
M
odeling and design of piezoelectrically actuated M

EM
S tunable lensesl —

 M
ahm

oud Ahm
ed Farghaly Abdelm

eguid 

University of South-Eastern Norway
Faculty of Technology, Natural Sciences and Maritime Studies

—
Doctoral dissertation no. 76 

2020

Mahmoud Ahmed Farghaly Abdelmeguid 

Modeling and design of
piezoelectrically actuated MEMS tunable lenses



Mahmoud Ahmed Farghaly Abdelmeguid

A PhD dissertation in  
Applied micro- and nanosystems  

Modeling and design of piezoelectrically  
actuated MEMS tunable lenses



© Mahmoud Ahmed Farghaly Abdelmeguid, 2020

Faculty of Technology, Natural Sciences and Maritime Studies 
University of South-Eastern Norway 
Horten, 2020 

Doctoral dissertations at the University of South-Eastern Norway no. 76
ISSN: 2535-5244 (print)
ISSN: 2535-5252 (online)

ISBN 978-82-7860-447-2 (print)
ISBN 978-82-7860-443-4 (online)

This publication is licensed with a Creative Com-
mons license. You may copy and redistribute the 
material in any medium or format. You must give 
appropriate credit, provide a link to the license, and 
indicate if changes were made. Complete license 

terms at https://creativecommons.org/licenses/by-nc-sa/4.0/deed.en

Print: University of South-Eastern Norway



Farghaly: Modeling and design of piezoelectrically actuated MEMS . . .

The PhD thesis of Mahmoud A. Farghaly Ɵtled as "Modeling and design of

piezoelectrically actuated MEMS tunable lenses" is approved by

Einar Halvorsen

Professor, HSN

Muhammad Nadeem Akram

Professor, HSN

i



 



To

My Family



 



Farghaly: Modeling and design of piezoelectrically actuated MEMS . . .

Preface

This PhD thesis tackles the problem of designing piezoelectrically actuatedMEMS

tunable lenses using energy principles. Throughout the thesis, different models

are proposed to reach decent accuracies for both the electromechanical and opƟ-

cal performances. The proposedmodels are progressive in their complexity. First,

the linear regime has been considered and then the nonlinear regime. Based

on the gained understanding of the models, design insights become obvious and

have been used to push further more than the current design.

This PhD thesis has been conducted as a part of the project 'beat the human

eye' under the (Grant no. 235210) from the Research Council of Norway (Norges

forskningsrårdet). In addiƟon, a part of the numerical calculaƟons have been per-

formed as a part of (Grant no. NN9344K) from the Norwegian Metacenter for

High Performance CompuƟng (NOTUR). The thesis models the Piezoelectrically

actuated MEMS tunable lenses through having numerical models implemented

in MATLAB to calculate the lens performance with low number of degrees-of-

freedom and in less Ɵme when compared to FEM programs. This effecƟvely re-

duces, for lens-system designers, the overall Ɵme needed to simulate the lens in

an opƟmizaƟon schemewhen considering large combinaƟons of material param-

eters and residual stresses in different layers. As an example with one variables

combinaƟon, a staƟc simulaƟon in FEM for the lens takes 1.5 min and a dynamic

analysis takes roughly 1 hour. Then, the displacement profiles are to be numer-
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ically processed and exported in a form suitable for an opƟcal program (Zemax)

to simulate the lens or combine it with a fixed-focal-length lens system. The pro-

posed models are proven to reduce the Ɵme to 1.3 seconds for staƟc simulaƟons

and roughly few minutes for dynamic simulaƟons. ImplemenƟng the models in

MATLAB eases calling Zemax through a Dynamic Data Exchange (DDE) and auto-

mate the whole simulaƟon chain. Moreover, if the the variaƟonal formulaƟon

is modified as needed, the proposed models have the potenƟal to model other

piezoelectric actuators such as pumps.

Finally, a noƟficaƟon for the readers is that this thesis directly dives into ad-

dressing the search problem and proposing soluƟons. Thus, the readers are ex-

pected to be familiar with basics of piezeoelectric materials and frequency anal-

ysis of opƟcal systems. If not, I recommend the readers to refer to chapters (4, 5

and 10) from [1] and chapters 1-6 from [2].
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Abstract

Autofocus is a crucial feature in cameras, especially when photographing objects

at different distances and having them in sharp focus without any quality loss in

the captured image. Over the last decade, several research efforts have been

made to incorporate tunable focus for mobile-device cameras using micro-scale

components. QualitaƟvely, this would enable miniaturized cameras with lower

power consumpƟon, much faster response in scanning focus range and higher re-

liability. Themicroelectromechanical-systems-(MEMS)-based tunable focus lenses

are promising alternaƟves as autofocus mechanisms when compared to the con-

venƟonal macro-scale approaches such as the Voice Coil Motor (VCM) [3] or ul-

trasonicmotor [4]. Moreover, suchMEMS autofocus lenses would achieve higher

resoluƟon smartphone cameras without having anymoving parts within the cam-

era housing, which consumes power during focus adjustment and causes a loss

in the Field-of-View (FoV) as for the VCM.

The research reported in this thesis is to construct a modeling framework

for the piezoelectrically actuated MEMS tunable lenses on the electromechani-

cal domain by finding an approximaƟon for the lens displacement, and using it

aŌerwards in the opƟcal domain to find the lens' opƟcal performance. Given the

modeling framework, two design concepts have been proposed. The first one

is to achieve larger lens apertures while having a tradeoff between focal length

and RMS-wavefront error (RMSWFE), while the second is to increase lens' tunable
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range of focal lengths by controlling layers' stresses during fabricaƟon.

To approximate the lens displacement, we have used Hamilton's principle to

deduce a variaƟonal formulaƟon that can be easily solved in MATLAB [5]. This

has resulted in taking less calculaƟon Ɵme than the Ɵme is taken by finite element

method (FEM) programs such as COMSOL [6]. The proposed displacement ansatz

(weighted Gegenbauer polynomials) to approximate the lens displacement, has

been chosen because they can be mathemaƟcally expressed in terms of Zernike

polynomials. Those polynomials are suitable for represenƟng the lens' wavefront

when it comes to opƟcal performance, which allows an exact mapping of the lens

displacement profile to opƟcal programs (e.g. Zemax [7]). Without this proposed

framework, lens designers would have to use FEM simulaƟons and over-mesh

the pupil area before exporƟng the lens sag to opƟcal programs; which is Ɵme-

consuming with dense meshing.

Less calculaƟon Ɵme, with our modeling framework, for the lens displace-

ment originates from the pre-calculaƟons of (linear and nonlinear) variaƟonal

integrals in terms of the actuator's geometrical parameters. This has enabled

storing mathemaƟcal expressions for the variaƟonal integrals that can be called

once needed. For a new actuator's geometrical parameter, we can use a simple

subsƟtuƟon to calculate the new displacement profile.

Chapter 3 describes theproposedmodeling framework for these typeof lenses.

We have considered different polygonal pupil geometries to explore if a design

tradeoff can be gained in the opƟcal performance. We have found out the first

design concept called as pupil masking. With a 45-rotated square opening in the

piezoelectric actuator, while keeping the lens pupil circular, it gives a tradeoff be-

tween the lens' opƟcal parameters,e.g., lower RMSWFE at the expense of having

larger focal length f allowing having large lens apertures.

The proposed modeling framework (in Ch. 3) has a weakness that it has not

x
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accounted for the disconƟnuity of the lens layered structure around the pupil

boundary. This required an increase of the model's degrees of freedom upto

120 in order to converge to a soluƟon with a decent accuracy. Thus, in chap-

ter 4, we have proposed having two new ansätze that use the aforemenƟoned

weighted Gegenbauer polynomials and, in addiƟon, the exact soluƟons of the cir-

cular plate's differenƟal equaƟons. This has improved the speed of convergence

to a soluƟon and enabled having reduced-order models, which provide system-

level designers with computaƟonally efficient models. Yet, the new ansätze can

be mapped to Zernike polynomials as well.

Chapters 3 and 4have dealtwith the linear performance that is less accurate in

case of large actuaƟon voltages. The linear model also neglects residual stresses

resulƟng from fabricaƟon. Thus, we have proposed in chapter 5, to use von Kár-

mán's plate theory instead of Kirchhoff theory. As a result, we have been able to

consider the effect of having different residual stresses within the lens' layered

structure and larger actuaƟon voltages. Through the understanding of the model

parameters, we have been able to propose the second design concept. By con-

trolling the residual stresses during fabricaƟon, the lens' tunable range of focal

lengths can be increased by having the lens operaƟng, depending on the driving

voltage, as a plano-convex or a plano-concave lens.

The proposed modeling frameworks have been verified versus FEM simula-

Ɵon as a reference point and moreover the nonlinear model has been verified

versus measurements as well. In pracƟce, these developed models can be uƟ-

lized for opƟmizaƟon of different material choices and layers thicknesses to find

the opƟmum geometrical parameter of the piezoelectric actuator. Finally, we

provide conclusions and proposals for future work to build a dynamic model for

the lens.

xi
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1 Introduction

The following chapter provides a literature review of the tunable focusing mech-

anisms that are sold in the market, and under research with an emphasis on the

piezoelectrically actuated MEMS tunable lenses and their fabricaƟon process. It

also presents thesis moƟvaƟon in Sec. 1.3, area of research in Sec. 1.4 and thesis

layout in Sec 1.5.

1.1 Tunable focusing mechanisms in litera-

ture

Tuning focal length in miniaturized cameras is currently done at macro-scales at

the expense of large power dissipaƟon and slow response during focus scanning,

as shown in Tab. 1.1. The large power dissipaƟon does not align with the long-

life of baƩeries in digital cameras or smartphones. Therefore, there are other

technologies, in evolving phase, that could potenƟally solve these problems by

having weak lenses at micro-scale. Whether the mechanism is at micro or macro

scale, the tunable lens could be aƩached to a fixed-focal-length opƟcal system

for adjusƟng the overall focal length based on the object distance from the pho-
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tographing device.

Table 1.1: Polight AS’ micro tunable lens versus the macro-scale mechanism
VCM (adapted from [8]).

Parameter Polight AS VCM
Focus response 1 ms 5-15 ms

Power consumption < 5mW 220 mW
Field-Of-View(FoV)∗ no auto-focus pumping auto-focus pumping
Magnetic interference No Yes

∗ FOV is reduced for VCM during focus adjustment due to the relatively large
movement of tunable lens within the system, while micro-lenses displacement is in
the order of a few micrometers. This cause almost no auto-focus pumping when
compared to VCM.

1.1.1 Macro-scale approaches

In convenƟonal macro-scale focusing systems sold in the camera market nowa-

days, for example VCM [3] and ultrasonic motors [4], tunable focus is achieved

through changing the relaƟve posiƟons of lenses mounted inside a barrel in front

of a fixed lens. Each technology moves that barrel differently within the camera

housing. The VCM, shown in Fig. 1.1a, effecƟvely uses Lorentz forces on cur-

rent carrying coils wrapped around the barrel to move it forwards or backwards.

Ultrasonic motors, shown in Fig. 1.1b, use piezoelectric actuators to generate

a traveling wave rotaƟng along the circumference of a circular disk and couple

the resultant circular movement through a gear system to an axially moving lever

aƩached to the barrel.
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(a) (b) 

Figure 1.1: (a) The VCM focusing mechanism, which shows two thick-lenses
mounted in a barrel surrounded by coils to generate Lorentz forcing and results
in verƟcal movement of the lenses (Adapted from [3]). (b) The Ultrasonic motor
mechanism in which the rotor, represenƟng the lower part, has a traveling wave
and causes the stator to move rotaƟonal movement (Adapted from [4]).

1.1.2 Micro-scale approaches

Tunable focus in micro-scale systems is generally achievable by two approaches.

The first approach is to change the effecƟve refracƟve index as in a liquid crystal

(LC) lens [9]. An LC lens, shown in Fig. 1.2a, can converge or diverge light beams

by controlling the electric field that reorients LC molecules causing a spaƟally de-

pendent refracƟve index within LC layers. The second approach is to change the

interface slope through which the light rays pass between two media with differ-

ent refracƟve indices. Tunable microfluidic lenses [10, 12], shown in Fig. 1.2b,

uses a pump to control the pressure of a liquid trapped inside a fluidic cavity to

deform the cavity's top surface. A tunable liquid lens, shown in 1.2c, changes the

interface curvature between two polar liquids by electroweƫng [11].

TheMEMS tunable lenses, that are the focus of this thesis, are based on piezo-
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(a) (b) 

(c) 

Figure 1.2: (a) LC lens (Adapted from [9]). (b) Microfludic lens (Adapted from
[10]). (c) Electroweƫng-based lens (Adapted from [11]).

electric actuaƟon as a bending mechanism of a diaphragm to provide a voltage

dependent curvature at the interface between air and a polymer [13]. In the

paraxial approximaƟon for a thin plano-convex lens with radius of curvature R

and refracƟve index nmedium, the focal length is f = R/(nmedium − 1). The lens

shown in Fig. 1.3 consists of four elements: a piezoelectric actuator, a thin trans-

parent glass layer, a soŌ polymer gel and a transparent thicker glass layer as sub-

strate. A DC voltage Vp is applied to the piezoelectric actuator to set an electric

field E3 having the same alignment as the polarizaƟon within the piezoelectric

material. This causes an in-plane contracƟon in the piezoelectric stack and the
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flexible thin glass layer bends upwards. The upper surface of the soŌ polymer (or

fluid) is shaped by this bending, forming a complicated refracƟve surface for light

rays, as shown in Fig. 1.3. Thus, controlling the actuaƟon voltage Vp makes the

lens's focusing-power tunable and enables focusing at objects located at different

distances from the camera.
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Figure 1.3: (a) SchemaƟc view showing tunable lens's principle of operaƟon; both
at rest posiƟon whenVp = 0 and at focus whenVp is nonzero. (b) Cross-secƟonal
view of tunable lens showing dimensions.

1.2 FabricaƟon process of piezoelectric thin

films

The thin-film PZT stacks are either fabricated by spuƩering [14], laser ablaƟon

[15], chemical vapor deposiƟon [16] or sol-gel [17--19]. However, the sol-gel

technique when combined with spin coaƟng, has become the most widely used

fabricaƟon technique. Spin coaƟng and mulƟple rapid thermal annealing (RTA)

steps improve the film quality by provinding control over densificaƟon to have

crack-free thin films, and crystallizaƟon into the desired perovskite [17]. Thus,

the fabricaƟon process involves heaƟng treatment, which leads to the impossi-
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bility of having a PZT stack free from residual stresses aŌer being cooled down.

Such piezoelectric lenses are fabricated by sol-gel technique [17--19]with spin

coaƟngs. This fabricaƟon process involves many steps of thermal annealing fol-

lowed by a hot-polling step to ensure the orientaƟon of piezoelectric domains in

the favored direcƟon. The piezoelectric stack is composed of layers with differ-

ent thermal expansion coefficients [20--23], which builds in-plane stresses inside

these layers aŌer being cooled down to the room temperature.

For example, a 1µm thin-film PZT stack is formed layer-by-layer through mul-

Ɵple spin coaƟng [19]. Each layer is 60nm thick and is pyrolyzed at 350◦C for 15s

using slowly ramp of 20◦Cs−1. To reduce residual stresses, the process is splited

into four steps of RTA ranging from 15 to 30 ◦Cs−1 that are employed aŌer ev-

ery 250µm. At the end, the wafer would have faced 16 spin coaƟngs and 4 RTA

steps. AŌerwards, the PZT thin film is hot poled at 150 ◦C with a voltage source

seƫng electric field of 50-250 kVcm−1 for 10 min. The final layer structure of the

PZT stack form the process in [19, 24] is Si/SiO2/Pt/PZT/Au. These layers differ

in their thermal expansion coefficient, which results in having residual stresses

in these layers. For example, the residual stress for that 1µm PZT film amounts

respecƟvely to 110 MPa and 180 MPa before and aŌer the poling step [18]. The

thermal treatments, during fabricaƟon and poling, determine the value of resid-

ual stresses.

For the linear performanceof piezoelectrically-actuated lens, discussed in chap-

ters 3 & 4, we neglect the effect of residual stresses because of the linear assump-

Ɵon. However, in chapter 5, we consider their effect as a part of modeling the

nonlinear behavior of this lens.
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1.3 MoƟvaƟon

This thesis is a part of a project called 'beat the human eye' that focuses on re-

search and development of the piezoelectrically actutated MEMS tunable lens

(shown in Fig. 1.3) in order to find novel actuator designs to enlarge the tun-

able range of focal length while maintaining the RMS-wavefront error (RMSWFE)

below λ/14; as recommended by Maréchal's criterion [25]. In this way, the tun-

able lens is diffracƟon-limited lens that can be added to a fixed-focal-length lens

system resulƟng in an overall tunable opƟcal system.

The objecƟve of this thesis is to develop semi-analyaƟcal models for the tun-

able lens, which has a complex structure of a square diaphragm with a hole run-

ning only through the piezoelectric actuator layer. Through these models, we

could invesƟgate different design concepts based on the understanding gained

through the models' parameters.

1.4 Area of research

Previous research [26--29] has dealt with pure elasƟc (circular and rectangular)

plates, with no piezoelectric elements, taking the approach of construcƟng FEM

elements derived from the soluƟons of the biharmonic differenƟal equaƟon of

the circular plates. Also, this research has mostly concentrated on finding the

eigen frequencies and their mode-shapes that are of great importance in the

field of aerospace. However, research from [30, 31] has solved the staƟc case of

piezoelectrically-actutated pump that is composed of a clamped circular piezo-

electric plate with a hole running only through the piezoelectric actuator; which
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is similar to the lens structure under study. DifficulƟes, from themodeling aspect,

are the disconƟnuity at the lens layered structure and having circular symmetry

in the pupil region in addiƟon to square symmetry of the diaphragm. This diffi-

culƟes has not been yet solved in the previous literature through semi-analyƟcal

expressions. In this thesis, we deal with these difficulƟes in two differentmanners

in chapters 3 and 4.

Not only thatwewant to approximate the lens displacement, but also to find a

suitable displacement ansatz suited to simplify the mapping to opƟcal programs

without any accuracy lost in the mapping. Yet, the most challenging job is to

have at the end a reduced-order model through which the lens displacement is

obtained through a simple subsƟtuƟon of the driving voltage value and the lay-

ers' elasƟc and piezoelectric coefficients. With such reduced-order models, the

system-level lens designers can manage to get the new lens profile without the

burden to run FEM simulaƟons.

