in this setup, but with a relaxed requirement on the size of the mechanical amplitude.

Finally, we briefly comment on the rotating wave approximation assumed in Equation (55). From Figure 12a), it is clear that

this approximation cannot be valid for amplitudes such that the splitting R̄κ becomes comparable to ωm, i.e., when r̄ ∼ ωm/g0.

From this, we may conclude that for L < C and for cooperativities C ≪ ωm/κ, the rotating wave approximation and the

response shown in Figure 12b) would be accurate. Conversely, for cooperativities C > ωm/κ, we must take into account the

full model in order to determine the response at the upper stable state. In this case, it would be more useful to return to a

description in terms of the original modes a1 and a2 as in Equation (54) and think of the problem in terms of large-amplitude

Landau-Zener-Stückelberg oscillations [37]. We do not analyze this situation further here.
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VI. CONCLUDING REMARKS

We have investigated the nonlinear coherent response of an optically damped mechanical oscillator and showed that for

sufficiently large optomechanical cooperativity, the system displays dynamical multistability. The analysis we have presented

relates optical damping, known from standard linearized optomechanics, to the dynamical attractor diagram previously studied

in connection with self-sustained oscillations. We have explored how a bistable dynamical response of an optomechanical

system can be exploited in order to detect and amplify weak mechanical or optical signals. Comparing with the linear regime

of optomechanical damping, the presented setup has the advantage that it can be biased at points in parameter space where the

coherent response can be dramatically and permanently changed by small signals, while the thermal/quantum noise around the

coherent response is optically damped (or cooled) at the same time.

We have assumed a weak single-photon optomechanical coupling g0 ≪ κ, ωm throughout this article. For large coupling

rates g0 ∼ ωm, the multistable response would be smeared out by frequent switching between the equilibria. Even if this regime

cannot be realized, it could be possible to see this kind of switching dynamics for drive strengths fine-tuned such that C ∼ Ccrit

and L ∼ L±. In that case, one would realize non-Gaussian steady states with a potential for new applications.
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Appendix A: Optical realization of mechanical drive

In this Appendix, we will show that the mechanical drive parametrized by Λ in Equation (2) can be implemented by additional

optical driving. The additional drive could in principle address the same cavity mode a. However, we will see that to realize the

effects discussed in this article, it will have to address an auxiliary cavity mode.

We consider a model that includes two optical cavities with annihilation operators a and b that couple to the same mechanical

oscillator. Cavity a is driven by a single optical drive red-detuned by ωm with drive strength Ω, just as before. Cavity b is driven

at resonance by an optical drive with strength Ωb that has been amplitude modulated at the mechanical frequency. For weak

modulation, we only include the first order sidebands, which will address cavity b with drive strength εΩb ≪ Ωb at detunings

±ωm. The beat note between the carrier and the sidebands addressing cavity b then leads to a coherent resonant force on the

mechanical oscillator.

The equations of motion used to describe this system are

ȧ = −κ

2
a− ig0 x a+ eiωmtΩ+

√
κ ξ (A1)

ḃ = −κ

2
b− ig0,b x b+

[

1 + ε
(

eiωmt + e−iωmt
)]

Ωb +
√
κ ξb (A2)

ċ = −
(γ

2
+ iωm

)

c− ig0a
†a− ig0,bb

†b+
√
γ η , (A3)

where x = c + c† as before. For simplicity, we assume that the two cavities have the same linewidth κ ≪ ωm. However, we

allow for differing single-photon optomechanical coupling rates g0 6= g0,b ≪ κ. We are still interested in the regime where the

coherent amplitude of the oscillator r̄ is so large that g0r̄ can exceed ωm. We will, however, assume that cavity mode a is much

more strongly coupled to the oscillator than cavity mode b, i.e., g0 ≫ g0,b. More precisely, we restrict ourselves to mechanical

amplitudes such that

g0,br̄

ωm
≪
√

κ

ωm
< 1 . (A4)

We also define the cooperativity associated with mode b:

Cb =
4g20,b(χ0Ωb)

2

κγ
, (A5)

assuming Ωb real. We will assume that ε2Cb , (κ/ωm)2Cb ≪ 1, which means that the driving of mode b will have a negli-

gible influence on the resonance frequency ωm, the decay rate γ, and the noise acting on the mechanical oscillator. Adiabatic
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elimination of mode b then gives

ȧ = −κ

2
a− ig0 x a+ eiωmtΩ+

√
κ ξ (A6)

ċ = −
(γ

2
+ iωm

)

c− ig0a
†a+ e−iωmtΛeff +

√
γ η . (A7)

The only difference from Equations (1) and (2) is the introduction of the effective parameter Λ → Λeff , with

Λeff ≈ −2ig0,bε χ1χ0Ω
2
b . (A8)

We note this is not real as was assumed in the main text (although it is approximately real in the resolved sideband limit), but

this has no significance other than a rotation of the quadrature axes.

We can now use our previous results, since Λeff plays the role of mechanical drive amplitude. Specifically, we can use

Equation (10) to determine the mechanical coherent amplitude and phase, as long as we define

L =
4g0|Λeff |
γωm

≈ g0
g0,b

(

κ

ωm

)2

εCb . (A9)

To realize strong drives L close to the turning point L+ ∼ C, we need

g0
g0,b

(

κ

ωm

)2

εCb ∼ C . (A10)

With the above assumptions, this roughly translates to

g0
g0,b

≫ C . (A11)

This shows that to realize the effects we described with optical implementation of the mechanical drive Λ, the auxiliary cavity

mode b must couple significantly weaker to the mechanical oscillator than cavity mode a.
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