In order to begin with approximaƟng the lens displacement, we have started

with a variaƟonal formulaƟon (discussed in details in ch. 2) resulted from Hamil-

ton's principle. AŌer simplificaƟons suiƟng the lens under study, we have ended

up with two system of equaƟons; the first is for the linear case while the second

is for the nonlinear case considering only the geometric nonlinearity.

In order to fill the knowledge gaps discussed above, we have followed the

following steps:

1. Expressing the stress resultants from (refer to Eq. 2.18) in terms of zero

and first order strains, material parameters, driving voltage and residual

stresses. It is of interest to end upwith a correcƟon factor to themembrane

flexural sƟffness (Eq. (2.19)) due to the piezoelectric coupling within the

piezoelectric material, similar to what has been discussed for piezoelectric

beams in [32].
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2. Deducing two equaƟons of moƟon; one for the linear case and the other

for the nonlinear one. As a result of the pupil opening, we have found out

that the nonlinear system of equaƟons has non-zero quadraƟc sƟffnesses

that result in having a favorable bending direcƟon for the lens (hardening

and soŌening effects) depending on the relaƟon between layers' elasƟc co-

efficients. This affects the lens performance depending on the values of the

driving voltage and the residual layers' stresses.

3. Choosing the displacement ansatz as a sum of the weighted Gegenbauer

polynomials because they saƟsfy the clamped boundary condiƟons and are

orthogonal to eliminate the possibility of a numerically ill-condiƟoned sys-

tem of equaƟons arising from the variaƟonal treatment. Yet, these poly-

nomials are easy to be mapped to Zernike polynomials, which suits opƟcal

representaƟon of the lens sag for opƟcal programs such as Zemax.

4. Considering different polygonal pupil geometries and to move around the

difficulty of calculaƟng the variaƟonal integrals, we have presented the idea

of complementary pupil funcƟon ζ̄(X ,Y ) in [33] that has simplified numer-

ical calculaƟons of the equivalent sƟffness matrix Rk1k2 .

5. CalculaƟng analyaƟcal expressions for the linear sƟffnesses using the sym-

bolic toolbox inMATLAB in terms of the circular pupil opening raƟo γ. How-

ever, for other polygonal shapes, the pupil areawas divided into small square

elements over which the variaƟonal integrals have been evaluated. Then,

the final linear sƟffness matrix, with the help of the complementary pupil

funcƟon, has been evaluated by subtracƟng the sum of the integrals over

those square elements.

6. Obtaining variaƟonal soluƟons in a Ɵme of 1.3 seconds while it has taken

FEM 1.5 minutes using the same computer. Also, we have validated the
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linear variaƟonal soluƟons versus FEM and have obtained less than 10%

displacement relaƟve error for the different pupil geometries.

7. Proposing a novel actuator design (i.e. pupil masking) that having a 45-

rotated opening in the piezoelectric actuator while maintaining a circular

pupil provides a tradeoff between the dioptric power and RMSWFE allow-

ing larger apertures when compared with the original design shown in Fig.

1.3.

8. Performing system-level simulaƟons such thatwhen the tunable lens is com-

bined with a fixed lens, the overall performance is not degrading through-

out the whole focusing range despite changing object distances from the

lens.

9. Reducing the number of Degrees-Of-Freedom (DOFs) of the linear model

from 120 to 10 by introducing new analyƟcal ansätze that are not neglect-

ing the disconƟnuity at the circular pupil boundary. This has resulted in

speeding the convergence to a soluƟonwith respecƟve accuracies of 11.4%

and 6.2% for RMSWFE and 1/F# with only 10 DOFs.

10. CalculaƟng analyaƟcal expressions for the nonlinear sƟffnesses. Theweighted

Gegenbauer polynomials havebeenwriƩenon the formof a Fourier trigono-

metric series. By using the orthogonality property of the trigonometric

funcƟons, the number of nonlinear variaƟonal integrals has been tremen-

dously reduced.

11. ValidaƟng the nonlinear model versus FEM and measurements. Based on

the understanding of the model parameters, we have been able to provide

the second design insight on how to enlarge the tunable focusing range

through controlling the layer stresses during fabricaƟon. This is done by
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operaƟng the lens simultaneously as a plano-concave and a plano-convex

lens. In this manner, RMSWFE values are kept low to sƟll have a tunable

diffracƟon-limited lens while the focal length changes from being negaƟve

to posiƟve.

1.5 Thesis layout

Chapter 2 presents in details the variaƟonal formulaƟon beginning from energy

methods that ends with two equaƟons of moƟon; one is linear for the linear

performance and the second is cubic system for the geometric nonlinear per-

formance. In chapter 3, the modeling framework has been used to compare be-

tween the opƟcal performance of various pupil geometries, then we have per-

formed system-level simulaƟons for the tunable lens combined with a fixed lens,

and have examined the design concept of pupil masking versus the original de-

sign. Chapter 4 presents the reduced-order linear models resulted from using

a piece-wise ansätze; each approximaƟng the lens displacement at different re-

gions. Also, we have presented a comparison between the different models ac-

curacies in terms of the displacement and opƟcal parameters. In chapter 5, the

nonlinear model is fully developed and validated versus FEM andmeasurements.

At the end, chapter 6 represents the conclusion and proposal for future research.

The appendix includes expressions of Zernike polynomials, examples of expand-

ing weighted Gegenbauer polynomials in terms of Zernike polynomials, starƟng

ground expressions for the lens' dynamic model and all the scienƟfic publicaƟons

resulted from this thesis.
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2 Variational formulation for piezo-

electric plates

The variaƟonal formulaƟon is an essenƟal part of the electromechanical model-

ing framework developed for the piezoelectrically actuatedMEMS tunable lenses.

It is based on Hamilton's principle that is a general energy method to deduce

equaƟons of moƟon. This chapter introduces mathemaƟcally the variaƟonal for-

mulaƟon and the simplifying assumpƟons related to gemeotry, strains, material

symmetry and electric fields. The variaƟonal formulaƟon finally produces a linear

(or nonlinear) system of equaƟons that can be solved in MATLAB [5] taking calcu-

laƟon Ɵme less than that is taken by Finite Element Methods (FEM) programs i.e.

COMSOL [6].

This chapter starts in secƟons 2.1-2with introducing different thermodynamic

funcƟons under isothermal condiƟons and Hamilton's principle for piezoelectric

media. Then, throughout secƟons 2.3-7, the variaƟonal formulaƟon ismathemat-

ically expressed starƟng from the electrical enthalpy aŌer introducing the simpli-

fying assumpƟons and their reasoning. Finally, secƟon 2.8 closes with linear and

nonlinear equaƟons of moƟon that are used for determining the lens' displace-

ment through the whole thesis.
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2.1 Thermodynamic character funcƟons for

piezoelectric media under isothermal condi-

Ɵons

A thermodynamic funcƟon has energy units and depends on sets of conjugate

pairs called state variables such as (stress T , strain S) , (electric field intensity

E, electric field displacement D) and (temperature, specific entropy). We will

drop the later pair since we are here more concerned about the electromechan-

ical coupling under isentropic condiƟons (for thermodynamic funcƟons with the

later pair, the reader may refer to Ref. [34]). With the leŌ four state variables

(T,S) and (E,D), one can possibly formulate four thermodynamic funcƟons based

on choosing which two of the state variables are the independent ones. Table

2.1 lists these four thermodynamic funcƟons, their formulas and the correspond-

ing consƟtuƟve equaƟons 1 [1, 35]. All four funcƟons are related to each others

through Legendre transformaƟon2.

In our development of the variaƟonal formulaƟon for piezeoelectric media,

we have chosen the strain and the electric field intensity as the independent vari-

ables. As a result, the thermodynamic character funcƟon is the Electric Gibbs

energy G2. AŌerwards, we use a modified Lagrangian for the piezeoelectric me-

dia to end up with the electric enthalpy H as it is oŌen done in literature [37,38].

1are set of equaƟons relaƟng the dependent state variables to the independent ones.
2 is a mathemaƟcal transformaƟon of a funcƟon with certain state variables to another func-

Ɵon with new state variables [36].
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Table 2.1: Thermodynamic character funcƟons and their corresponding consƟtu-
Ɵve equaƟons. The consƟtuƟve equaƟons and the thermodynamic funcƟons are
wriƩen in Einstein's notaƟon. Superscripts D, E, S or T denote that matrix com-
ponents are measured at zero displacement field, electric field, strain or stress,
respecƟvely. In literature, the internal energy funcƟon F is oŌen referred to as
U .

Independent consƟtuƟve Thermodynamic
variable equaƟons funcƟon
S, D Ti j =CD

i jklSkl −hki jDk Internal energy
Ei =−hiklSkl +βS

ikDk F = 1
2CD

i jklSi jSkl −hi jkEiS jk +
1
2βS

i jDiD j

T, E Si j = sE
i jklSkl +dki jEk Gibbs free energy

Di = diklTkl + εT
ikEk G =−1

2sE
i jklTi jTkl −di jkEiTjk − 1

2εT
i jEiE j

T, D Si j = sD
i jklTkl +gki jDk ElasƟc Gibbs energy

Ei =−giklTkl +βT
ikDk G1 =−1

2sD
i jklTi jTkl −gi jkDiTjk +

1
2βT

i jDiD j

S, E Ti j =CE
i jklSkl − eki jEk Electric Gibbs energy

Di = eiklSkl + εS
ikEk G2 =

1
2CE

i jklSi jSkl − ei jkEiS jk − 1
2εS

i jEiE j

RelaƟon between the thermodynamic funcƟons
G = F −T S−ED,G1 = F −T S,G2 = F −ED
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2.2 Hamilton's principle for piezoelectricme-

dia

Hamilton's principle is more general than Newtonian theory in deducing equa-

Ɵons of moƟon for a mechanical system. It is a general postulate starts with for-

mulaƟng a scalar funcƟon called the Lagrangian and is followed by minimizing

the Ɵme integral of its variaƟon with respect to the independent variables. This

integral minimizaƟon consequently leads to equaƟons of moƟon that are called

Euler-Lagrange equaƟons. Hamilton's principle is stated as [39]:

"Of all the possible paths alongwhich a dynamical systemmaymove formone

point to another within a specified Ɵme interval (consistent with any constraints),

the actual path followed is thatwhichminimizes the Ɵme integral of the difference

between the kineƟc and potenƟal energies".

From the calculus of variaƟon [39, 40], the Hamilton's principle for a conser-

vaƟve system with no constraints can be expressed as

δ
∫ t2

t1
L(q, q̇)dt = 0, (2.1)

where δ is the variaƟon operator3. q and q̇ are respecƟvely the independent

state vector and its Ɵme derivaƟve. L = K −U is the Lagrangian funcƟon where

K andU are the kineƟc and the potenƟal energies. Applying calculus of variaƟons

lemmas [39,40] leads to Euler-Lagrange equaƟons of moƟon that are given by

d
dt

(
∂L
∂q̇

)
− ∂L

∂q
= 0. (2.2)

3is similar to differeƟal operator with respect to the independent variables.
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These Euler-Lagrange equaƟons are solved to determine the system new state

vector.

For piezoelectric media, it is more convenient to transform the potenƟal en-

ergy in the Lagrangian into the electric enthalpy H =U −ED (refer to Tab. 2.1)

through Legendre transformaƟon since the independent pair of variables consid-

ered are (S,E). The Hamilton's principle from Eq. (2.1) is thenmodified to include

the virtual work due to external forces [38,41] and it becomes

δ
∫ t2

t1
Lpdt +

∫ t2

t1
δWdt = δ

∫ t2

t1
Πdt = 0, (2.3)

where Lp = K −H is the Lagrangian of piezoelectric media wriƩen as the dif-

ference between the kineƟc energy and the electrical enthalpy rather than the

difference between the kineƟc energy minus the potenƟal energy [38]. The term

δW is the virtual work due to externalmechanical and electric forces. Π is amath-

emaƟcal funcƟon equals to Lp+W . Expressions for δK, δH and δW are discussed

thoroughly in secƟon 2.7.

2.3 Strains

The tunable lenses under consideraƟon compose of a square elasƟc membrane

and a piezoelectric stack that their total thickness (e.g. 22µm) is less than 100

Ɵmes the in-plane dimension (e.g. 3mm). Thus, the 3-dimensional elasƟcity

equaƟons can be replaced by a simpler 2-dimensional classical plate theories such

as von Kármán4 or Kirchhoff 5 plate theories. These classical laminated plate the-
4is a nonlinear 2-D plate theory as it includes the dominant term of stretching strains due to

the transverse displacement w0.
5it fully neglects themid-plane stretching and shear strains due to the the transverse displace-

ment w0 in expressions of S0
xx,S

0
yy and γ0

xy from von Kármán strains.
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ories have the following assumpƟons [42]

1. Straight lines perpendicular to the mid-surface before the deformaƟon re-

main straight aŌer deformaƟon.

2. The transverse normals do not experience elongaƟon (i.e., they are inexten-

sible)

3. The transverse normals rotate such that they remain perpendicular to the

middle surface aŌer deformaƟon.

These assumpƟons amount that the plate displacements (u, v, w) in cartesian

coordinates can be expressed as

u(x,y,z, t) = u0(x,y, t)− z
∂w0

∂x
, (2.4a)

v(x,y,z, t) = v0(x,y, t)− z
∂w0

∂y
, (2.4b)

w(x,y,z, t) = w0(x,y, t), (2.4c)

where u0, v0 and w0 are respecƟvely the mid-plane displacements in x, y and z

direcƟons. As a result, the normal and shear von Kármán strains can be wriƩen

as

Sxx =
∂u0

∂x
+

1
2

(∂w0

∂x

)2
− z

∂2w0

∂x2 = S0
xx + zS1

xx, (2.5a)

Syy =
∂v0

∂y
+

1
2

(∂w0

∂y

)2
− z

∂2w0

∂y2 = S0
yy + zS1

yy, Szz = 0, (2.5b)

γxy =
∂u0

∂y
+

∂v0

∂x
+

∂w0

∂x
∂w0

∂y
−2z

∂2w0

∂x∂y
= γ0

xy + zγ1
xy, (2.5c)

γyz = 0, γxz = 0, (2.5d)

where (S0
ii,γ

0
i j) and (S

1
ii,γ1

i j) are themembrane stretching strains atmiddle surface

and bending (flexural) strains. The terms depending on the transverse displace-
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ment w0 in the strains (S0
ii,γ

0
i j) reflect the geometric nonlinearity. The variaƟonal

non-zero strains become

δS0
xx =

∂δu0

∂x
+

∂w0

∂x
∂δw0

∂x
, δS1

xx =−∂2δw0

∂x2 , (2.6a)

δS0
yy =

∂δv0

∂y
+

∂w0

∂y
∂δw0

∂y
, δS1

yy =−∂2δw0

∂y2 , (2.6b)

δγ0
xy =

∂δu0

∂y
+

∂δv0

∂x
+

(
∂δw0

∂x
∂w0

∂y
+

∂w0

∂x
∂δw0

∂y

)
, δγ1

xy =−2
∂2δw0

∂x∂y
. (2.6c)

2.4 Material symmetry

Due to the PZT material symmetry [1], the consƟtuƟve equaƟons referred to the

middle plane as a reference plane can be reduced to
Txx

Tyy

Txy

D3

=


Q11 Q12 0

Q12 Q22 0

0 0 Q66

e31 e32 0




Sxx

Syy

γxy

+

−e31

−e32

0

εS
33

E3 (2.7a)

D1

D2

=

e15 0

0 e24

γyz

γxz

+
εS

11 0

0 εS
22

E1

E2

 , (2.7b)

where Ti j, Si j, γi j, Di and Ei are components of stress, normal strain, shear strain,

electric displacement and electric field respecƟvely. The material axes (1, 2 and

3) coincide with the coordinate axes (x, y and z). D1 and D2 can be neglected

due to negligible transverse shear strains (γxz and γyz) and zero E1 and E2 from

the electrode configuraƟon (refer to Fig 1.3). (Qi j, ei j, εS
i j) are effecƟve material
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properƟes (due to plane stress condiƟon 6), defined as

Qi j =Ci j, C11 =
sE

11(
sE

11 + sE
12
)(

sE
11 − sE

12
) , C12 =

−sE
12(

sE
11 + sE

12
)(

sE
11 − sE

12
) ,
(2.8a)

C66 =
1

sE
66
, e31 = e32 =

d31

sE
11 + sE

12
, εS

33 = εT
33 −

2d2
31

sE
11 + sE

12
, (2.8b)

where sE
i j is the i j-th elasƟcity coefficient at zero electric field; (i, j) = 1,2, · · ·6.

d31 is the longitudinal d-form piezoelectric coupling coefficient. εT
33 is the dielec-

tric constant in the third material axis under zero stress while εS
33 is the effecƟve

one under zero strain.

2.5 Voltage andelectric field in termsof strains

FromGauss's law and electric boundary condiƟons, we can formulate expressions

for E3 and the voltage v in terms of the bending strains, the DC actuaƟon voltage

Vp and layers dimensions. Since the piezoelectric layer is a charge free region and

the in-plane components of the electric displacement are negligible, Gauss's law

is simplified to

∇ ·D ≈ ∂D3(x,y,z)
∂z

= 0. (2.9)

6Having zero Szz results in neglecƟng the transverse normal stress Tzz in the vairaƟonal formu-
laƟon. Thus, we have plane strain and plane stress condiƟons.
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By subsƟtuƟng with D3 expression from Eq. (2.7a), the electric field and voltage

can be given by

E3(x,y,z) =− 1
εS

33

(
e31S1

xx + e32S1
yy

)
z+ c1, (2.10)

v(x,y,z) =−
∫

E3(x,y,z)dz7 =
1

εS
33

(
e31S1

xx + e32S1
yy

)
z2

2
− c1z+ c2, (2.11)

where the integraƟon constants c1 and c2 are determined from the electrical

boundary condiƟons (v = 0 at z = h2 and v = Vp at z = h3) (refer to Fig. 1.3) as

follows

c1 =
−Vp

hp
+

1
εS

33

(
e31S1

xx + e32S1
yy

)
zp, (2.12a)

c2 = c1h2 −
1

εS
33

(
e31S1

xx + e32S1
yy

)
h2

2
2
. (2.12b)

The final expressions of the electric field and the voltage in terms of bending

strains are

E3(x,y,z) =
−Vp

hp
− e31

εS
33

(
S1

xx +S1
yy

)
(z− zp), (2.13a)

v(x,y,z) =
Vp

hp
(z−h2)+

e31

εS
33

(
S1

xx +S1
yy

)(
(z2 −h2

2)

2
+ zp(h2 − z)

)
, (2.13b)

where zp = (h2+h3)/2. The first term on the right hand side of Eqs. (2.13) is the

field one would have without deformaƟon and the second term is a result of the

deformaƟon through the piezoelectric coupling.

7E3(x,y,z) =−∇v(x,y,z) is also valid for Ɵme varying fields as an electrostaƟc approximaƟon,
because piezoelectricmaterials are dielectricswith low loss tangent such that conducƟon currents
can be neglected.
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2.6 Stress resultants

It is useful to integrate stresses from Eq (2.7a) over the thickness and to include

the layers residual stresses to get expressions for the stress resultants as follows

[42,43]



Nxx

Nyy

Nxy

Mxx

Myy

Mxy


=



A11 A12 0 B11 B12 0

A12 A22 0 B21 B22 0

0 0 A66 0 0 B66

B11 B12 0 D11 D12 0

B12 B22 0 D21 D22 0

0 0 B66 0 0 D66





S0
xx

S0
yy

γ0
xy

S1
xx

S1
yy

γ1
xy


−



NE
xx

NE
yy

NE
xy

ME
xx

ME
yy

ME
xy


+



nl
∑

l=1
NR,(l)

xx

nl
∑

l=1
NR,(l)

yy

nl
∑

l=1
NR,(l)

xy

nl
∑

l=1
MR,(l)

xx

nl
∑

l=1
MR,(l)

yy

nl
∑

l=1
MR,(l)

xy



,

(2.14)

where

Ai j =
nl

∑
l=1

Q(l)
i j (hl+1 −hl), Bi j =

1
2

nl

∑
k=1

Q(l)
i j (h

2
l+1 −h2

l ),

Di j =
1
3

nl

∑
k=1

Q(l)
i j (h

3
l+1 −h3

l ). (2.15)

Q(l)
i j are the effecƟve sƟffness coefficients for the lth layer and (i, j=1, 2, 6). (S0

ii,

γ0
xy) and (S1

ii, γ1
xy) are membrane stretching strains at middle surface and bend-

ing (flexural) strains [42]. Ni j and Mi j are the thickness integrated forces and

moments, respecƟvely. NE
i j and ME

i j idenƟfied by a superscript E are terms that

originate from the piezoelectric coupling [43]. The other terms NR,(l)
i j and MR,(l)

i j

idenƟfied by a superscript R originate from fabricaƟon residual stresses in the lth
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layer. The stress resultants are given by

(Nxx,Nyy,Nxy,Mxx,Myy,Mxy) =
∫
(Txx,Tyy,Txy,zTxx,zTyy,zTxy)dzm

(2.16a)

(NE
xx,N

E
yy,N

E
xy,M

E
xx,M

E
yy,M

E
xy) =

∫
(e31,e32,e36,ze31,ze32,ze36)E3dz,

(2.16b)

(NR,(l)
xx ,NR,(l)

yy ,NR,(l)
xy ,MR,(l)

xx ,MR,(l)
yy ,MR,(l)

xy ) =∫
(T R,(l)

xx ,T R,(l)
yy ,T R,(k)

xy ,zT R,(l)
xx ,zT R,(l)

yy ,zT R,(l)
xy )dz.

(2.16c)

Using Eqs. (2.13), we can express the stress resultant originaƟng from piezoelec-

tric coupling as

NE
xx = NE

yy =−e31Vp, NE
xy = 0, (2.17a)

ME
xx = ME

yy =−e31

[
e31

εS
33

(
S1

xx +S1
yy

)(
(h3 −h2)

3

12

)
+Vpzp

]
, ME

xy = 0. (2.17b)

By backsubsƟtuƟng from Eqs. (2.17) into Eq. (2.14), we get the stress resul-

tants



Nxx

Nyy

Nxy

Mxx

Myy

Mxy


=



A11 A12 0 B11 B12 0

A12 A22 0 B21 B22 0

0 0 A66 0 0 B66

B11 B12 0 D∗
11 D∗

12 0

B12 B22 0 D∗
21 D∗

22 0

0 0 B66 0 0 D∗
66





S0
xx

S0
yy

γ0
xy

S1
xx

S1
yy

γ1
xy


+e31Vp



1

1

0

zp

zp

0


+



nl
∑

l=1
NR,(l)

xx

nl
∑

l=1
NR,(l)

yy

nl
∑

l=1
NR,(l)

xy

nl
∑

l=1
MR,(l)

xx

nl
∑

l=1
MR,(l)

yy

nl
∑

l=1
MR,(l)

xy



,

(2.18)
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where

D∗
i j = Dgl

i j +Dp
i j =

2

∑
k=1

Q(l)
i j

[
1

12

(
1+χ(l)

i j

)
(hl+1 −hl)

3
]
,χ(l)

i j =
e(l)3i e(l)3 j

Q(l)
i j εS,(l)

33

. (2.19)

D∗
i j are modified membrane flexural sƟffnesses, Dgl

i j is for the glass layer only, Dp
i j

for the piezoelectric layer only and χi j is a correcƟon factor to themembrane flex-

ural sƟffnesses due to the piezoelectric couplingwithin the piezoelectricmaterial,

as discussed for piezoelectric beams in [32].

2.7 VariaƟonal formulaƟon

In this secƟon, we describe mathemaƟcally the variaƟonal formulaƟon, that is

the core for electromechanical modeling of the piezoelectrically actuated MEMS

tunable lenses. It has the following assumpƟons

1. Classical laminate plate theory which takes into account first order bending

strains and neglects the normal strain Szz and the transverse engineering

strains γxz and γyz.

2. Linear theory of piezoelectricity that assumes a linear coupling between

electric field components and strains.

3. The piezoelectric layer is a charge free region so that Gauss's law is simpli-

fied to ∇ ·D= 0.

4. A thin film approximaƟon which neglects the lack of smoothness at the

transiƟons between areas that are covered by a piezoelectric thin film and

those that are not. This approximaƟon is made by using displacement an-

sätz that are conƟnuous anddifferenƟable over thewhole diaphragmplane.
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5. The soŌ polymer that is deformed by actuaƟon of the diaphragm and is

assumed to be weightless and do not to affect the diaphragm bending.

6. The deformaƟon ismainly dominated by the transversemid-plane displace-

ment and the in-plane displacements v0 and u0 are negligible.

7. ElectrostaƟc approximaƟon of Ɵme-varying electric fields, which neglects

electric fields originates from conducƟon currents. The idenƟty −∇V = E

holds valid for Ɵme varying fields, because piezoelectric materials are di-

electrics with very low values of loss tangent.

8. The effect of plaƟnum and adhesion layers on the lens displacement is ne-

glected, because of their small thickness relaƟvely to the PZT layer.

The Hamilton's principle for piezoelectric media from Eq. (2.3) can be rewrit-

ten as ∫ t1

t0
δΠdt =

∫ t1

t0

(
δK − (δU −δE)︸ ︷︷ ︸

δH

+δW
)

dt = 0. (2.20)

The electric enthalpy, as previously discussed, has been replaced by U −E [44].

δK ,δU and δE are the virtual variaƟon of kineƟc, strain (or internal) and electric

energies while δW is the virtual variaƟon of external work applied to the system.
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They can be defined as [42,44]

δU =
∫

Ω
Ti jδSi jdxdydz

=
∫

Ω

(
NxxδS0

xx +MxxδS1
xx +NyyδS0

yy +MyyδS1
yy +Nxyδγ0

xy +Mxyδγ1
xy
)

dxdy,

(2.21a)

δK =
∫

Ω
ρ(u̇δu̇+ v̇δv̇+ ẇδẇ)dxdydz, (2.21b)

δW =
∫

S
(tiδui −qδv)dS, (2.21c)

δE =
∫

Ω
(D1δE1 +D2δE2 +D3δE3)dxdydz, (2.21d)

where ρ, q and ti are the mass density, the surface charge per unit area and the

surface tracƟon (i=1,2,3) against the displacement field. By following the varia-

Ɵonal formulaƟon assumpƟons and subsƟtuƟng with developed expressions for

the stresses resultant and the variaƟonal strains, Eqs. (2.21) can be expressed as

below in terms of mid-plane transverse displacement and voltage only.
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δU =
∫

Ω

{(
B11

2

(∂w0

∂x

)2
+

B12

2

(∂w0

∂y

)2
−D∗

11
∂2w0

∂x2 −D∗
12

∂2w0

∂y2

)(
−∂2δw0

∂x2

)

+

(
B12

2

(∂w0

∂x

)2
+

B22

2

(∂w0

∂y

)2
−D∗

12
∂2w0

∂x2 −D∗
22

∂2w0

∂y2

)(
−∂2δw0

∂y2

)

+

(
B66

(
∂w0

∂x
∂w0

∂y

)
−2D∗

66
∂2w0

∂x∂y

)(
−2

∂2δw0

∂x∂y

)

+

(
A11

2

(∂w0

∂x

)2
+

A12

2

(∂w0

∂y

)2
−B11

∂2w0

∂x2 −B12
∂2w0

∂y2

)(
∂w0

∂x
∂δw0

∂x

)

+

(
A12

2

(∂w0

∂x

)2
+

A22

2

(∂w0

∂y

)2
−B12

∂2w0

∂x2 −B22
∂2w0

∂y2

)(
∂w0

∂y
∂δw0

∂y

)
+

(
A66

(
∂w0

∂x
∂w0

∂y

)
−2B66

∂2w0

∂x∂y

)(
∂δw0

∂x
∂w0

∂y
+

∂w0

∂x
∂δw0

∂y

)
+

(
e31Vp +

nl

∑
k=1

NR,(k)
xx

)
∂w0

∂x
∂δw0

∂x
+

(
e32Vp +

nl

∑
k=1

NR,(k)
yy

)
∂w0

∂y
∂δw0

∂y

+

(
e36Vp +

nl

∑
k=1

NR,(k)
xy

)(
∂δw0

∂x
∂w0

∂y
+

∂w0

∂x
∂δw0

∂y

)

+

(
e31Vpzp +

nl

∑
k=1

MR,(k)
xx

)(
−∂2δw0

∂x2

)
+

(
e32Vpzp +

nl

∑
k=1

MR,(k)
yy

)(
−∂2δw0

∂y2

)

+

(
e36Vpzp +

nl

∑
k=1

MR,(k)
xy

)(
−2

∂2δw0

∂x∂y

)}
dxdy, (2.22)

δK =
∫

Ω

{
I0ẇ0δẇ0 + I2 (ẇ0,xδẇ0,x + ẇ0,yδẇ0,y)

}
dxdy, (2.23)

δW =
∫

ΓΩ

(
M̂nn

∂δw0

∂n̂
+ M̂ns

∂δw0

∂ŝ

)
ds+

∫
Ω

(
pδw0 −qδv

)
ds, (2.24)
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where

(I0, I2) =
∫
(1,z2)ρdz. (2.25)

M̂nn and M̂ns are normal and tangenƟal external stress moments applied over

the domain Ω's outer boundary ΓΩ, respecƟvely. They depend on the type of

supports that hold the tunable lens. For the clamped case, the first integral van-

ishes because of zero displacement and zero slope condiƟons at the edges. n̂ and

ŝ are the normal and tangenƟal unit vectors along the outer boundary ΓΩ, re-

specƟvely. p is the transverse pressure. The second integral is the external work

due to a pressure force p, which vanishes based on having no external pressure

and the assumpƟon previouslymade that the polymer don't affect themembrane

displacement.

δE =−
∫

D ·∇(δv)dxdydz =−
∫

S
Dδv ·dS+

∫
δv(∇ ·D)︸ ︷︷ ︸

=0

dxdydz

=−
∫

S
Dδv ·dS, (2.26)

where S is the unit vector normal to the surface S. At either the top or the bot-

tom surfaces of the piezoelectric layer, the electric displacement field D3 must

be equal to the surface charge density to saƟsfy the electric boundary condiƟons

of zero normal component of the electric field inside the Pt electrodes. Thus, the

variaƟon in electric energy becomes

δE =−
∫

S
qδvdxdy, (2.27)

and it cancels the electric term in δW expression. This cancellaƟon is neces-

sary and appears naturally from the variaƟonal formulaƟon as discussed in [37].
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Therefore, the variaƟonal formulaƟon can be reduced to

∫
Ω

{
I0ẇ0δẇ0 + I2 (ẇ0,xδẇ0,x + ẇ0,yδẇ0,y)

}
dxdy

+
∫

Ω

{(
B11

2

(∂w0

∂x

)2
+

B12

2

(∂w0

∂y

)2
−D∗

11
∂2w0

∂x2 −D∗
12

∂2w0

∂y2

)(
∂2δw0

∂x2

)

+

(
B12

2

(∂w0

∂x

)2
+

B22

2

(∂w0

∂y

)2
−D∗

12
∂2w0

∂x2 −D∗
22

∂2w0

∂y2

)(
∂2δw0

∂y2

)

+

(
B66

(
∂w0

∂x
∂w0

∂y

)
−2D∗

66
∂2w0

∂x∂y

)(
2

∂2δw0

∂x∂y

)

+

(
A11

2

(∂w0

∂x

)2
+

A12

2

(∂w0

∂y

)2
−B11

∂2w0

∂x2 −B12
∂2w0

∂y2

)(
−∂w0

∂x
∂δw0

∂x

)

+

(
A12

2

(∂w0

∂x

)2
+

A22

2

(∂w0

∂y

)2
−B12

∂2w0

∂x2 −B22
∂2w0

∂y2

)(
−∂w0

∂y
∂δw0

∂y

)
−
(

A66

(
∂w0

∂x
∂w0

∂y

)
−2B66

∂2w0

∂x∂y

)(
∂δw0

∂x
∂w0

∂y
+

∂w0

∂x
∂δw0

∂y

)
+

∫
Ω

pδw0ds

−

(
e31Vp +

nl

∑
k=1

NR,(k)
xx

)
∂w0

∂x
∂δw0

∂x
−

(
e32Vp +

nl

∑
k=1

NR,(k)
yy

)
∂w0

∂y
∂δw0

∂y

−

(
e36Vp +

nl

∑
k=1

NR,(k)
xy

)(
∂δw0

∂x
∂w0

∂y
+

∂w0

∂x
∂δw0

∂y

)

+

(
e31Vpzp +

nl

∑
k=1

MR,(k)
xx

)(
∂2δw0

∂x2

)
+

(
e32Vpzp +

nl

∑
k=1

MR,(k)
yy

)(
∂2δw0

∂y2

)

+

(
e36Vpzp +

nl

∑
k=1

MR,(k)
xy

)(
2

∂2δw0

∂x∂y

)}
dxdy = 0. (2.28)

The above formulaƟon is the typical one would have for pure elasƟc media

except for the last six addiƟonal terms that depend on the piezoelectric coupling

and residual stresses. The first three of these six terms modify the equivalent

linear sƟffness matrix while the last three form the equivalent force matrix.
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2.8 Displacement ansatz andequaƟonofmo-

Ɵons

All energies are currently expressed in terms of themid-plane displacement in z−

direcƟon. To solve the variaƟonal formulaƟon for w0, we write an approximate

soluƟon wN as a finite linear combinaƟon of basis funcƟons

w0(X ,Y )≈ wN(X ,Y ) =
Nr

∑
k=1

Ck(t)Φk(X ,Y ), (2.29)

where Φk(X ,Y ) are the basis funcƟons andCk are their coefficients that depend

on Ɵme and to be determined. X andY are the normalized cartesian coordinates.

Nr is the number of basis funcƟons and is increased unƟl convergence is aƩained

over mechanical and opƟcal parameters. The choice of basis funcƟons is an im-

portant part of the ansatz. Theymust saƟsfy themechanical boundary condiƟons.

By subsƟtuƟng with Eq. (2.29) in the variaƟonal formulaƟon, the Euler-Lagrange

equaƟons of moƟon become

d
dt

(
∂Π
∂Ċ

)
− ∂Π

∂C
= 0, (2.30)

where C is a vector of the coefficientsCk (i.e. the state vector). In Einstein nota-

Ɵon, the resultant system of equaƟons due to von Kármán strains can be wriƩen

as

(
Rk1k2 +RN

k1k2

)
Ck1 +Rk1k2k3Ck1Ck2 +Rk1k2k3k4Ck1Ck2Ck3 +Mk1k2C̈k1 −Fk2 = 0.

(2.31)
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It is obvious that the equaƟons of moƟon are cubic in terms of the basis funcƟon

coefficients. The linear sƟffness has two term; the first term Rk1k2 is the linear

sƟffness one would have without geometric nonlinearity and the second term

RN
k1k2

is modifying the linear sƟffness as a contribuƟon of the residual stresses

and the piezoelectric coupling due to the nonlinear deformaƟon. The Rk1k2k3 and

Rk1k2k3k4 are the quadraƟc and cubic sƟffness terms resulƟng from including the

dominant term of stretching strains due to the transverse displacement w0. The

term Mk1k2 represents the equivalent mass while the last term Fk2 represents the

equivalent force due to piezoelectric coupling and residual stresses. Formodeling

the lens dynamics, a damping term ζk1k2Ċk1 will be added to Eq. 2.31 to represent

a damping mechanism. The terms from Eq. 2.31 are respecƟvely defined below

for the cartesian and polar lens's subdomains.
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Rk1k2 =
1

(a/2)2

∫
Ω

{(
D∗

11Φk1,XX +D∗
12Φk1,YY

)
Φk2,XX

+
(
D∗

12Φk1,XX +D∗
22Φk1,YY

)
Φk1,YY

+4D∗
66Φk1,XY Φk2,XY

}
dXdY, (2.32a)

RN
k1k2

=
∫

Ω

{(
e31Vp +

nl

∑
k=1

NR,(k)
xx

)
Φk1,X Φk2,Y +

(
e31Vp +

nl

∑
k=1

NR,(k)
yy

)
Φk1,Y Φk2,Y

+

(
e36Vp +

nl

∑
k=1

NR,(k)
xy

)(
Φk1,Y Φk2,X +Φk1,X Φk2,Y

)}
dXdY, (2.32b)

Rk1k2k3 =
1

(a/2)2

∫
Ω

{
−
(

B11

2
Φk1,X Φk2,X +

B12

2
Φk1,Y Φk2,Y

)
Φk3,XX

−
(

B12

2
Φk1,X Φk2,X +

B22

2
Φk1,Y Φk2,Y

)
Φk3,YY

−2B66Φk1,X Φk2,Y Φk3,XY −
(
B11Φk1,XX +B12Φk1,YY

)
Φk3,X Φk3,X

−
(
B12Φk1,XX +B22Φk1,YY

)
Φk3,Y Φk3,Y

−2B66Φk1,XY
(
Φk2,Y Φk3,X +Φk3,X Φk3,Y

)}
dXdY, (2.32c)

Rk1k2k3k4 =
1

(a/2)2

∫
Ω

{(
A11

2
Φk1,X Φk2,X +

A12

2
Φk1,Y Φk2,Y

)
Φk3,X Φk4,X

+

(
A12

2
Φk1,X Φk2,X +

A22

2
Φk1,Y Φk2,Y

)
Φk3,Y Φk4,Y

+A66Φk1,X Φk2,Y
(
Φk3,Y Φk4,X +Φk3,X Φk4,Y

)}
dXdY, (2.32d)

Fk2 =
∫

Ω

{(
e31Vpzp +

nl

∑
k=1

MR,(k)
xx

)
Φk2,XX +

(
e31Vpzp +

nl

∑
k=1

MR,(k)
yy

)
Φk2,YY

+2

(
e36Vpzp +

nl

∑
k=1

MR,(k)
xy

)
Φk2,XY

}
dXdY,

Mk1k2 =
∫

Ω

{
(a/2)2I0Φk1Φk2 + I2

(
Φk1,X Φk2,X +Φk1,Y Φk2,Y

)}
dXdY,

(2.32e)
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Rk1k2 =
1

γ2
0(a/2)2

∫
Ω

{(
D∗

11Φ̃k1,rr +D∗
12

(1
r

Φ̃k1,r +
1
r2 Φ̃k2,θθ

))
Φ̃k1,rr

+

(
D∗

12Φ̃k1,rr +D∗
22

(1
r

w0,r +
1
r2 Φ̃k1,θθ

))(1
r

Φ̃k2,r +
1
r2 Φ̃k2,θθ

)
+4D∗

66

(1
r

Φ̃k1,rθ −
1
r2 Φ̃k1,θ

)(1
r

Φ̃k2,rθ −
1
r2 Φ̃k2,θ

)}
rdrdθ, (2.33a)

RN
k1k2

=
∫

Ω

{(
e31Vp +

nl

∑
k=1

NR,(k)
rr

)
Φ̃k1,rΦ̃k2,r

+

(
e32Vp +

nl

∑
k=1

NR,(k)
θθ

)
1
r2 Φ̃k1,θΦ̃k2,θ

+

(
e36Vp +

nl

∑
k=1

NR,(k)
rθ

)(
1
r

Φ̃k1,rΦ̃k2,θ +
1
r

Φ̃k2,rΦ̃k1,θ

)}
rdrdθ,

(2.33b)

Rk1k2k3 =
1

γ2
0(a/2)2

∫
Ω

{
−
(

B11

2
Φ̃k1,rΦ̃k2,r +

B12

2
1
r2 Φ̃k1,θΦ̃k2,θ

)
Φ̃k3,rr

−
(

B12

2
Φ̃k1,rΦ̃k2,r +

B22

2
1
r2 Φ̃k1,θΦ̃k2,θ

)(
1
r

Φ̃k3,r +
1
r2 Φ̃k3,θθ

)
−2B66

1
r2 Φ̃k1,rΦ̃k2,θ

(
Φ̃k3,rθ −

1
r

Φ̃k3,θ

)
−
(

B11

2
Φ̃k1,rr +

B∗
12
2

(1
r

w0,r +
1
r2 Φ̃k1,θθ

))
Φ̃k2,rΦ̃k3,r

−
(

B12

2
Φ̃k1,rr +

B22

2

(1
r

Φ̃k1,r +
1
r2 Φ̃k1,θθ

)) 1
r2 Φ̃k2,θΦ̃k3,θ

−2B66

(
1
r

Φ̃k1,rθ −
1
r2 Φ̃k1,θ

)(
1
r

Φ̃k3,rθ −
1
r2 Φ̃k3,θ

)}
rdrdθ, (2.33c)

Rk1k2k3k4 =
1

γ2
0(a/2)2

∫
Ω

{(
A11

2
Φ̃k1,rΦ̃k2,r +

A12

2r2 Φ̃k1,θΦ̃k2,θ

)
Φ̃k3,rΦ̃k4,r

+

(
A11

2
Φ̃k1,rΦ̃k2,r +

A∗
12

2r2 Φ̃k1,θΦ̃k2,θ

)
1
r2 Φ̃k3,θΦ̃k4,θ

+A66
1
r

Φ̃k1,rΦ̃k2,θ

(1
r

Φ̃k3,rΦ̃k4,θ +
1
r

Φ̃k4,rΦ̃k3,θ

)}
drdθ, (2.33d)
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Fk2 =
∫

Ω

{(
e31Vpzp +

nl

∑
k=1

MR,(k)
rr

)
Φ̃k2,rr +

(
e31Vpzp +

nl

∑
k=1

MR,(k)
θθ

)
1
r2 Φ̃k2,θθ

+2

(
e36Vpzp +

nl

∑
k=1

MR,(k)
rθ

)(1
r

Φ̃k2,rθ −
1
r2 Φ̃k2,θ

)}
dXdY, (2.33e)

Mk1k2 =
∫

Ω

{
γ2

0(a/2)2I0Φ̃k1Φ̃k2 + I2

(
Φ̃k1,rΦ̃k2,r +

1
r2 Φ̃k1,θΦ̃k2,θ

)}
dXdY.

(2.33f)

If Kirchhoff plate theory is considered to approximate strains, Eq. ( 2.31) is

reduced to the following linear system of equaƟon

Rk1k2Ck1 +Mk1k2C̈k1 −Fk2 = 0. (2.34)

Based on the next chapters' context, staƟc and dynamic versions of Eqs.(2.31)

and (2.34) are used in the electromechanical part of the modeling framework

that predicts the optoelectromechanical performance of the piezoelectrically ac-

tuated MEMS tunable lenses.
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3 Modeling framework for piezoelec-

trically actuatedMEMS tunable lenses

with various pupil geometries

This chapter invesƟgates the effect of having different shapes of piezoelectric ac-

tuators on the lens opƟcal performance. A search has been conducted for a de-

sign space of the actuator's geometrical parameters, that could achieve higher

focusing capability without increasing RMS-wavefront error that reduces image

quality. Thus, a modeling framework has been developed for evaluaƟng the per-

formance of piezoelectrically actuatedMEMS tunable lenses. It models the staƟc

optoelectromechanical coupling for symmetric configuraƟons of d31 piezoelec-

tric actuators. This helps finding geometrical parameters for actuators that give

a diffracƟon limited tunable lens with minimum F-number. The modeling frame-

work has two major parts. Its first part is to model the staƟc electromechani-

cal performance and is verified against FEM with an error criterion. The second

part is to invesƟgate quanƟtaƟvely the tunable lens's opƟcal performance using

ray tracing by analyzing its F-number (F#), RMS wavefront error (RMSWFE) and

ModulaƟon Transfer FuncƟon (MTF). The tunable lens' opƟcal performance and

its focusing capability, alone and in combinaƟon with a fixed lens, have been cal-
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culated in terms of object distance and actuaƟon voltage. Using the modeling

framework, we have confirmed that the MTF for objects located at different dis-

tances remains the same within a limited Field of View (FoV) aŌer voltage adjust-

ment to refocus at near objects.

SecƟon 3.1 introduces the linear variaƟon formulaƟon and discusses the inte-

graƟon mask (the complementary pupil funcƟon) that allows moving around the

difficulty of calculaƟng the variaƟonal integrals over lens' subdomains. Then, sec-

Ɵon 3.2 presents the displacement ansatz and reasons for their suitability in the

optoelectromechanical modeling of the tunable lens. SecƟon 3 invesƟgates the

variaƟonal and FEM soluƟons for tunable lenses with various polygonal pupil ge-

ometries. At the end, it discusses the opƟcal performance of the different lenses

and invesƟgates the design concept of pupil masking.

3.1 The linear variaƟonal formulaƟon

The core of ourmodeling framework for square diaphragms is aweak formulaƟon

(i.e. Eq. (2.32)) based on the assumpƟons menƟoned in Sec. 2.7. In addiƟon, we

here assume quasi-staƟc condiƟons such that there is no Ɵme dependence. Thus,

the weak formulaƟon can be reduced to

∫
Ω

{(
D∗

11
∂2w0

∂x2 +D∗
12

∂2w0

∂y2

)(
∂2δw0

∂x2

)
+

(
D∗

12
∂2w0

∂x2 +D∗
22

∂2w0

∂y2

)(
∂2δw0

∂y2

)

+

(
2D∗

66
∂2w0

∂x∂y

)(
2

∂2δw0

∂x∂y

)}
dxdy = e31Vpzp

∫
Ωp

∇2
x,yδw0dxdy, (3.1)

where Ω = Ωgl ∪Ωp. Ωgl and Ωp are domains for glass and piezoelectric lay-

ers, respecƟvely. ∇2
x,y is the 2-D Laplace differenƟal operator, which can be ex-
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pressed in normalized cartesian or polar coordinates according to the shape of

the domain.The quanƟƟes D∗
i j expression vary over the plate due to the differ-

ence in layer structure between the lens pupil and the actuator area. To simplify

numerical integraƟon, they can be expressed in a more general form

D∗
i j =Dgl

i j +Dp
i j ζ̄(X ,Y ) (3.2)

where Dgl
i j is the flexural rigidity for the glass layer only, Dp

i j is for piezoelec-

tric layer including the piezoelectric coupling within the piezoelectric material.

X = x/(a/2) and Y = y/(a/2) are the normalized Cartesian coordinates. The

complementary pupil funcƟon ζ̄(X ,Y ) is 0 over the opening and 1 elsewhere.

From Eq. (3.2), the quanƟƟesD∗
i j vary over the plate due to the difference in layer

structure between the lens pupil and the actuator areas. The funcƟon ζ̄ serves

as an integraƟon mask in Eq. (3.2) allowing numerical calculaƟons of the varia-

Ɵonal integrals to treat various pupil geometries on the same fooƟng. This would

be equivalent to calculaƟng the energy terms for a square diaphragm, then, sub-

tracƟng the energy terms for the pupil domain.

3.2 Displacement ansatz and its suitability for

the optoelectromechanical modeling

To solve Eq. (3.1) for the deflecƟon w0 , we write an approximate soluƟon wN as

a finite linear combinaƟon of basis funcƟons

w0(X ,Y,0)≈ wN(X ,Y,0) =
N

∑
m=1

N

∑
n=1

CmnΦmn(X ,Y ), (3.3)
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where Φmn(X ,Y ) are the basis funcƟons and Cmn are coefficients to be deter-

mined. The choice of basis funcƟons is an important part of the ansatz. Theymust

saƟsfy the mechanical boundary condiƟons. In addiƟon, they should preferably

be orthogonal and easy to be mapped to Zernike polynomials [45]. Zernike poly-

nomials are orthogonal polynomials over a disc and are convenient for opƟcal rep-

resentaƟon of wavefronts. Orthogonality of the basis funcƟons helps eliminaƟng

the possibility of a numerically ill-condiƟoned system of equaƟons arising from

the variaƟonal treatment. There aremany opƟons for the bases, such as products

of trigonometric and hyperbolic funcƟons [46] known for doubly-clamped beam

or products of squared cosines [47]. The disadvantage of the laƩer funcƟons is

that they are not orthogonal. Moreover, for either of these choices, power se-

ries expansions of the basis funcƟons in terms X and Y must be made in order

to map to Zernike polynomials. This expansion increases the calculaƟonal bur-

den necessary to avoid significant errors from the mapping. Thus, we propose a

weighted product of Gegenbauer [48] polynomials on the interval [−1,1]. They

are orthogonal and have a simple mapping to Zernike polynomials as will be dis-

cussed later. By using projecƟon, these basis funcƟons can be wriƩen in terms of

Zernike polynomials as

Φmn(X ,Y ) = ϕm(X)ϕn(Y ) = (1−X2)
(α−1/2)

2 (1−Y 2)
(α−1/2)

2︸ ︷︷ ︸
Weight factor enforcing BC

G(α)
m (X)G(α)

n (Y ),

(3.4)

where G(α)
m (X) is a Gegenbauer polynomial of order m and the parameter α in

the weighƟng factor should equal 9/2 to force the basis funcƟons to saƟsfy the

clamped boundary condiƟons of zero deflecƟon and zero slope along the edges.

Due to the symmetry, we have considered even polynomials, i.e. only funcƟons

with both indices m and n even. Figure 3.1 shows the x-cross secƟon of the first

six even basis funcƟons of weighted Gegenbauer polynomials ϕm(X). By back-
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subsƟtuƟng from Eq. (3.3) in Eq. (3.1), we get a linear system of equaƟons for

Cmn on the form [42]:

[Rmnpq]︸ ︷︷ ︸
N2×N2

[Cmn]︸ ︷︷ ︸
N2×1

= [Fpq]︸︷︷︸
N2×1

, (3.5)

where [Rmnpq] and [Fpq] are calculated using the decomposiƟon described above.

The products of finite order Gegenbauer polynomials inside a circle of radius

γ = 2c/a can be expressed as a linear combinaƟon of Zernike polynomials with

coefficients depending on the geometrical parameter γ. The basis funcƟons can

be put on the form

Φmn(r,θ) =
Ns

∑
i=0

Ns

∑
j=0

kmni j(γ)Z
j
i (r,θ),

(3.6)

where

k2
i jmn =

1
µ jπ

2π∫
0

1∫
0

Φmn(γr cos(θ),γr sin(θ))Z j
i (r,θ)rdrdθ. (3.7)

Z j
i are Zernike polynomials of the order (i, j). Ns = m + n + 8 is the order of

Zernike polynomials sufficient for mapping exactly, where m,n are the orders of

the basis funcƟon Φmn. µ j is Neumann factor that equals 2 if j = 0 and 1 oth-

erwise. Appendix B lists few examples on how are the Weighted Gegenbauer

polynomials being expanded by Zernike polynomials. Moreover, based on the

mirror symmetries of the problem under study, we note that we have only even

Zernike-polynomial terms in the expansion. Due to this feature, we have an exact

representaƟon of the lens surface in terms of Zernike polynomials.
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Figure 3.1: Even Gegenbauer-polynomial basis funcƟons ϕm(X) on [−1,1].

3.3 VariaƟonal soluƟons versus FEM

3.3.1 Circular pupils

Figure 3.2 shows a planar view of two possible study cases for the tunable lenses.

For all cases, light should only pass through the circular opening. Thus, case II

with ring actuators has an addiƟonal opaque area (i.e. the lower Pt electrode of

the piezoelectric stack) covering the diaphragm outside the actuator perimeter

Ɵll the diaphragm edge in order to block out light.

In the analyzed study cases, we have used the same material and structure

dimensions for the square diaphgram and the piezoelectric actuator stack as in

Ref. 49.

Figure 3.3a shows how the variaƟonal soluƟons for case Imatchwith FEM sim-

ulaƟons. To check the convergence of the variaƟonal soluƟon to the FEM soluƟon
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Figure 3.2: Planar viewof possible study cases of piezoelectrically actuatedMEMS
tunable lenses. A clamped square diaphragmwith circular opening: (a) case I and
(b) case II ring actuator with opaque covering outside the ring Ɵll the diaphragm
edges.

wFEM, we choose to monitor the l2 relaƟve error norm

Ξl2 =

√
∑(wFEM −wN)2

∑w2
FEM

. (3.8)

As shown in Fig. 3.3b, the error and convergence speed both depend on the raƟo

γ. It is evident from Fig. 3.4 that the variaƟonal soluƟons in case II have similar

behaviour as the FEM results, but the error is larger than for case I. The thin-film

approximaƟon allows us to use one set of conƟnuous basis funcƟons over the

enƟre square diaphragm.

For the case-I actuator, this basis is arƟficially smooth at the rim of the glass

opening where the layer structure changes from glass only to glass and piezo-

electric. For the case-II actuator, we have this feature both at the inner and outer

perimeter of the piezoelectric ring. The basis here do not account for the struc-

ture disconƟnuity whichmandates having very largeN to reach a decent accuracy

for opƟcal representaƟon of the lens sag for opƟcal simulaƟons. Consequently,

these basis are to be modified in chapter 4 in a way to account for this disconƟ-

41



Farghaly: Modeling and design of piezoelectrically actuated MEMS . . .

nuity.

As shown in Fig. 3.4b, it is apparent that having γ2 ≤ 0.5 for case II, the dis-

placement in the circular aperture area becomes nearly flat and it becomes a

poor refracƟve surface unable to add any opƟcal power to the passing light. Such

behaviour is suitable to operate the structure as a piston micromirror as in [50].
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Figure 3.3: (a) Displacement profiles in xz−plane from FEM and the variaƟonal
tool (N = 28) for square diaphragm with case I actuator at different values of
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3.3.2 Various pupil geometries

The variaƟonal formulaƟon for tunable lenses can be amended to account for ac-

tuators withmore complicated geometries than those in secƟon 3.3.1. It can pre-

dict the deformaƟon caused by piezoelectric actuators with arbitrary openings;

but symmetric. TesƟng the advantages of non-circular pupil geometry, we have

invesƟgated the opƟcal performance of polygon-shaped openings taking case I

(from Sec. 3.3.1) as a reference for comparison. However, case I is named here

as case 6. Figure 3.5 shows a planar view of symmetric actuator configuraƟons

for tunable lenses with different pupil geometries. The geometrical parameter γ

for each pupil's actuator is here redefined as the raƟo Lr/a, where Lr is the refer-

ence dimension marked by red arrows in Fig. 3.5. Specifically in case 6, Lr equals

its circular opening diameter 2c. For all study cases, the light passes only through

the pupil opening area.

Figure 3.6 shows how the variaƟonal soluƟons (with N=28) for all casesmatch

with FEM simulaƟons. For all cases, with all γ values of interest, N = 28 is suffi-

cient to obtain less that 10 % l2 relaƟve error norm when comparing the dis-

placement from the variaƟonal soluƟon with FEM. Thus, they qualitaƟvely pro-

vide good predicƟon for deflecƟon to be used subsequently in opƟcal simulaƟons.

The presented modeling framework provides a fast tool, compared to FEM,

to perform opƟmizaƟon and exploraƟon of different materials, layer thicknesses

and pupil geometries. For example, on our computer (Intel i7-4940MX, 3.1 GHz,

64-bit OS) the soŌware package MATLAB [5] solves Eq. (3.5) in 1.3 seconds while

it takes 1.5minutes to solve the corresponding problemwith FEM (using COMSOL

MulƟphysics v4.4 [6]).
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Figure 3.6: Displacement profiles in xz−plane from FEM simulaƟons and the vari-
aƟonal soluƟons (N = 28) for a clamped square diaphragmwith (a) square, (b) 45◦

rotated square, (c) hexagonal, (d) octagonal, (e) 22.5◦ rotated octagonal and (f)
circular pupils at different γ raƟos withVp =−10V.
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3.3.3 OpƟcal performance using ray tracing analysis

The lens sag from both the variaƟonal soluƟons and FEM simulaƟon have been

exported to Zemax [7] in which opƟcal simulaƟons are done using ray tracing

analysis [33, 49]. The geometrical parameters of the lens' actuator have been

opƟmized to achieve the minimum achievable F# while having an acceptable

RMS-wavefront-error (RMSWFE) to have a diffracƟon-limited performance. Ac-

cording to Maréchal's criterion [25], the RMSWFE should be≤ λ/14 to avoid the

deviaƟon from diffracƟon-limited performance.

F-number is defined as F# = f/(
√

4
πA), where f is the focal length and A is

the pupil area. The on-axis wavefront error (WFE) is the opƟcal path difference

between the constant phase surface of the wave coming out of the lens and a

reference sphere having its center at the image plane and its radius equal to the

seperaƟng distance between lens exit pupil and the image plane [7].

The opƟcal performance of case II actuator has not been superior to case I

( or case 6) which achieves the minimum F#; the reader may refer to [49]) for

the opƟcal performance of case II. Among different actuator geometries [33,49],

case 6 with the circular pupil has the widest aperture area with an area factor

0.26 compared to the square diaphragm area ( refer to Fig. 3.7 and Tab. 3.1). It

achieves nearly 4.5 diopterswith a 10-V voltage source and has an RMSwavefront

error less than the Maréchal's criterion.

To study the tunable lens at the system level, such as for smartphone camera

applicaƟon, we combine it with a fixed lens [33] as shown in Fig. 3.8a. Their com-

binaƟon enables us to put an object at different focus posiƟons from the camera,

refocus by adjusƟng the actuaƟon voltage on the tunable lens, and calculate the

overall MTF at the image plane. Over the focusing range, the overall MTF is de-
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Figure 3.7: (a) Tunable lens arrangement for on-axis opƟcal simulaƟons. (b) Re-
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The numbers 1 to 6 respecƟvely represent lenses with square, 45-rotated square,
hexagonal, octagonal, 22.5-rotated octagonal and circular pupils, respecƟvely.
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Table 3.1: OpƟmum γ∗v and γ∗FEM raƟos corresponding to minimum F# for vari-
aƟonal soluƟons and FEM simulaƟons, respecƟvely. The A f , F# and RMSWFE
corresponds to γ∗FEM values for tunable lens with polygonal and circular pupils at
Vp =−10V.

Pupil γ∗v γ∗FEM A f F# RMSWFE [waves]

1 0.51 0.5 0.25 143.96 0.1183

2 0.5 0.49 0.24 146.93 0.1009

3 0.64 0.61 0.24 134.51 0.0505

4 0.57 0.55 0.25 129.43 0.0155

5 0.58 0.55 0.25 129.35 0.0168

6 0.59 0.57 0.26 129.04 0.0137

sirably not to be degraded from the MTF of the fixed lens alone. The resoluƟon

of the captured image would be consequenƟally independent of the object dis-

tance.

Figure 3.8b shows the MTF of the fixed lens alone both when the object is at

infinity and when it is 368mm away. The MTF has dropped significantly for the

closer object because of the larger defocus term Z0
2 in the wavefront error. Com-

bining the fixed lens with the circularly-shaped tunable lens preserves the MTF

performance from significant degradaƟon over a range of object distances aŌer

refocusing, as shown in Figs. 3.8c to 3.8e. The tunable lens keeps the MTF nearly

the same at different object posiƟons. However, a closer look at the combined

MTF shows that the performance is diffracƟon limited up to the field point (0,

0.6839mm) that corresponds to a ±10◦ FOV. Beyond that angle, the MTF drops

due to the tunable lens' off-axis aberraƟons. For a larger FOV, a simultaneous

redesign of the tunable and fixed lens would be helpful to compensate for the

dominant aberraƟon.

Pupil masking, as a design degree of freedom, can affect lens figure of merits

such as: RMSWFE, dioptric lens power 1/ f , pupil area, resoluƟon and contrast.
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Figure 3.8: (a) Arrangement of the tunable lens with a fixed lens in Zemax for opƟ-
cal simulaƟons. SagiƩal and (tangenƟal) MTF for (b) the fixed lens alone without
movement when the object is located at infinity and 368mm at different field
points on the image plane (coordinates are given in mm in legends). MTF for the
tunable lens with circular pupil and the fixed lens when the object is located away
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This can be done during device fabricaƟon by having the PZT stack's lower Pt elec-

trode as a circular opening instead of having the same polygonal shape as the rest

of the PZT actuator layers such as in cases 1-6. Figure 3.9 shows a pupil-masked

case 2 as an example. Light only passes through the transparent circular opening

in the lower Pt electrode layer. The pupil-masked case 2 is now geometrically pa-

rameterized by two parameters: γ for the piezoelectric actuator and γop for the

circular opening in the lower Pt electrode. γop in this pupil-masked case 2 follows

the circular pupil definiƟon , which equals 2c/a (refer to Fig. 3.9).

For opƟcal simulaƟons, we conduct a parametric sweep on γop for each γ

value. The γop values are kept below Lp/(a tan(π/p)), which corresponds to the

polygon's inscribed circle. As a result of this parametric sweep, we get the scat-

tering plots for RMSWFE and 1/ f in Figs. 3.10a and 3.10b.

We have picked case 6 as a reference since it achieves the minimum F#, as

previously discussed. We compare pupil-masked cases 2 versus case 6 with the

same pupil opening diameter in Figs. 3.10a and 3.10b. It is evident that pupil-
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Figure 3.10: ScaƩering plots of (a) RMSWFE and (b) lens dioptric power 1/ f with
varying the raƟos γop and γ, all withVp =−10V and λ = 550nm.

masked case 2, compared to case 6, provides a tradeoff between dioptric power

andRMSWFE, specifically for large aperturesmarked as red dots. They offer lower

RMSWFE but less dioptric power for large apertureswhen compared to case 6. An

example on tradeoff points is case 2 with γ = γop = 0.7 that achieves f = 389mm

and RMSWFE of 0.0133 waves. A comparable case 6 with γ = 0.7 has the same

pupil diameter, achieves f = 293mm and RMSWFE= 0.0395 waves, which is 1

diopter beƩer 1/ f but 3.4 Ɵmes worse RMSWFE.
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4 Trial functions for reduced-order

modeling of piezoelectrically actuated

MEMS tuneable lenses

This chapter is moƟvated by the need to further lower the number of Degrees-of-

Freedom (DOFs) of the linear model presented the previous chapter. It is named

here as model 0 and has been using an ansatz that is solely formed from the

weighted Gegenbauer polynomails. SecƟon 4.1 emphasizes on the need for a

reduced-order model and discusses how the approach of using a piece-wise an-

sätze with subfuncƟons is expected to improve the linear model's speed of con-

vergence to a soluƟon with low DOFs. SecƟon 4.2 presents the new normalized

coordinates and how the lens' planar area is parƟƟoned in a way suits applying

the new analyaƟcal models that are to be presented in secƟon 4.3. Then, sec-

Ɵon 4.4 displays the linear system of equaƟons for the two new models except

that themathemaƟcal derivaƟon has been leŌ out for the reader to check in [51].

AŌerwards, secƟon 4.5 compares between three variaƟonal models in terms of

displacement, opƟcal parameters and more importantly the model order. Finally,

this chapter closeswith secƟon 4.6 inwhich an emphasis on that the subfuncƟons

in the pupil area of the new models can sƟll be mapped to Zernike polynomials;
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which opens a research possibility to have a reduced-order dynamic model, as

will be discussed in Ch. 6.

4.1 The need for reduced-order models

For system-level designers to have computaƟonally efficient models, it is neces-

sary to develop reduced-order models that can be implemented by e.g. using

MATLAB or a circuit simulator yet faithfully represenƟng the device physics.

Low order models can in principle be obtained by analyƟcal or semi-analyƟcal

(series expansion) soluƟons. In the previous chapter, the diaphragm deflecƟon

has been represented by an expansion in a weighted Gegenbauer basis [49]. In

this case, each basis funcƟon is extended conƟnuously over the enƟre diaphragm

and 120 DOFs were necessary to reach a saƟsfactory representaƟon of the lens

opƟcal performance. Although this is a major improvement in computaƟonal ef-

fort compared to FEM, it is sƟll quite a large number of DOFs for lumped-model

system simulaƟons and too large to be tractable by purely analyƟcal means.

One weakness in the previous formulaƟon is that the basis funcƟons did not

account for the disconƟnuity of the layered structure at the lens opening. There

are good reasons to expect that an improvement in convergence could be achieved

by taking this disconƟnuity into account. An approach to significantly improve

model accuracy for the piezoelectrically actuated lens is using basis funcƟons that

account for the disconƟnuity in the layered structure at the lens opening. This ap-

proach uses the exact soluƟon of the biharmonic equaƟon in the circular regions

and fulfills the boundary condiƟons at the diaphragm edges.

We have chosen analyƟcal ansätze that have Gegenbauer-polynomial-based

subfuncƟons with rectangular symmetry saƟsfying the plate's boundary condi-
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Ɵons and yet can be expanded on the form of Fourier trigonometric series along

the circular disconƟnuity to be matched term-by-term with the exact soluƟons of

the plate's differenƟal equaƟon. For our lens applicaƟon, the approach succeeds

in reducing the model down to 10 DOFs as opposed to 120 for the same accuracy

in the previous approach.

4.2 Normalized coordinates

Figure 4.1 shows planar views of the lens marked with definiƟons used by dif-

ferent models. Models 0 and 1 break the lens domain Ω into two subdomains

Ω1 and Ω2 while model 2 breaks it into 3 subdomains ΩI , ΩII and ΩIII (we have

assigned new labels for subdomains in model 2 to simplify the mathemaƟcal rep-

resentaƟon of variables later on). The lens diaphragm extends over a square with

cartesian coordinates x,y ∈ [−a/2,a/2] and it is convenient to introduce normal-

ized coordinates X = 2x/a andY = 2y/a. Thus, the locus of the lens pupil bound-

ary (ΓΩ1 in Fig. 4.1a or ΓΩI in Fig. 4.1b) and the ficƟƟous boundary ΓΩII in these

normalized cartesian coordinates are given by
√

X2 +Y 2 = γ1 and
√

X2 +Y 2 = γ2

where γ1 and γ2 respecƟvely are the raƟo of the lens pupil and the ficƟƟous circle

diameters to the diaphragm side length a.

The lens' circular and annular subdomains Ω1, ΩI and ΩII can be further nor-

malized to a radial coordinate, as shown in Fig. 4.2. For these subdomains, we

use the normalized radial coordinate r =
√

X2 +Y 2/γ0 with γ0 = γ1 for models 0

and 1 and to γ0 = γ2 for model 2. As shown in Fig. 4.2, the lens pupil boundary

for the different models is either of the circles r = 1 or r = α where α = γ1/γ2.
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4.3 New ansätze for model order reducƟon

4.3.1 Model 1

Model-1 dealswith the lens as a two subdomain problem similar tomodel 0, but it

uses a piecewise expansion of two different basis funcƟons for the displacement

approximaƟon in the pupil and actuator regions. Its displacement ansatz in the

lens subdomains is

Ω1: w(1)
0 = AI

0 +BI
0r2

+
NF

∑
n=2,4,6···

(
AI

nrn +BI
nrn+2)cos(nθ), (4.1)

Ω2: w(2)
0 =

NG

∑
k=1

CkΦk(X ,Y ), (4.2)

where w(1)
0 is the subfuncƟon of the displacement ansatz in the subdomain Ω1.

The ansatz partw(1)
0 is equivalent to having a circular FEMelementwith interpola-

Ɵon funcƟons formed as a product of two polynomials: one is an even polynomial

in r for the radial direcƟon and the other a cosine funcƟon for the circumferenƟal

direcƟon [29]. For the subdomain Ω2, the subfuncƟon w(2)
0 is the same Gegen-

bauer basis used in model 0 to enforce the clamped boundary condiƟons.
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4.3.2 Model 2

Model 2 deals with the lens as a three subdomain problem (refer to Fig. 4.1b).

To further improve the model accuracy over model 1 at low DOFs, this model

enlarges the membrane area over which the homogeneous soluƟon of the plate

equaƟon is used beyond the pupil area. Therefore, it adds a ficƟƟous boundary

ΓΩII that amounts to having a new annular subdomain ΩIII. Its displacement

ansatz in the lens subdomains becomes

ΩI: w(I)
0 = AI

0 +BI
0r2

+
NF

∑
n=2,4,6,···

(
AI

nrn +BI
nrn+2)cos(nθ), (4.3)

ΩII: w(II)
0 = AII

0 +BII
0 r2 +CII

0 ln(r)+DII
0 r2 ln(r)

+
NF

∑
n=2,4,6,···

(
AII

n rn +BII
n rn+2

+CII
n r−n +DII

n r−n+2
)

cos(nθ), (4.4)

ΩIII: w(III)
0 =

NG

∑
k=1

CkΦk(X ,Y ), (4.5)

where w(II)
0 is the subfuncƟon of the displacement ansatz over the new annu-

lar subdomain ΩII. Its coefficients are AII
i , BII

i , CII
i and DII

i where i = 0,2, · · ·NF .

w(II)
0 uses even terms of the full homogeneous soluƟon to the plate equaƟon in-

cluding logarithmic and negaƟve-power terms, because the subdomain ΩII does

not enclose the origin. To maximize the membrane area over which w(II)
0 is used,

we have chosen the ficƟƟous circle's raƟo γ2 = 1 in the model-2's computaƟon.

This choice means that the homogeneous soluƟon is used over the area of the

inscribed circle of the square diaphragm. The subfuncƟon w(II)
0 is equivalent to
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having an annular FEM element similar to [29]. The subfuncƟon w(I)
0 is used for

the pupil subdomain as in model 1 while w(III)
0 is used over the subdomain ΩIII to

enforce the clamped condiƟons, as discussed earlier.

4.4 VariaƟonal formulaƟon

We use the linear variaƟon formulaƟon developed in chapter 2. By subsƟtuƟng

with the new ansätze, the linear system of equaƟons becomes, for each model,

Model 1:
(

TT
1 HΩ1T1 +RΩ2

k1k2

)
C = Fk2 (4.6)

Model 2:
(

TT
I HΩITI +TT

IIH
ΩIITII +RΩIII

k1k2

)
C = TT

IIFII +Fk2. (4.7)

For the mathemaƟcal construcƟon of the matrices in Eqs. (4.6) and (4.7), the

reader may refer to Ref. [51].

4.5 ComparisonbetweenvariaƟonalmodels

In this secƟon, we compare the three variaƟonal models taking FEM simulaƟons

as a reference. In addiƟon, we have carried out a convergence analysis of these

models over the displacement and the opƟcal parameters (F# and RMSWFE).
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4.5.1 VariaƟonal soluƟons versus FEM simulaƟons

Figure 4.3 shows displacement profiles from variaƟonal soluƟons for the three

models, and FEM simulaƟons for various pupil opening raƟos. Models 0 and 1

show similar behavior when pupil opening raƟos are small and the Gegenbauer

basis is used formost of themembrane area inmodel 1. Thus, for these raƟos, the

contribuƟon of the Gegenbauer-basis terms to the electrical enthalpy of model 1

dominates other contribuƟons and the curves resemble those of model 0 which

uses this basis only. This is evident for displacement profiles with γ1 < 0.6, as

shown in Fig. 4.3. The larger the value of γ1 is, the more dissimilar are the dis-

placement curves of the two models and the beƩer is the agreement between

model 1 and FEM.

Model 2 with N = 3 has the worst displacement approximaƟon of all models

for most pupil openings, but this improves with increasing N value. Model 2 with

N = 7 provides beƩer displacement approximaƟons than the other models for

all pupil openings of interest. In Fig. 4.3, this becomes parƟcularly clear for the

displacement curves of model 2 with γ1 ≤ 0.3 when compared to models 0 and

1.

To compare the variaƟonal soluƟon forwNG of the differentmodels to the FEM

result wFEM, we monitor the l2 relaƟve error norm named here as ζw. ζw curves

for different models and various γ1 values are shown in Fig. 4.4. It is evident that

model 0 shows decreasing, in most cases, nonmonotonic trends for increasing

N. However, model 1 shows smoothly decreasing trends and even reaches the

highest accuracy at certain N values for γ1 raƟos≥ 0.4.

Model 2's approximaƟons appear to be worse with lower order N, but they

improve with increasing N. AŌer N = 7, the error flaƩens for all pupil opening
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Figure 4.3: Displacement profiles in xz−plane from FEM and different models
at N = 3 and N = 7 for different values of raƟo γ1 with piezoelectric material at
Vp =−10V .
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raƟos of interest and model 2 reaches the highest accuracy. Thus, model 2 can

outperform the other models with only 10 DOFs.
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Figure 4.4: l2 relaƟve error norm for the displacement versus number of polyno-
mials N for different models.

4.5.2 OpƟcal SimulaƟons

Figure 4.5 shows the opƟcal parameters from different models with various N

compared to those from FEM simulaƟons. Model 0's approximaƟons show os-

cillatory behavior for the opƟcal parameters with increasing N similar to the ζw

curves. Model 1's approximaƟons approach the opƟcal parameters from FEM in
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a more uniform way. For γ1 ≤ 0.3, approximaƟons from models 0 and 1 become

similar for the same reason menƟoned earlier for their displacements.

For model 2 with N = 1, ζw is greater than 0.8 for most γ1 values of interest.

Thus, we have omiƩed opƟcal parameters at that parƟcular value of N. The op-

Ɵcal parameters fromModel 2 rapidly approach those of FEM and increasing the

value of N above 7 does not add any further improvements.

To asses the ability of the variaƟonal models in approximaƟng the opƟcal pa-

rameters over various pupil openings, we monitor the l2 relaƟve error norms of

1/F# and RMSWFE expressed as

ζ1/F# =
[∑γ1(1/F#FEM −1/F#Model)2

∑γ1(1/F#FEM)2

]1/2
, (4.8)

ζRMSWFE =
[∑γ1(RMSWFEFEM −RMSWFEModel)2

∑γ1(RMSWFEFEM)2

]1/2
. (4.9)

The sums in the above equaƟons are over a set of lenseswith γ1 values ranging

from 0.1 to 0.9 in steps of 0.02. In this aspect, the parameters ζ1/F# and ζRMSWFE

will indicate the effecƟveness of each variaƟonal model to approximate the lens'

opƟcal performance over a wide range of pupil openings. Figure 4.6 shows these

norms versus N for the three models. Model 0 and 1 show similar behaviors for

1/F# curves, but model 1 shows an improved performance forRMSWFE curves.

Model-1's ζRMSWFE curve is lower than the one for model 0 by nearly 50% at all

N values. Model 2 starts on the wrong foot, but it becomes more accurate as N

is increased. When N reaches 7, it becomes the most accurate among the other

models. For N ≥ 7, model 2 achieves accuracies of 5.1% and 2.1% respecƟvely

for RMSWFE and 1/F#.

For a certain polynomial order, the three models have the same NG DOFs but

their accuracy varies depending on the type of basis funcƟons. Model 2 has re-

duced these DOFs to only 10 as it uses the homogeneous soluƟon of the plate
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Figure 4.5: Reciprocal F# and RMSWFE versus the raƟo γ1, all with Vp = −10V
and λ = 550nm for the three models.
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Figure 4.6: l2 relaƟve error norm of (a) reciprocal F# and (b) RMSWFE versus
order N for three models.

differenƟal equaƟon over most of the membrane area. With the same DOFs,

model 0 predicts RMSWFE and 1/F# with the respecƟve accuracies of 11.4%

and 66.2%, as shown in Fig. 4.6. It has needed as much as 120 DOFs to bring the

accuracies down to those of model 2 in order to provide an acceptable represen-

taƟon of the lens' opƟcal performance [49].

4.6 New ansätze relaƟon to Zernike polyno-

mials

Models 1 and 2 use craŌed problem-specific trial funcƟons to yield accurate solu-

Ɵon starƟng with a low-order ansatz. Models 1 and 2 are also powerful tools for

opƟcal wavefront representaƟons because they can analyƟcally yield the Zernike

coefficients to represent the lens surface. Since the displacement ansatz inside

the pupil region has the form of Fourier cosine series, it can be easily mapped to

Zernike polynomials Zm′
n′ [45]. The squared value of Zernike coefficients is calcu-
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lated through projecƟon from

Model 1:

a2
n′m′ =

∫ 1

0

∫ 2π

0
w(1)

0 (r)Zm′
n′ (r,θ)rdrdθ, (4.10)

Model 2:

a2
n′m′ =

∫ 1

0

∫ 2π

0
w(I)

0 (αr)Zm′
n′ (r,θ)rdrdθ (4.11)

where

Zm′
n′ = Rm′

n′ (r)cos(m′θ)

=

n′−m′
2

∑
k=0

ηn′m′krn′−2k cos(m′θ), (4.12)

ηn′m′k = (−1)k
(

n′− k
k

)(
n′−2k

n′−m′
2 − k

)
(4.13)

and n′ and m′ are nonnegaƟve even integers due to the lens symmetry. Their re-

specƟve maximum values are NF + 2 and NF from the w(1)
0 (or w(I)

0 ) expression

and according to the definiƟon of Zernike polynomials. In Eq. (4.11), the radial

variable is scaled by the factor α since Zernike polynomials are defined on a ref-

erence unit circle that is usually taken as the lens pupil.

From Eqs. (4.12) and (4.13), and subsƟtuƟng of w(1)
0 into Eqs. (4.10) and

(4.11), it equals

a2
n′,m′ = ζm′π

n′−m′
2

∑
k=0

ηn′m′k

( AI
m′τAm′

n′−2k+m′+2

+
BI

m′τBm′

n′−2k+m′+4

)
(4.14)

where AI
i and BI

i are the coefficients of the displacement ansatz' subfuncƟon in
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the pupil area. ζm′ is the Neumann factor that equals 2 if m′ = 0 and 1 otherwise.

Due to scaling of the radial variable, the correcƟon factors τ are defined as

Model 1: τA0 = τB0 = τAm′ = τBm′ = 1, (4.15)

Model 2: τA0 = 1,τB0 = α2,τAm′ = αm′
,

τBm′ = αm′+2. (4.16)

In that manner, the reduced models can subsƟtute the FEM mechanical simu-

laƟons of the lens and directly provide the Zernike coefficients represenƟng the

lens sag.
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5 Modeling piezoelectrically actuated

MEMS tuneable lenses with geomet-

ric nonlinearity

In the previous chapters, residual stresses due to fabricaƟon processes, as dis-

cussed in Sec. 1.2, have been neglected and also the actuaƟon voltage has been

kept low enough to stay within the linear regime. Accordingly, the linear model,

under those assumpƟons, has been accurate tomodel the lens performance. The

following chapter, in secƟon 5.1, presents a variaƟonal model for the geometri-

cally nonlinear behavior of the piezoelectrically actuated MEMS tunable lenses.

This model can explain the soŌening and hardening effects exhibited by the lens

during its operaƟon affecƟng its opƟcal performance. Thus, in the view of von

Kármán's plate theory, the presented nonlinear model predicts the lens displace-

ment aŌer solving a cubic nonlinear system of equaƟons and shows good agree-

ment with FEM simulaƟons over various combinaƟons of tensile and compressive

residual stresses. Then, secƟon 5.2 presents a quanƟtaƟve opƟcal performance

of the lens showing how the lens focus range is enlarged for a certain combinaƟon

of layers' residual stresses. Finally, in secƟon 5.3, the model succeeds in fiƫng

experiment when used in a constrained opƟmizaƟon scheme in which the layers'
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residual stresses and the effecƟve e31 piezoelectric coupling coefficient are the

fiƫng parameters.

A difficulty arises, specifically, from the burden of calculaƟng the variaƟonal

integrals for higher order sƟffnesses of the lens' circular pupil. Those integrals are

needed to solve the nonlinear equaƟons of moƟon. To fix that, we have wriƩen

the ansatz on the form of a Fourier trigonometric series and by using the orthog-

onality property of the trigonometric funcƟons, the number of these integrals

has been significantly reduced. For the mathemaƟcal treatment, the interested

reader may consult Ref. [52].

5.1 VariaƟonal formulaƟon

Considering von kármán strains, the nonlinear system of equaƟons minimizing

the energy can be wriƩen in Einestein notaƟon as

(
Rk1k2 +RN

k1k2

)
Ck1 +Rk1k2k3Ck1Ck2

+Rk1k2k3k4Ck1Ck2Ck3 −Fk2 = 0, (5.1)

where all the indices k1, k2, k3 and k4 enumerate from 1 toNG. The linear sƟffness

has two terms; the first term Rk1k2 is the linear sƟffness one would have without

geometric nonlinearity, while the second one RN
k1k2

is the contribuƟng sƟffness

due to the geometric nonlinearity to the linear sƟffness, and strongly depends on

the residual stresses and the piezoelectric coupling factor. The terms Rk1k2k3 and

Rk1k2k3k4 are the quadraƟc and cubic sƟffnesses resulƟng from contribuƟng the

transverse displacement w0 to the stretching strains. The term Fk2 represents the

equivalent forces due to piezoelectric coupling and residual stresses. To numer-
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ically solve Eq. (5.1), Newthon-raphson method with an analyaƟcal jacobian has

been used [52].

5.1.1 VariaƟonal soluƟons versus FEM

In the analyzed cases, we have assumed bi-axial residual stresses in the xy-plane

and zero residual shear stress in each layer such that T R,(l)
xx = T R,(l)

yy = T R,(l) and

T R,(l)
xy = 0. Under various combinaƟons of tensile and compressive stresses, Fig.

5.1 shows that the variaƟonal soluƟons (N = 13) are in a good agreement with

FEM simulaƟons.

The horizontal subfigures with similar stress T R,(2) in the PZT layer, show that

the amplitudes of counterpart displacements at the same voltage, decrease with

increasing the stress in the glass layer T R,(1). This indicates that T R,(1) only affects

the sƟffness terms RN
k1k2

not the force ones Fk2 (refer to ( Eqs.2.32 ) and (2.33)).

The effect of T R,(1) becomes crystal clear for the curves with T R,(2) = 0. No effect

of T R,(1) on Fk2 integrals occurs as a result of integraƟng Φk2,XX and Φk2,YY in the

expression MR,(1)
xx Φk2,XX +MR,(1)

yy Φk2,YY (refer to Eq. (2.32)) over the whole glass

layer, which leads to zero due to the clamping condiƟon of zero slope. However,

this is not the case for the T R,(2) since the PZT layer has a central hole causing the

resultant Fk2 integrals to be nonzero. By looking at the verƟcal subfigures with

the same T R,(1) value, we can infer that T R,(2) changes both the terms RN
k1k2

and

Fk2 . Hence, the changes in the iniƟal bending profile whether it is upwards with

(zero or tensile T R,(2)), or downwards with compressive T R,(2). Another evidence

is the variance in the displacement-to-voltage sensiƟvity when comparing groups

of two displacement profiles at two alike voltages at different values of T R,(2)

(refer to the verƟcal subfigures in Fig. 5.1).

The value of the stress T R,(2) drasƟcally changes the lens opƟcal performance,
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Figure 5.1: Displacement profiles in xz−plane from FEM (dashed) and the varia-
Ɵonal tool (N = 13) for γ0 = 0.5 at different layer stresses and voltages. They are
at different voltages ranging from -4V (colored blue) to -28V (colored dark green)
with a constant step of -4V.
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as shown in Fig. 5.1. Its value determines the course of the nonlinear behavior

to be either soŌening, hardening or both; similar to the laminated plate loaded

by a pressure in [53]. With a compressive T R,(2), the membrane is iniƟally bent

downwards exhibiƟng a soŌening effect such that themembrane shows less sƟff-

ness, allowing high displacement-to-voltages sensiƟvity. As the voltage is modi-

fied from -4V to -28Vwith constant steps of -4V, this soŌening effect swaps to be a

hardening effect once the membrane bending profiles change from being down-

wards to upwards and the displacement-to-voltage sensiƟvity decreases. In that

scheme with compressive T R,(2), the lens possibly would have a wider tunable

range of focal lengths due to being operated both as a plano-concave and plano-

convex lens, based on the biasing voltage value. Differently, with zero and tensile

T R,(2), the membrane exhibits only a hardening effect with varying the biasing

voltage values and the iniƟal profiles are bent upwards with slowly increasing

amplitudes not matching the increase in voltage values when visually compared

to their counterpart curves but with a compressive T R,(2). Themore tensile T R,(2)

becomes, the stronger the hardening effects and the lower the displacement-to-

voltage sensiƟvity. This can be noƟced from the counterpart curveswith the same

value of T R,(2) in the last two rows in Fig. 5.1. Therefore, larger tensile stresses

will limit the lens' tunable range of focal lengths and consequently the opƟcal

power swing that could be achieved by the lens.

5.2 QualitaƟve opƟcal performance

We dedicate this secƟon to qualitaƟvely discuss the lens' opƟcal performance us-

ing FEM soluƟons in terms of RMS-wavefront-error (RMSWFE), and opƟcal power

swing (OPS). OPS is defined as the difference between the largest and the lowest
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Figure 5.2: Displacement profiles in xz−plane from FEM (dashed) and the vari-
aƟonal tool (N = 13) for other γ0 values at different layer stresses and voltages.
They are at different voltages ranging from -4V (colored blue) to -28V (colored
dark green) with a constant step of -4V.
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opƟcal powers obtained by the lens for a certain voltage range; where (1/ f ) is the

opƟcal power and f is the lens' focal length. The menƟoned opƟcal parameters

are the tunable lens' performance metrics that are to be used for system-level

simulaƟons when the lens is to be combined with a fixed-focal-length lens. The

higher the opƟcal power swing and the lower the RMSWFE, the beƩer this tun-

able lens.

Based on the residual stresses values, the bending profile atVP = 0may be not

flat and the tunable lens alone has a non-zero iniƟal opƟcal power. If this lens is

directly combinedwith a fixed-focal-length lens, the on-axis rays from an object at

infinity would be focused at a distance either in front or behind the image plane

(i.e the image sensor). However, this situaƟon can be remedied by modifying

the curvature of the first surface of the fixed-focal-length lens and the distance

separaƟng it from the tunable lens unƟl the on-axis rays from an object at infinity,

are in focus at the center of the image plane. In that manner, the combinaƟon of

the two lenses has no opƟcal power at 0V.

Figure 5.3 shows opƟcal metrics using the lens sag from FEM simulaƟons for

γ0 = 0.6. In the view of the displacement profiles from Fig. 5.1 and the opƟ-

cal simulaƟons, if T R,(2) is compressive, the lens can be operated as a plano-

convex/plano-concave lens and can possibly achieve the highest opƟcal power

swing with the lowest RMSWFE for a certain PZT stack. For T R,(2) = −100 MPa,

OPS is 11.9 diopters, which is higher when compared to other stress values as

shown in Tab. 5.1. However, if the stress T R,(2) becomes tensile, the iniƟal bend-

ing profile is upwards and the sensiƟvity of the displacement-to-voltage becomes

less than the situaƟons in which T R,(2) is zero or compressive. In this case, the

lens has a large iniƟal opƟcal power that slowly changes with increasing voltage,

which results in having smaller opƟcal power swings and higher RMSWFEs. For

T R,(2) = 100 MPa, OPS is reduced to 5.5 diopters and the opƟcal power is slowly
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varied with voltage which matches with slowly varied displacement in Fig. 5.1.
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Figure 5.3: γ0a/ f and RMSWFE versus actuaƟon voltage Vp for different T R,(2)

values at T R,(1) = 0, γ0 = 0.6 and λ = 550nm.

Table 5.1: Optical power swing for a 30-V source.
T R,(1) [MPa] -100 0 100

OPS [diopter] 11.9 8.3 5.5

The residual stresses can be controlled through engineering the fabricaƟonal

process of the PZT stack and the layers onwhich it ismounted, through opƟmizing

the layers' thicknesses and thermal expansion coefficients. These stresses could

be adjusted in a manner that improves the lens' opƟcal performance metrics.
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5.3 Model versus Measurements
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Figure 5.4: (a) Measured displacement profile at 0V. (b) Measured displacement
profile at 0 V aŌer numerical treatment to remove Ɵlt, rotaƟonal misalignment
and distorted data around the electrode's inner edges. (c) Cross-secƟonal profiles
from the measurements and model fiƫngs at three voltages.

To assess the model's effecƟveness in modeling the piezoelectric coupling in

such lenses, we try to validate the model versus experiment. The measured de-

vice is fabricated using Silex-Microsystem's Piezo-MEMS process [24]. The device

stack is Si/SiO2/Ti/TiO2/Pt/PZT/Au, but the silicon layer is dry etched leaving a lay-

ered structure. AŌer etching, a silicon frame is leŌ to mechanically hold the lens

and provide clamping condiƟons at its four edges. When the lens is fabricated,

there are uncertainƟes in determining the exact values of layer stresses (T R,(1),

T R,(2)) and the effecƟve piezoelectric coupling factor e31. Thus, these parameters

are the model's fiƫng parameters whose values are to be opƟmized unƟl a good

agreement is reached between the model and the measurements.

Differently from the simulated devices, the measured device has the struc-

tural parameters a = 3.2mm and γ0 =0.41. The 2-D displacement profiles have

been measured using a WYKO white light interferometer NT9100 (Bruker Corp.)
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[54] in air and the piezo-stack was biased through two pairs of metal pins touch-

ing the device' electric pads that were placed at the clamped silicon frame such

that probing would not affect the membrane displacement. To have good resolu-

Ɵons, we have only monitored a rectangular part of the diaphragm area defined

by 3.2mm× 2mm. Themeasured displacement profiles have asymmetry that can

not be captured with the basis funcƟons used in fiƫng that are forced to have

90◦-fold symmetry. Therefore, before fiƫng, the measured data has been nu-

merically treated to remove Ɵlts, rotaƟonal misalignment and the distorted data

along the boundary separaƟng the actuator and the pupil, as shown in Figs. 5.4a

and 5.4b.

The variaƟonal model is used in a constrained opƟmizaƟon scheme such that

the fiƫng parameters are trimmed unƟl a match between the experimental mea-

surement and the model is reached. This matching happens through the follow-

ing minimizaƟon criterion

min
T R,(1),T R,(2),e31

3

∏
k=1

ζw,k, (5.2)

where the index k enumerates from 1 to 3 denoƟng three voltage measurements

of 0, 20 and 30 volts, and ζw,k is the l2-relaƟve error norm for the kth measure-

ment. However, ζw,k here was calculated for the 2-D surface displacement and

not just for the cross-secƟonal profiles as in the simulaƟons part. The objecƟve

funcƟon is formulated as a product in order not to favor one of the measured

profiles based on amplitudes, which happens if the objecƟve funcƟon is simply

the sum of errors. In that manner, our fiƫng criterion simultaneously provides

good fiƫngs for the three measured voltages.

The process [24] provides a bulk piezoelectric coupling coefficients larger than

-15 C/m2, which corresponds to e31 of -21 C/m2 and has been used as an iniƟal
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value of the coefficient e31. However, the iniƟal values of the stresses are ex-

tracted from measuring test structures on the same wafer as the measured de-

vice. These test structures have stacks as Si/SiO2, Si/SiO2/Ti/TiO2/Pt and Si/SiO2/Ti/TiO2/Pt/PZT.

These stacks have been progressively simulated in COMSOL as a new layer is

added and the biaxial stresses in the added layer are finely tuned unƟl a good

match is reached between simulaƟons and the measured profiles. However, in

our modeling approach, we here have neglected the adhesion and electrode lay-

ers. Thus, this leaves uswith only two layer stressesT R,(1)=-11MPa andT R,(2)=26

MPa.

The variaƟonal model has been used in a constrained opƟmizaƟon scheme

using the the MATLAB funcƟon "fmincon". The lower and upper bounds of the

fiƫng parameters are set to freely vary as a percentage of±50% from their iniƟal

values. The iniƟal and fiƫng values are listed in Table 5.2. The fiƫng value of e31

is -20C/m2 corresponds to a bulk piezoelectric coefficient e31 of -14 C/m2, which

is close to the value reported by [24]. Figure 5.4c shows that the fiƫngs from the

model (N = 13) are in good agreement with the measurements for all the three

voltages.

Table 5.2: The fitting parameters.
Parameter initial value fitted value

T R,(1) -11 MPa -15 MPa
T R,(2) 26 MPa 29 MPa

e31 -21 C/m2 -20 C/m2
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6 Conclusions and proposal for fu-

ture research

6.1 Conclusions

Modeling frameworks for the linear and geometrically-nonlinear performance of

piezoelectrically actuated MEMS tunable lenses are reported in this thesis. Start-

ing with Hamilton's principle, variaƟonal formulaƟons have resulted in obtaining

equaƟons of moƟon, which can be solved in MATLAB in a Ɵme less than it takes

a FEM program to solve the same problem. The presented models have been

verified versus FEM and measurements.

We have constructed a modeling framework that has two major parts. Its

first part is to model the staƟc electromechanical performance, while the sec-

ond part is to invesƟgate quanƟtaƟvely the tunable lens's opƟcal performance

using ray tracing by analyzing its F-number (F#), RMSwavefront error (RMSWFE)

and ModulaƟon Transfer FuncƟon (MTF). Different symmetric configuraƟons of

d31 piezoelectric actuators have been invesƟgated. In this way, we have found

opƟmal sets of actuators' geometrical parameters that would give a diffracƟon-
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limited tunable lens.

A key pillar in the success of our modeling framework is the choice of suit-

able displacement ansätze (the weighted Gegenbauer polynomials in Ch. 3 and

the new ansätze in Ch. 4). They saƟsfy the mechanical boundary condiƟons, and

more importantly the lens displacement within the pupil area can be analyaƟ-

cally expressed in terms of Zernike polynomials; which are suitable for the opƟcal

representaƟon of the lens' wavefront. In this manner, this has helped in having

an error free transformaƟon of the lens sag without the need to export a fine

grid-points of the displacement at the pupil area in case of using FEM soluƟons.

Another key pillar is the pre-calculaƟon of the (linear and nonlinear) variaƟonal

integrals in terms of the actuator's geometrical parameters, which have enabled

the modeling framework to be faster compared to FEM especially during an op-

ƟmizaƟon search for an opƟmum parameter sets.

First, we have invesƟgated linear model for lens with different polygonal pupil

shapes. It has been proved to be in agreementwith FEMsimulaƟonwith a relaƟve

error norm less than 10%. Among different pupil shapes, the circularly shaped

pupil has been proved to achieve a diffracƟon-limited lens with the widest aper-

ture area with an area factor 0.26 compared to the square diaphragmwith nearly

4.5 diopter for a 10-V swing. Second, and through opƟcal simulaƟon, when the

tunable lens is combinedwith fixed lens, the overallMTF has been preserved from

degradaƟon over a range of object distance aŌer refocusing. However, a closer

look at the combined MTF shows that the performance is diffracƟon limited up

to the field point (0, 0.6839mm) that corresponds to a ±10◦ FOV. Beyond that

angle, the MTF drops due to the tunable lens' off-axis aberraƟons. For a larger

FOV, a simultaneous redesign of the tunable and fixed lens would be helpful to

compensate for the dominant off-axis aberraƟon.

Third, we have invesƟgated a design idea called pupil masking in which the
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lens pupil is kept circular while invesƟgaƟng different polygonal openings in the

piezoelectric actuator. As a result, the 45-rotated square opening in the piezeo-

electric actuator is found to give a trade-off between the focal lens and the RM-

SWFE allowing having larger apertures. In addiƟon, such design idea allows hav-

ing lenses with lower RMSWFE at the expense of the dioptric power when com-

pared with the original design of the circular-shaped pupil with the same pupil

opening. For example, with γ= γop = 0.7, the 45-rotated square opening achieves

f = 389mm and RMSWFE of 0.0133 waves, while the circular-shaped pupil with

the same raƟo γ = 0.7 achieves f = 293mm and RMSWFE= 0.0395 waves, which

is 1 diopter beƩer 1/ f but 3.4 Ɵmes worse RMSWFE.

Fourth, a weakness in the previous ansatz has been idenƟfied and there is a

room for further improvement of themodel. This weakness has been the inability

of the weighted Gegenbauer polynomials alone to account for the disconƟnuity

of the lens' layered structure at the pupil opening, as well as the high order (i.e.

120 DOFs) needed to have higher accuracies. Hence, we have been moƟvated to

invesƟgate new analyaƟcal ansätze that are piecewise subfuncƟons; one is the

weighted Gegenbauer polynomials to enforce the lens boundary condiƟons, and

the others are the exact soluƟons of the circular plate's differenƟal equaƟons. To

be redundant, the newmodels' subfuncƟon within the pupil can sƟll can mapped

to Zernike polynomials. Consequently, we have invesƟgated two other models

and fully deduced their variaƟonal formulaƟon. The new two models have been

proven to achieve less order and higher accuracies than those achieved by us-

ing solely the weighted Gegnenbauer polynomials. For example, model 2 with

10 DOFs achieves accuracies of 5.1% and 2.1% for RMSWFE and 1/F# while

model 0, with the same number of DOFs, can only achieve respecƟve accuracies

of 66.2% and 11.4%. Model 2 has been a success because the larger this area

over which the exact soluƟon for the elasƟc plate differenƟal equaƟon is used,
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the lower is the number of DOFs needed to reach high accuracy in terms of me-

chanical and opƟcal parameters.

Finally, we have been moƟvated to extend the variaƟonal model to include

geometric-nonlinearity, since in reality there is impossibility to have such lens

structure with zero residual stresses and to limit actuaƟon voltage values to the

linear regime. Therefore, we have considered von Kármán's strains and devel-

oped the cubic equaƟons of moƟon to solve for the displacement. Because of the

disconƟnuity at the lens pupil, the quadraƟc sƟffness terms in the cubic equaƟon

of moƟon are nonzero. This consequently affects the lens during operaƟon and

causes hardening and soŌening effects that can be uƟlized in increasing the lens

tunable range of focal length. For a certain combinaƟon of layer stresses dur-

ing fabricaƟon, the lens can be operated simultaneously as a plano-convex and a

plano-concave lens, which has extend the opƟcal power lens from 8.3 diopters

(no stresses) to 11.9 diopters for a 30-V voltage source. To verify the nonlin-

ear model versus measurements, it has been used in a constrained opƟmizaƟon

scheme with fiƫng parameters (layer stresses and piezoelecƟrc coupling coeffi-

cient e31), which has resulted in showing good agreement of the model with the

measurement.

In pracƟce, the developed models can be uƟlized for opƟmizaƟon of different

material choices and layers thicknesses to find the opƟmum geometrical parame-

ter of the piezoelectric actuator. In addiƟon, these developedmodels can be used

by system-level lens designers. Accordingly, they can avoid the burden of simulat-

ing different actuators of the lens firstly using FEM, then export the lens displace-

ment profiles to opƟcal program to calculate the opƟcal performance. Neverthe-

less, the presented models can be generally used for any similar structures aŌer

reformulaƟng the variaƟonal formulaƟon to include the actuaƟng forces due to

e.g. pressure or thermoelasƟcity.
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6.2 Proposals for future research

The next logical step is to extend the variaƟonal model to be a dynamic model in

which the displacement ansatz can be wriƩen on the form

w0 ≈= wNG =
NG

∑
k1=0

Ck1(t)Φk1(X ,Y ), (6.1)

which leads to having the following equaƟon of moƟon, aŌer adding damping

terms, in Einstein notaƟon to be wriƩen as

Rk1k2Ck2 +ζk1k2Ċk2 +Mk1k2C̈k2 = Fk2, (6.2)

where

ζk1k2 = αRRk1k2 +αMMk1k2, (6.3)

such that αM and αM are Rayleigh damping coefficients.

A dynamic model allows building an equivalent circuit as shown in Fig. 6.1,

which its parameters can be fetched from Eq. (6.2). This enables system-level

simulaƟons of the lens dynamics that are of importance when it comes to focal

length adjustment during focusing at different objects inside an image frame.

Figure 6.2 shows step response resulƟng form dynamic simulaƟons using the

models from Ch. 4 and with a comparison with FEM soluƟons. To emphasize on

the usefulness of our model, our dynamic model has taken 3 minutes while FEM

has taken 1.5 hour for the same transient simulaƟons.

Up to this point, the polymer has been assumed to be weightless and to have

low Youngmodulus such that it does not affect themembrane bending. However,

this in reality would depend on its thickness. Accordingly, Eq. (6.2) paves the way
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Figure 6.1: Equivalent circuit of the tunable lens.

to include a model for the polymer and allow system-level simulaƟons such as

sweeping focus range in the process for the camera to focus ondifferent objects to

be captured in images. This will allow monitoring the change of RMSWFE versus

Ɵme unƟl the lens movement reaches steady state.
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Figure 6.2: Step response of the lens using the ansatz of (a) model 0 (b) model 1,
and (c) model 2 with Rayleigh parameters αR = 10−6 s and αM = 10−4 s−1.
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Table A.1: Zernike polynomials Zm
n .

i n m Zm
n

0 0 0 1
1 1 1 rcos(θ)
2 1 -1 rsin(θ)
3 2 0 2r2 −1
4 2 2 r2cos(2θ)
5 2 -2 r2sin(2θ)
6 3 1 −cos(θ)(2r−3r3)

7 3 -1 −sin(θ)(2r−3r3)

8 3 3 r3cos(3θ)
9 3 -3 r3sin(3θ)
10 4 0 6r4 −6r2 +1
11 4 2 −cos(2θ)(3r2 −4r4)

12 4 -2 −sin(2θ)(3r2 −4r4)

13 4 4 r4cos(4θ)
14 4 -4 r4sin(4θ)
15 5 1 cos(θ)(10r5 −12r3 +3r)
16 5 -1 sin(θ)(10r5 −12r3 +3r)
17 5 3 −cos(3θ)(4r3 −5r5)

18 5 -3 −sin(3θ)(4r3 −5r5)

19 5 5 r5cos(5θ)
20 5 -5 r5sin(5θ)
21 6 0 20r6 −30r4 +12r2 −1
22 6 2 cos(2θ)(15r6 −20r4 +6r2)

23 6 -2 sin(2θ)(15r6 −20r4 +6r2)

24 6 4 −cos(4θ)(5r4 −6r6)

25 6 -4 −sin(4θ)(5r4 −6r6)

26 6 6 r6cos(6θ)
27 6 -6 r6sin(6θ)
28 7 1 −cos(θ)(−35r7 +60r5 −30r3 +4r)
29 7 -1 −sin(θ)(−35r7 +60r5 −30r3 +4r)
30 7 3 cos(3θ)(21r7 −30r5 +10r3)

31 7 -3 sin(3θ)(21r7 −30r5 +10r3)

32 7 5 −cos(5θ)(6r5 −7r7)

33 7 -5 −sin(5θ)(6r5 −7r7)

34 7 7 r7cos(7θ)
35 7 -7 r7sin(7θ)
36 8 0 70r8 −140r6 +90r4 −20r2 +1
37 8 2 −cos(2θ)(−56r8 +105r6 −60r4 +10r2)
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i n m Zm
n

38 8 -2 −sin(2θ)(−56r8 +105r6 −60r4 +10r2)

39 8 4 cos(4θ)(28r8 −42r6 +15r4)

40 8 -4 sin(4θ)(28r8 −42r6 +15r4)

41 8 6 −cos(6θ)(7r6 −8r8)

42 8 -6 −sin(6θ)(7r6 −8r8)

43 8 8 r8cos(8θ)
44 8 -8 r8sin(8θ)
45 9 1 cos(θ)(126r9 −280r7 +210r5 −60r3 +5r)
46 9 -1 sin(θ)(126r9 −280r7 +210r5 −60r3 +5r)
47 9 3 −cos(3θ)(−84r9 +168r7 −105r5 +20r3)

48 9 -3 −sin(3θ)(−84r9 +168r7 −105r5 +20r3)

49 9 5 cos(5θ)(36r9 −56r7 +21r5)

50 9 -5 sin(5θ)(36r9 −56r7 +21r5)

51 9 7 −cos(7θ)(8r7 −9r9)

52 9 -7 −sin(7θ)(8r7 −9r9)

53 9 9 r9cos(9θ)
54 9 -9 r9sin(9θ)
55 10 0 252r10 −630r8 +560r6 −210r4 +30r2 −1
56 10 2 cos(2θ)(210r10 −504r8 +420r6 −140r4 +15r2)

57 10 -2 sin(2θ)(210r10 −504r8 +420r6 −140r4 +15r2)

58 10 4 −cos(4θ)(−120r10 +252r8 −168r6 +35r4)

59 10 -4 −sin(4θ)(−120r10 +252r8 −168r6 +35r4)

60 10 6 cos(6θ)(45r10 −72r8 +28r6)

61 10 -6 sin(6θ)(45r10 −72r8 +28r6)

62 10 8 −cos(8θ)(9r8 −10r10)

63 10 -8 −sin(8θ)(9r8 −10r10)

64 10 10 r10cos(10θ)
65 10 -10 r10sin(10θ)
66 11 1 −cos(θ)(−462r11 +1260r9 −1260r7 +560r5 −105r3 +6r)
67 11 -1 −sin(θ)(−462r11 +1260r9 −1260r7 +560r5 −105r3 +6r)
68 11 3 cos(3θ)(330r11 −840r9 +756r7 −280r5 +35r3)

69 11 -3 sin(3θ)(330r11 −840r9 +756r7 −280r5 +35r3)

70 11 5 −cos(5θ)(−165r11 +360r9 −252r7 +56r5)

71 11 -5 −sin(5θ)(−165r11 +360r9 −252r7 +56r5)

72 11 7 cos(7θ)(55r11 −90r9 +36r7)

73 11 -7 sin(7θ)(55r11 −90r9 +36r7)

74 11 9 −cos(9θ)(10r9 −11r11)

75 11 -9 −sin(9θ)(10r9 −11r11)

76 11 11 r11cos(11θ)
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i n m Zm
n

77 11 -11 r11sin(11θ)
78 12 0 924r12 −2772r10 +3150r8 −1680r6 +420r4 −42r2 +1
79 12 2 −cos(2θ)(−792r12 +2310r10 −2520r8 +1260r6 −280r4 +21r2)

80 12 -2 −sin(2θ)(−792r12 +2310r10 −2520r8 +1260r6 −280r4 +21r2)

81 12 4 cos(4θ)(495r12 −1320r10 +1260r8 −504r6 +70r4)

82 12 -4 sin(4θ)(495r12 −1320r10 +1260r8 −504r6 +70r4)

83 12 6 −cos(6θ)(−220r12 +495r10 −360r8 +84r6)

84 12 -6 −sin(6θ)(−220r12 +495r10 −360r8 +84r6)

85 12 8 cos(8θ)(66r12 −110r10 +45r8)

86 12 -8 sin(8θ)(66r12 −110r10 +45r8)

87 12 10 −cos(10θ)(11r10 −12r12)

88 12 -10 −sin(10θ)(11r10 −12r12)

89 12 12 r12cos(12θ)
90 12 -12 r12sin(12θ)
91 13 1 cos(θ)(1716r13 −5544r11 +6930r9 −4200r7 +1260r5 −168r3 +7r)
92 13 -1 sin(θ)(1716r13 −5544r11 +6930r9 −4200r7 +1260r5 −168r3 +7r)
93 13 3 −cos(3θ)(−1287r13 +3960r11 −4620r9 +2520r7 −630r5 +56r3)

94 13 -3 −sin(3θ)(−1287r13 +3960r11 −4620r9 +2520r7 −630r5 +56r3)

95 13 5 cos(5θ)(715r13 −1980r11 +1980r9 −840r7 +126r5)

96 13 -5 sin(5θ)(715r13 −1980r11 +1980r9 −840r7 +126r5)

97 13 7 −cos(7θ)(−286r13 +660r11 −495r9 +120r7)

98 13 -7 −sin(7θ)(−286r13 +660r11 −495r9 +120r7)

99 13 9 cos(9θ)(78r13 −132r11 +55r9)

100 13 -9 sin(9θ)(78r13 −132r11 +55r9)

101 13 11 −cos(11θ)(12r11 −13r13)

102 13 -11 −sin(11θ)(12r11 −13r13)

103 13 13 r13cos(13θ)
104 13 -13 r13sin(13θ)
105 14 0 3432r14 −12012r12 +16632r10 −11550r8 +4200r6 −756r4 +56r2 −1
106 14 2 cos(2θ)(3003r14 −10296r12 +13860r10 −9240r8 +3150r6 −504r4 +28r2)

107 14 -2 sin(2θ)(3003r14 −10296r12 +13860r10 −9240r8 +3150r6 −504r4 +28r2)

108 14 4 −cos(4θ)(−2002r14 +6435r12 −7920r10 +4620r8 −1260r6 +126r4)

109 14 -4 −sin(4θ)(−2002r14 +6435r12 −7920r10 +4620r8 −1260r6 +126r4)

110 14 6 cos(6θ)(1001r14 −2860r12 +2970r10 −1320r8 +210r6)

111 14 -6 sin(6θ)(1001r14 −2860r12 +2970r10 −1320r8 +210r6)

112 14 8 −cos(8θ)(−364r14 +858r12 −660r10 +165r8)

113 14 -8 −sin(8θ)(−364r14 +858r12 −660r10 +165r8)

114 14 10 cos(10θ)(91r14 −156r12 +66r10)

115 14 -10 sin(10θ)(91r14 −156r12 +66r10)
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i n m Zm
n

116 14 12 −cos(12θ)(13r12 −14r14)

117 14 -12 −sin(12θ)(13r12 −14r14)

118 14 14 r14cos(14θ)
119 14 -14 r14sin(14θ)
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Weighted Gegenbauer polynomials

For N = 5, the double-indexed weighted Gegenbauer polynomials are

Φ00(X ,Y ) = (X2 −1)2(Y 2 −1)2, (B.1)

Φ02(X ,Y ) = (X2 −1)2(Y 2 −1)2(99Y 2/2−9/2) (B.2)

Φ20(X ,Y ) = (X2 −1)2(Y 2 −1)2(99X2/2−9/2) (B.3)

Φ22(X ,Y ) = (X2 −1)2(Y 2 −1)2(99X2/2−9/2)(99Y 2/2−9/2) (B.4)

Φ04(X ,Y ) =
33
8
(X2 −1)2(Y 2 −1)2(195Y 4 −78Y 2 +3) (B.5)

Φ40(X ,Y ) =
33
8
(X2 −1)2(Y 2 −1)2(195X4 −78X2 +3) (B.6)

Φ24(X ,Y ) =
297
16

(X2 −1)2(Y 2 −1)2(11X2 −1)(195Y 4 −78Y 2 +3) (B.7)

Φ42(X ,Y ) =
297
16

(X2 −1)2(Y 2 −1)2(11Y 2 −1)(195X4 −78X2 +3) (B.8)

Φ44(X ,Y ) =
1089
64

(X2 −1)2(Y 2 −1)2(195X4 −78X2 +3)(195Y 4 −78Y 2 +3)

(B.9)
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B.1 Mapping weighted Gegenbauer polyno-
mials to Zernike polynomials

Φ00(r,θ) =
(

3γ8

640
− γ6

16
+

5γ4

12
− γ2 +1

)
Z0

0 +
γ2

320
(
3γ3 −36γ4 +200γ2 −320

)
Z0

2

+
γ4

1344
(
9γ4 −84γ2 +280

)
Z0

4 +
γ4

672
(
−15γ4 +140γ2 −168

)
Z4

4

+
γ6

1280
(
3γ2 −16

)
Z0

6 +
γ6

384
(
−3γ2 +16

)
Z4

6 +
3γ8

8960
Z0

8

− γ8

896
Z4

8 +
γ8

128
Z8

8 (B.10)

Φ̃02 =

(
99γ10

1024
− 1611γ8

1280
+

513γ6

64
− 147γ4

8
+

135γ2

8
− 9

2

)
Z0

0

+
9γ2

35840

(
825γ8 −10024γ6 +57456γ4 −109760γ2 +67200

)
Z0

2

− 99γ2

17920

(
15γ8 −280γ6 +3024γ4 −6720γ2 +4480

)
Z2

2

+
3γ4

14336

(
825γ6 −8592γ4 +38304γ2 −43904

)
Z0

4

− 99γ4

7168

(
5γ6 −80γ4 +672γ2 −896

)
Z2

4

− 3γ4

7168

(
1155γ6 −10800γ4 +14560γ2 −2688

)
Z4

4

+
3γ6

10240
(
275γ4 −2148γ2 +5472

)
Z0

6

− 33γ6

5120
(
5γ4 −60γ2 +288

)
Z2

6 −
3γ6

1024
(
77γ4 −540γ2 +416

)
Z4

6

+
33γ6

1024
(
7γ4 −84γ2 +96

)
Z6

6 +
9γ8

71680
(
165γ2 −716

)
Z0

8 −
99γ8

35840
(
3γ2 −20

)
Z2

8

− 27γ8

35840
(
77γ2 −300

)
Z4

8 +
99γ8

5120
(
3γ2 −20

)
Z6

8 +
9γ8

5120
(
99γ2 −20

)
Z8

8

+
33γ10

14336
Z0

10 −
33γ10

35840
Z2

10 −
33γ10

5120
Z4

10 +
33γ10

5120
Z6

10 +
99γ10

5120
Z8

10 −
99γ10

1024
Z10

10 (B.11)
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Φ̃20 =

(
99γ10

1024
− 1611γ8

1280
+

513γ6

64
− 147γ4

8
+

135γ2

8
− 9

2

)
Z0

0

+
9γ2

35840

(
825γ8 −10024γ6 +57456γ4 −109760γ2 +67200

)
Z0

2

+
99γ2

17920

(
15γ8 −280γ6 +3024γ4 −6720γ2 +4480

)
Z2

2

+
3γ4

14336

(
825γ6 −8592γ4 +38304γ2 −43904

)
Z0

4

+
99γ4

7168

(
5γ6 −80γ4 +672γ2 −896

)
Z2

4

− 3γ4

7168

(
1155γ6 −10800γ4 +14560γ2 −2688

)
Z4

4

+
3γ6

10240
(
275γ4 −2148γ2 +5472

)
Z0

6

+
33γ6

5120
(
5γ4 −60γ2 +288

)
Z2

6 −
3γ6

1024
(
77γ4 −540γ2 +416

)
Z4

6

− 33γ6

1024
(
7γ4 −84γ2 +96

)
Z6

6 +
9γ8

71680
(
165γ2 −716

)
Z0

8 +
99γ8

35840
(
3γ2 −20

)
Z2

8

− 27γ8

35840
(
77γ2 −300

)
Z4

8 +
99γ8

5120
(
3γ2 −20

)
Z6

8 +
9γ8

5120
(
99γ2 −20

)
Z8

8

+
33γ10

14336
Z0

10 +
33γ10

35840
Z2

10 −
33γ10

5120
Z4

10 −
33γ10

5120
Z6

10 +
99γ10

5120
Z8

10 −
99γ10

1024
Z10

10 (B.12)

Φ̃22 =

(
49005γ12

28672
− 20493γ10

1024
+

244377γ8

2560
− 14337γ6

64
+

8289γ4

32
− 1053γ2

8
+

81
4

)
Z0

0

+
81γ2

573440

(
27225γ10 −303600γ8 +1351616γ6 −2854656γ4 +2750720γ2 −931840

)
Z0

2

+
27γ4

114688

(
15125γ8 −151800γ6 +579264γ4 −951552γ2 +550144

)
Z0

4

− 27γ4

57344

(
21175γ8 −212520γ6 +782400γ4 −1191680γ2 +661248

)
Z4

4

+
27γ6

40960

(
3025γ6 −25300γ4 +72408γ2 −67968

)
Z0

6 −
27γ6

4096

(
847γ6 −7084γ4 +19560γ2 −17024

)
Z4

6

+
81γ8

286720
(
2475γ4 −15180γ2 +24136

)
Z0

8 −
81γ8

143360
(
3465γ4 −21252γ2 +32600

)
Z4

8

+
729γ8

20480
(
165γ4 −1012γ2 +1080

)
Z8

8 +
297γ10

14688
(
55γ2 −184

)
Z0

10 −
297γ10

40960
(
55γ2 −184

)
Z4

10

+
891γ10

40960
(
55γ2 −184

)
Z8

10 +
1485γ12

114688
Z0

12 −
297γ12

8192
Z4

12 +
891γ12

8192
Z8

12 −
9801γ12

8192
Z12

12 (B.13)
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Φ̃04 =

(
6435γ12

8192
− 22737γ10

2048
+

414711γ8

5120
− 25839γ6

128
+

13629γ4

64
− 1485γ2

16
+

99
8

)
Z0

0

+
99γ2

1146880

(
20475γ10 −275600γ8 +1876672γ6 −4209408γ4 +3700480γ2 −1075200

)
Z0

2

− 1287γ2

573440

(
525γ10 −9840γ8 +105280γ6 −263424γ4 +241920γ2 −71680

)
Z2

2

+
33γ4

229376

(
11375γ8 −137800γ6 +804288γ4 −1403136γ2 +740096

)
Z0

4

− 143γ4

114688

(
875γ8 −14760γ6 +135360γ4 −263424γ2 +145152

)
Z2

4

+
11γ4

114688

(
−38675γ8 +360360γ6 +72000γ4 −1370880γ2 +1016064

)
Z4

4

+
11γ6

81920

(
6825γ6 −68900γ4 +301608γ2 −300672

)
Z0

6 −
143γ6

40960

(
175γ6 −2460γ4 +16920γ2 −18816

)
Z2

6

+
11γ6

8192

(
−1547γ6 +12012γ4 +1800γ2 −19584

)
Z4

6 +
143γ6

8192

(
189γ6 −2324γ4 +3528γ2 −1152

)
Z6

6

+
9γ8

573440
(
20475γ4 −151580γ2 +368632

)
Z0

8 −
117γ8

286720
(
525γ4 −5412γ2 +20680

)
Z2

8

+
9γ8

286720
(
−23205γ4 +132132γ2 +11000

)
Z4

8 +
117γ8

40960
(
405γ4 −3652γ2 +3080

)
Z6

8

+
27γ8

40960
(
975γ4 +15444γ2 −18920

)
Z8

8 +
143γ10

229376
(
105γ2 −424

)
Z0

10 −
143γ10

573440
(
175γ2 −984

)
Z2

10

− 143γ10

81920
(
85γ2 −264

)
Z4

10 +
143γ10

81920
(
135γ2 −664

)
Z6

10 +
429γ10

81920
(
25γ2 +216

)
Z8

10 −
429γ10

16384
(
55γ2 −24

)
Z10

10

+
195γ12

32768
Z0

12 −
65γ12

16384
Z2

12 −
221γ12

16384
Z4

12 +
351γ12

16384
Z6

12 +
195γ12

16384
Z8

12 −
2145γ12

16384
Z10

12 +
6435γ12

16384
Z12

12 (B.14)
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Φ̃40 =

(
6435γ12

8192
− 22737γ10

2048
+

414711γ8

5120
− 25839γ6

128
+

13629γ4

64
− 1485γ2

16
+

99
8

)
Z0

0

+
99γ2

1146880

(
20475γ10 −275600γ8 +1876672γ6 −4209408γ4 +3700480γ2 −1075200

)
Z0

2

+
1287γ2

573440

(
525γ10 −9840γ8 +105280γ6 −263424γ4 +241920γ2 −71680

)
Z2

2

+
33γ4

229376

(
11375γ8 −137800γ6 +804288γ4 −1403136γ2 +740096

)
Z0

4

+
143γ4

114688

(
875γ8 −14760γ6 +135360γ4 −263424γ2 +145152

)
Z2

4

+
11γ4

114688

(
−38675γ8 +360360γ6 +72000γ4 −1370880γ2 +1016064

)
Z4

4

+
11γ6

81920

(
6825γ6 −68900γ4 +301608γ2 −300672

)
Z0

6 +
143γ6

40960

(
175γ6 −2460γ4 +16920γ2 −18816

)
Z2

6

+
11γ6

8192

(
−1547γ6 +12012γ4 +1800γ2 −19584

)
Z4

6 −
143γ6

8192

(
189γ6 −2324γ4 +3528γ2 −1152

)
Z6

6

+
9γ8

573440
(
20475γ4 −151580γ2 +368632

)
Z0

8 +
117γ8

286720
(
525γ4 −5412γ2 +20680

)
Z2

8

+
9γ8

286720
(
−23205γ4 +132132γ2 +11000

)
Z4

8 −
117γ8

40960
(
405γ4 −3652γ2 +3080

)
Z6

8

+
27γ8

40960
(
975γ4 +15444γ2 −18920

)
Z8

8 +
143γ10

229376
(
105γ2 −424

)
Z0

10 +
143γ10

573440
(
175γ2 −984

)
Z2

10

− 143γ10

81920
(
85γ2 −264

)
Z4

10 −
143γ10

81920
(
135γ2 −664

)
Z6

10 +
429γ10

81920
(
25γ2 +216

)
Z8

10 −
429γ10

16384
(
55γ2 −24

)
Z10

10

+
195γ12

32768
Z0

12 +
65γ12

16384
Z2

12 −
221γ12

16384
Z4

12 −
351γ12

16384
Z6

12 +
195γ12

16384
Z8

12 +
2145γ12

16384
Z10

12 +
6435γ12

16384
Z12

12 (B.15)
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Φ̃24 =

(
3185325γ14

262144
− 16969095γ12

114688
+

6110181γ10

8192
− 19688427γ8

10240
+

2684583γ6

1024
− 233739γ4

128
+

36531γ2

64
− 891

16

)
Z0

0

+
297γ2

9175040

(
875875γ12 −10284300γ10 +49375200γ8 −118793472γ6 +145780992γ4

−84618240γ2 +17633280
)

Z0
2

− 297γ2

917504

(
25025γ12 −376740γ10 +2363040γ8 −7069440γ6 +9886464γ4 −6128640γ2 +1290240

)
Z2

2

+
297γ4

1835008

(
175175γ10 −1904500γ8 +8229200γ6 −16970496γ4 +16197888γ2 −5641216

)
Z0

4

− 495γ4

917504

(
15015γ10 −209300γ8 +1181520γ6 −3029760γ4 +3295488γ2 −1225728

)
Z2

4

− 99γ4

917504

(
675675γ10 −7161700γ8 +28884240γ6 −52934400γ4 +45077760γ2 −14386176

)
Z4

4

+
99γ6

1310720

(
238875γ8 −2285400γ6 +8229200γ4 −12727872γ2 +6941952

)
Z0

6

− 99γ6

131072

(
6825γ8 −83720γ6 +393840γ4 −757440γ2 +470784

)
Z2

6

− 99γ6

131072

(
61425γ8 −572936γ6 +1925616γ4 −2646720γ2 +1287936

)
Z4

6

+
99γ6

131072

(
36855γ8 −452088γ6 +1999760γ4 −3205440γ2 +1716480

)
Z6

6

+
81γ8

9175040

(
875875γ6 −6856200γ4 +18104240γ2 −15556288

)
Z0

8

− 81γ8

917504

(
25025γ6 −251160γ4 +866448γ2 −925760

)
Z2

8

− 81γ8

4587520

(
1126125γ6 −8594040γ4 +21181776γ2 −16174400

)
Z4

8

+
81γ8

131072

(
19305γ6 −193752γ4 +628496γ2 −559680

)
Z6

8

+
81γ8

655360

(
353925γ6 −2391480γ4 +3723984γ2 −1559360

)
Z8

8 +
99γ10

1835008
(
40425γ4 −228540γ2 +329168

)
Z0

10

− 99γ10

917504
(
5775γ4 −41860γ2 +78768

)
Z2

10 −
99γ10

655360
(
37125γ4 −204620γ2 +275088

)
Z4

10

+
99γ10

131072
(
4455γ4 −32292γ2 +57136

)
Z6

10 +
297γ10

655360
(
27225γ4 −132860γ2 +112848

)
Z8

10

− 1485γ10

131072
(
1815γ4 −13156γ2 +13872

)
Z10

10 +
1755γ12

1835008
(
385γ2 −1172

)
Z0

12 −
585γ12

917504
(
165γ2 −644

)
Z2

12

− 117γ12

917504
(
7425γ2 −22036

)
Z4

12 +
3159γ12

917504
(
165γ2 −644

)
Z6

12 +
351γ12

917504
(
5445γ2 −14308

)
Z8

12

− 19305γ12

917504
(
165γ2 −644

)
Z10

12 −
11583γ12

917504
(
715γ2 −476

)
Z12

12 +
7425γ14

262144
Z0

14 −
7425γ14

917504
Z2

14 −
66825γ14

917504
Z4

14

+
40095γ14

917504
Z6

14 +
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Φ̃42 =

(
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262144
− 16969095γ12

114688
+

6110181γ10

8192
− 19688427γ8

10240
+

2684583γ6

1024
− 233739γ4

128
+

36531γ2

64
− 891

16

)
Z0

0

+
297γ2

9175040

(
875875γ12 −10284300γ10 +49375200γ8 −118793472γ6 +145780992γ4

−84618240γ2 +17633280
)

Z0
2

+
297γ2

917504

(
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2
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)
Z0

4

+
495γ4

917504

(
15015γ10 −209300γ8 +1181520γ6 −3029760γ4 +3295488γ2 −1225728

)
Z2

4

− 99γ4

917504

(
675675γ10 −7161700γ8 +28884240γ6 −52934400γ4 +45077760γ2 −14386176

)
Z4

4

+
99γ6

1310720

(
238875γ8 −2285400γ6 +8229200γ4 −12727872γ2 +6941952

)
Z0

6

+
99γ6

131072

(
6825γ8 −83720γ6 +393840γ4 −757440γ2 +470784

)
Z2

6

− 99γ6

131072

(
61425γ8 −572936γ6 +1925616γ4 −2646720γ2 +1287936

)
Z4

6

− 99γ6

131072

(
36855γ8 −452088γ6 +1999760γ4 −3205440γ2 +1716480

)
Z6

6

+
81γ8

9175040

(
875875γ6 −6856200γ4 +18104240γ2 −15556288

)
Z0

8

+
81γ8

917504

(
25025γ6 −251160γ4 +866448γ2 −925760

)
Z2

8

− 81γ8

4587520

(
1126125γ6 −8594040γ4 +21181776γ2 −16174400

)
Z4

8

− 81γ8

131072

(
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5775γ4 −41860γ2 +78768

)
Z2

10 −
99γ10

655360
(
37125γ4 −204620γ2 +275088

)
Z4

10

− 99γ10

131072
(
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Φ̃44 =

(
161035875γ16

2097152
− 124227675γ14

131072
+

561254265γ12

114688
− 55509597γ10

4096
+

441054801γ8

20480
− 10006821γ6

512

+
1218591γ4

128
− 68607γ2

32
+

9801
64

)
Z0

0

+
3267γ2

18350080

(
1035125γ14 −12421500γ12 +61846200γ10 −163113600γ8 +241925376γ6 −197600256γ4+

80209920γ2 −12042240
)

Z0
2

+
99γ4

3670016

(
7245875γ12 −81981900γ10 +377949000γ8 −897124800γ6 +1140505344γ4

−724534272γ2 +176461824
)

Z0
4

− 99γ4
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(
9316125γ12 −105405300γ10 +481881400γ8 −1121440320γ6 +1378080000γ4 −838548480γ2

+194439168
)

Z4
4
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+
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)
Z4

8

+
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2621440

(
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)
Z8

8

+
14157γ10

3670016

(
6125γ6 −44100γ4 +105720γ2 −83648

)
Z0

10

− 14157γ10

1310720

(
5625γ6 −40500γ4 +96280γ2 −74688

)
Z4

10

+
42471γ10
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4125γ6 −29700γ4 +67960γ2 −47808

)
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Z12

12 +
96525γ14

4194304

(
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)
Z0
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(
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)
Z4

14

+
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(
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)
Z8

14 −
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4194304
Z0
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Dynamic Analysis

The variaƟonal integral of the equivalent mass is

M□(ẇ0,δẇ0;I0) =∫ 1

−1

∫ 1

−1

{(
(a/2)2I0ẇ0δẇ0 + I2(ẇ0,X δẇ0,X + ẇ0,Y δẇ0,Y )

)}
dXdY. (C.1)

The state space representaƟon of the system above can be wriƩen as [55]

ẋ = Ax+Bu (C.2)
y =Cx+Du (C.3)

where

A =

[
0NG×NG ING×NG

−M−1
k1k2

Rk1k2 −M−1
k1k2

ζk1k2

]
(C.4)

B =

[
0NG×1

M−1
k1k2

Fk2

]
(C.5)

C = I2NG×2NG (C.6)
D = 02NG×1 (C.7)
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